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Basic notions

Definition

A (v, k,\) design is a pair D = (P, B) where P is a set of v points and
is a multiset of k-subsets of P (blocks) such that every 2-subset of P is
contained in exactly A blocks.

o full automorphism group: the group Aut(D) of all permutations on
leaving B invariant

@ automorphism group: any subgroup of Aut(D)

B

P

Example of a 2-(7,3, 1) design
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Basic notions

Definition
o Let (G,+) be a group of order v (not necessarily commutative)
@ Let B C G be a subset of G
o Let Stab(B) be the G-stabilizer of B
o Let Orb(B) be the orbit of B under G

The list of differences from B is the multiset

AB={x—y:x,y e B,x#y}

The list of partial differences is

1
0B=———-AB
|Stab(B))|
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Basic notions

Definition
A multiset {B;, ..., B;} of k-subsets of G is a (v, k, \)-difference family if
every nonidentity element of G occurs A times in 0By U ... U 0B:s.

Theorem

If {Bi,..., Bt} is a family (v, k, \) difference family in G, then |J; Orb(B;)
is the block multiset of a (v, k, \) design with point set G.
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Basic notions

Definition
We say that a (v, k, A)-design is 1-rotational if it admits a group of
automorphisms acting sharply transitively on all but one point.

Definition
o let 0 ¢ G
o let BC G

@ We define the list of partial differences of

(B U {oo}) = 8B U ‘St‘legB)’{oo}
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Basic notions

Definition
A multiset {Bi, ..., B} of k-subsets of G U {co} is a 1-rotational (v, k, \)
difference family if every nonzero element of G U {oco} occurs A times in

Theorem

If{Ba, ..., Bt} is a 1-rotational (v, k, \) difference family in G, then
\U; Orb(B;) is the block multiset of a 1-rotational (v, k, \) design with
point set G U {oo}.
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1-rotational (27,6, 5) difference families

Previous results

Hanani design? and Handbook design®

44Y] DD 3D 20 0 2 ~ 1 2L ZFEDD (908
4501 27 11726 6 5 >1 - D##512* [1042] VL.16.86
ARTL 14 RO 9R 7 19 S 12RIVAR 12RLAKE IR0 [19RA]

?Haim Hanani: Balanced incomplete block designs and relatex designs. Discrete
Math., 11:255-369, 1975

bColbourn and Dinitz: Handbook of combinatorial designs. Discrete Mathematics
and its Applications, 2nd edition, 2007

@ In this talk G = Zys
e 0¢dG

@ we necessarily have 5 base blocks one of which contains co
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1-rotational (27,6, 5) difference families

R W S
R e i S
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1-rotational (27,6, 5) difference families

Stab = {0,13)
Stab = {0}

ot Wanten Wantn Wt Wl

t
}
} Stab = {0}
t
}

) ) ? ? ) oo

30 +30 +30 4+ 15+ 25 =5 - | Zgs \ {0} U {oo}|
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1-rotational (27,6, 5) difference families

., : : Stab = {0}
S : : Stab = {0}
1 , Stab = {0}
{ di, dr, d3, di+ 13 d>»+ 13, d;+13 } Stab = {0 13}
., , : o }  Stab={0}
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1-rotational (27,6, 5) difference families

A={ a, a1, ay, as, as, as }
B=1{ by, b1, by, bs, by, bs }
C={ «, a, o, 3, s, o}
D = { dp, di, dr, dy+13, dy +13, dr+ 13 }
E={ e, e, e, €3, €4, oo }
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Reducing repeating cases

Generally

e OB =0(B+g)

o Orb(B) = Orb(B + g)
forallge Gand BC G
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1-rotational (27,6, 5) difference families
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Number of parameters: 21
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Computer construction

e representative for each base block (of type ABC, D or E)
@ all possible lists of partial differences from all the representatives

@ combinations of lists of partial differences that complete to a multiset
equal to (Zas \ {0}) U {0} repeated 5 times

o for each obtained combination look up representative base blocks that
produce lists of partial differences in this combination

@ number of constructable difference families: 142923488 ~ 1.43 - 108
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Notes on the computer construction (work in progress)

@ some of the designs obtained from these difference families are
isomorphic
@ we expect at least 30% of the designs repeated up to isomorphism

@ we assume that we would end up with around ~ 107 non-isomorphic
designs

@ random construction yielded about 150000 non-isomorphic designs all
with full automorphism group Zoe

@ rich automorphism groups are rare!
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Further construction

For a=1,5,7,17 and b, c, d, e, f distinct:

X():{ O7 b7 c, d,
Xi=1{ 0, 3b, 3c, 3d,
X, ={ 0, 9b, 9c, 9d,
y={1 3, 9, 14
Z={ a, 3a 9a 0O,

Remark
(] 3Xo = X1; 3X1 = X2; 3X2 == Xo
e 3Y =Y
e3Z=Z7

3e,
Oe,
16,
13,

3f
of
22

N e e

4140 difference families with this construction
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Census of 1-rotational (27,6, 5) designs

230 non-isomorphic designs

@ 1 design with full automorphism group of order 2106
(a,b,c,d,e, f)=(1,7,19,21,22,25)
@ 229 non-isomorphic designs with full automorphism group of order 78
e Hanani design (a, b, c,d, e, f) = (1,3,6,10,15,22)
e Handbook design (a, b, c,d, e, f) =(17,1,5,6,11,23)
@ these two are non-isomorphic!

> 150000 non-isomorphic designs with full automorphism group Zg
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