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Definition of t-designs

Definition

A t-(v, k,\) design D consists of a v-element set of points P
together with a collection B of k-element subsets called blocks, such that
every t-element subset of points is contained in exactly A blocks.
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Definition of t-designs

Definition

A t-(v, k,\) design D consists of a v-element set of points P
together with a collection B of k-element subsets called blocks, such that
every t-element subset of points is contained in exactly A blocks.

Following facts

@ The number of elements in B can be computed using the given
parameter set t-(v, k, \) and equals:

== () ()

@ Each point lies in exactly r blocks,

=)0 |
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Examples

Example

For a given v-element set of points P, let B be the set of all k-element

subsets of P,
P
5 (7)

We get a k-(v, k, 1) design in a trivial way.
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Examples

Example

For a given v-element set of points P, let B be the set of all k-element

subsets of P,
P
5 (7)

We get a k-(v, k, 1) design in a trivial way.

Example

Let P ={1,2,3,4,5,6,7}, and let the set of blocks be

B=1{{1,2,4},{2,3,5},{3,4,6},{4,5,7},{1,5,6},{2,6,7},{1,3,7}}

These blocks form a 2-(7,3,1) design, called the Fano plane.
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Another presentation

Definition

Denote the point set of the design D by P = {1,2,..., v} and the block
set by B={1,2,...,b}. The 0-1 matrix A = [aj;] of type v x b with

elements
0 1, ifiej
Y71 0, otherwise
is called the incidence matrix of D.
Example
[0 1 1 01 0 0
0 011010
0001101
A=|1 0 0 0 1 1 O
01 00 011
1 01 00 0 1
1 1 01 0 0 O
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Smallest open problems

According to the

Handbook of Combinatorial Designs
second edition, 2006
(Tables with existence results by
R. Mathon and A. Rosa as well as by
G. B. Khosrovshahi and R. Laue),

the smallest parameters for which the existence is still open are:
e For 2-designs: 2-(51,6,1) or 2-(40,10,3) or 2-(39,13,6)
@ For symmetric 2-designs: 2-(157,13,1) or 2-(81,16,3)
e For 3-designs: 3-(16,7,5)
e For 4-designs: 4-(13,6,6)
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Goal: explicit constructions

Main problem:

Natural size of the search space for a t — (v, k, \)design : <(1’;))
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Goal: explicit constructions

Main problem:

Natural size of the search space for a t — (v, k, \)design : <(1’;)>

Example

In case of 3-(16,7,5) this number equals

((i)) _ (1184040) — HUCE
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Goal: explicit constructions

Main problem:

Natural size of the search space for a t — (v, k, \)design : < b

Example

In case of 3-(16,7,5) this number equals

((i)) _ (1184040) — HUCE

Techniques (too often not successful):

Computer search; Adding constraints (group actions); Heuristic search; ...

v
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What to do? - Combine designs!
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What to do? - Combine designs!
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What to do? - Combine designs!

>
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Mosaics

Mosaics

HE § A JEEN
HEEE § REN BN
NNy § JEj
_pEpEEEE § N
HY REANEEN B
NN REREENE
N N REANEN

RN
HEn § REN BN
HEEEE § R
BT BN
HY REENEN §
NN REREEN
EEE][]
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Mosaics
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Mosaics

0012310123201233%0123
01032110322103231032
023011230122301323¢01
03210132102321033210
10123010323230123210
110320012333210223%01
123010321030123212032
13210023013103220123

20123323010321011032

210323321002301101273

2230130123 0103213210

232103103200123123°01

301232321011032023@01

31032223011012303210

32301210321321000123

3321020123123 01010 32
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Mosaics

Constructions

Series of mosaics:

@ "Design and its complement”
(incidence matrix of every 2-design)

2-(v,k,\)®2-(v,v—k,b—2r+ )
@ "Hadamard with diagonal”

2_(‘/7170)@2_(\/7\/7_17 V;3)®2_(V7 volves

@ "Affine planes”

2_(q2a q, 1) DD 2_(q2a q, 1)
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Mosaics

Theorem

Let D be the incidence matrix of a resolvable t-(v, k, \) design, where the
columns have been arranged by parallel classes. Let L be a latin square of

order 7 with entries h,...,/x. Then M := D(/. ® L) is a g-mosaic.
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Mosaics

Theorem

Let D be the incidence matrix of a resolvable t-(v, k, \) design, where the
columns have been arranged by parallel classes. Let L be a latin square of

order 7 with entries h,...,/x. Then M := D(/. ® L) is a g-mosaic.

So, a further construction series is the following:

@ "Resolvable designs”
v
k

P t-(v. kN

i=1
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Mosaics

What about sporadic examples?

Is there a 2-(31,6, 1) & 2-(31, 10, 3) & 2-(31, 15, 7) mosaic?

@ All integrality conditions are satisfied.

@ Not easy to find. My favorite open problem!
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Mosaics

What about sporadic examples?

Is there a 2-(31,6, 1) & 2-(31, 10, 3) & 2-(31, 15, 7) mosaic?

@ All integrality conditions are satisfied.

@ Not easy to find. My favorite open problem!

Reference

O. W. Gnilke, M. Greferath, M. O. Pavéevi¢,
Mosaics of combinatorial designs
Des. Codes Cryptogr. 86 (2018), 85-95.
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Design cubes

Lets have a look at another way of combining designs.

) § REp RENN
ogommgmg
EEEEEE B REYN |
| JERERER § BN
) REREpEN N |
N REREEED |
EROER0O00

Take this indicence matrix of the Fano plane as the first layer of a
7 X7 X7 cube.
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Construction of design cubes

Now, construct the second layer of the cube by permuting the rows
cyclically, starting with the second row of the incidence matrix.

1. layer

) § RER REQN
gommgmg
gotommtnm
 JEEEEEE § BN
) REREEEN B |
__JEN REREEEY |
ERCOER0O0O0O

2. layer

gommgmg
goommdnm
__ JEREREE § N
) REREEEE § |
ECOERCOOOMN
EROER000
) § REE REEN

Continuing this procedure, you get all the 7 layers:
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ogommoOmd
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) REpEEEY § |
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| JEREREY § BN
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Definition of design cubes

Definition
A 3-dimensional binary matrix A = [ajjm] of order v is called a
2-(v, k, \) design cube, or simply a design cube, if all submatrices

A3 = [ajm], m fixed;
Ay = [ajm], Jfixed;
A1 = [ajm], I fixed;

are incidence matrices of a symmetric 2-(v, k, \) design.
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Results so far

Theorem

If there is a 2-(v, k, \) difference set, then there is a 2-(v, k, \) design
cube.
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Results so far

Theorem

If there is a 2-(v, k, \) difference set, then there is a 2-(v, k, \) design
cube.

Proof.

It can be proven that the construction explained before works always, for
all groups of order v, satisfying the desired condition in all 3 "directions”
(for fixed i, j and m). O

v
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Results so far

Theorem

If there is a 2-(v, k, \) difference set, then there is a 2-(v, k, \) design
cube.

Proof.

It can be proven that the construction explained before works always, for
all groups of order v, satisfying the desired condition in all 3 "directions”
(for fixed i, j and m). O

v

Main question

What about the other direction of the statement above? Or alternatively,
does any design cube come from a difference set?
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Finally!

Thanks for your attention! [
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