Hamiltonian graphs in Abelian 2-groups

Kristijan Tabak
Rochester Institute of Technology, Zagreb Campus

Combinatorics 2022, Mantua (ltaly), May 30 - June 3, 2022

This work has been fully supported by
Croatian Science Foundation under the projects 6732 and 9752




Graphs defined on Abelian groups of exponent 2




Graphs defined on Abelian groups of exponent 2

Eor = (x)) X {x9) X -+ X {x}), 22 =1




Graphs defined on Abelian groups of exponent 2
By = (@) X (z2) X -+ X (zp), 27 =1

elementary abelian group, |Ey| = 2%,




Graphs defined on Abelian groups of exponent 2
By = (1) X (@) X -+ x (zp), @7 =1
elementary abelian group, |Ey| = 2%,

Let EQS [E2k] = {T S E2k | T = EQS}.




Graphs defined on Abelian groups of exponent 2
Eo = (1) X (T9) X+ X (1), 27 =1
elementary abelian group, |Ey| = 2%,

Let Fos[Eor] = {T < Ep | T = FEy}.

Let Bo [T, H| ' ={S|T <S<H, S=E)}




Graphs defined on Abelian groups of exponent 2
Eo = (1) X (T9) X+ X (1), 27 =1
elementary abelian group, |Ey| = 2%,

Let Fos[Eor] = {T < Ep | T = FEy}.

Let Bo [T, H| ' ={S|T <S<H, S=E)}

E)ys-subgroups that contain 7" and that are also contained in H.




Graphs defined on Abelian groups of exponent 2

Eor = (x)) X {x9) X -+ X {x}), 22 =1

elementary abelian group, |Ex| = 2.

Let Fos[Eor] = {T < Ep | T = FEy}.

Let Bo [T, H| ' ={S|T <S<H, S=E)}

E)ys-subgroups that contain 7" and that are also contained in H.

Ift <s<m, H= Eyn, and T'= Ey, then




Graphs defined on Abelian groups of exponent 2

Eor = (x)) X {x9) X -+ X {x}), 22 =1

elementary abelian group, |Ex| = 2.

Let Fos[Eor] = {T < Ep | T = FEy}.

Let Bo [T, H| ' ={S|T <S<H, S=E)}

E)ys-subgroups that contain 7" and that are also contained in H.

Ift <s<m, H= Eyn, and T'= Ey, then

B m —t
|Eoe [T, H) Y| = | Eyed[H/T)| = | By Eyn]| = [ _ t] ’
2




Graphs defined on Abelian groups of exponent 2

Eor = (x)) X {x9) X -+ X {x}), 22 =1

elementary abelian group, |Ex| = 2.

Let Fos[Eor] = {T < Ep | T = FEy}.

Let Bo [T, H| ' ={S|T <S<H, S=E)}

E)ys-subgroups that contain 7" and that are also contained in H.

Ift <s<m, H= Eyn, and T'= Ey, then

B m —t
|Eoe [T, H) Y| = | Eyed[H/T)| = | By Eyn]| = [ _ t] ’
2

a
where H/T is a quotient group isomorphic to Fon—: and [b] is a
2

Gaussian coefficient.




(Eo92[Eo], &) is a graph with vertices T' < Fos,




(Eo92[Eo], &) is a graph with vertices T' < Fos,
where T' = Ey = Zy X Zo.




(Eo92[Eo], &) is a graph with vertices T' < Fos,
where T' = Ey = Zy X Zo.

Edges &, are defined as follows:




(Eo92[Eo], &) is a graph with vertices T' < Fos,
where T' = Ey = Zy X Zo.
Edges &, are defined as follows:

(T} €& TiNT, X 7.




(Eo92[Eo], &) is a graph with vertices T' < Fos,
where T' = Ey = Zy X Zo.
Edges &, are defined as follows:

(T} €& TiNT, X 7.

Theorem: (Ore)




(Eo92[Eo], &) is a graph with vertices T' < Fos,
where T' = Ey = Zy X Zo.
Edges &, are defined as follows:

{11, Ty} € & < T NIy = Zs.
Theorem: (Ore)

Let G be a connected graph with n > 3 vertices. If deg(z)+deg(y) > n
for all non-adjacent vertices x and y, then G is Hamiltonian.




(Eo92[Eo], &) is a graph with vertices T' < Fos,
where T' = Ey = Zy X Zo.
Edges &, are defined as follows:

(T} €& TiNT, X 7.

Theorem: (Ore)
Let G be a connected graph with n > 3 vertices. If deg(z)+deg(y) > n
for all non-adjacent vertices x and y, then G is Hamiltonian.

Corollary:




(Eo92[Eo], &) is a graph with vertices T' < Fos,
where T' = Eyp = Zo X Zo.
Edges &, are defined as follows:

(T} €& TiNT, X 7.

Theorem: (Ore)
Let G be a connected graph with n > 3 vertices. If deg(z)+deg(y) > n
for all non-adjacent vertices x and y, then G is Hamiltonian.

Corollary:
If G = (V,E) is r-regular graph and if deg(z) > 3|V|, then G is

Hamiltonian.




(Eo92[Eo], &) is a graph with vertices T' < Fos,
where T' = Eyp = Zo X Zo.
Edges &, are defined as follows:

(T} €& TiNT, X 7.

Theorem: (Ore)
Let G be a connected graph with n > 3 vertices. If deg(z)+deg(y) > n
for all non-adjacent vertices x and y, then G is Hamiltonian.

Corollary:
If G = (V,E) is r-regular graph and if deg(z) > 3|V|, then G is
Hamiltonian.

Ore's Theorem immediately yields that (Eo:|[Fas], &) and (Fy[Fai, &)
are Hamiltonian.
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Theorem: A graph (Ex[Fx|, &) is Hamiltonian.
Sketch of a proof:
Since T'= Ey and AB =T, where
A, B € Ex[T?],

Al - 18]

= 2.
| s

it follows that |[AN B| =

Hence A and B are adjacent.
Vertices in Fn[T%] 2 K; induce a complete graph on 7

if we delete some vertices together with the edges incident to them from
E22 [Taz],

there will be a path in a remaining graph that visits each remaining
vertex.
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