
Orthogonality in Mn(C) and geometry of
the numerical range

Rajna Rajić
(joint work with Ljiljana Arambašić and Tomislav Berić)

Faculty of Mining, Geology and Petroleum Engineering
University of Zagreb

21st Scientific–Professional Colloquium on Geometry and
Graphics

September 1–5, 2019, Sisak

This work has been supported by the Croatian Science Foundation under the project IP-2016-06-1046.

Rajna Rajić: Orth. in Mn(C) and geometry of num. range 1/18



Orthogonality in Mn(C) and geometry of the
numerical range

(1) We consider two types of orthogonality in a normed linear
space X :

– Birkhoff–James orthogonality,

– Roberts orthogonality.

(2) In X := Mn(C) equipped with the operator norm, some
geometric properties of the (generalized) numerical range of a
matrix can be described in terms of the Birkhoff–James or the
Roberts orthogonality.
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Orthogonality in inner product spaces

Definition

Two elements x and y of an inner product space (X , (·|·)) over a
field F (F = R or F = C) are orthogonal if (x |y) = 0. We write
x ⊥ y .

Example

Two vectors x = (x1, x2) and y = (y1, y2) in R2 are orthogonal (in
the sense of

(
(x1, x2)|(y1, y2)

)
= x1y1 + x2y2) if and only if they are

perpendicular in the usual sense of plane geometry.

Rajna Rajić: Orth. in Mn(C) and geometry of num. range 3/18



Orthogonality in normed spaces

Definition

A norm on a linear space X is a mapping ‖ · ‖ : X → R such that
(1) ‖x‖ ≥ 0 for x ∈ X ; ‖x‖ = 0 if and only if x = 0;
(2) ‖αx‖ = |α|‖x‖ for x ∈ X , α ∈ F;
(3) ‖x + y‖ ≤ ‖x‖+ ‖y‖ for x , y ∈ X .
A normed space is a linear space with a norm.

Every inner product space X is a normed space
(
‖x‖ = (x |x)1/2

)
,

but the converse does not hold in general.

• Can we define orthogonality in an arbitrary normed space?

• The expression (x |y) = 0 makes no sense in a general normed
space!

• Can we express (x |y) = 0 in terms of norm?
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Orthogonality in normed spaces

As a motivation, consider perpendicular vectors in R2.

• If X is an inner product space, and x , y ∈ X , then

(x |y) = 0 ⇔
(
‖x‖ ≤ ‖x + λy‖, ∀λ ∈ F

)
;

(x |y) = 0 ⇔
(
‖x + λy‖ = ‖x − λy‖, ∀λ ∈ F

)
.
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BJ and R-orthogonality in normed spaces

Definition

Let X be a normed space, and x , y ∈ X .
(i) We say that x is Birkhoff–James orthogonal to y , x ⊥BJ y , if

‖x‖ ≤ ‖x + λy‖, ∀λ ∈ F.

(ii) We say that x is Roberts orthogonal to y , x ⊥R y , if

‖x + λy‖ = ‖x − λy‖, ∀λ ∈ F.

• If
(
X , (·|·)

)
is an inner product space, then x ⊥BJ y ⇔ (x |y) = 0.

• If
(
X , (·|·)

)
is an inner product space, then x ⊥R y ⇔ (x |y) = 0.

• In general, x ⊥R y ⇒ x ⊥BJ y .

• R-orthogonality is equivalent to BJ-orthogonlity if and only if X is
an inner product space.
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Birkhoff–James orthogonality in R2

(i) R2 with respect to ‖(x1, x2)‖1 = |x1|+ |x2|,
(ii) R2 with respect to ‖(x1, x2)‖2 =

√
|x1|2 + |x2|2,

(iii) R2 with respect to ‖(x1, x2)‖∞ = max{|x1|, |x2|}.

BJ-orthogonality in R2 with ‖ · ‖1, ‖ · ‖2, ‖ · ‖∞ :
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Birkhoff–James orthogonality in R2
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Roberts orthogonality in R2

(i) R2 with respect to ‖(x1, x2)‖1 = |x1|+ |x2|,
(ii) R2 with respect to ‖(x1, x2)‖2 =

√
|x1|2 + |x2|2,

(iii) R2 with respect to ‖(x1, x2)‖∞ = max{|x1|, |x2|}.

R-orthogonality in R2 with ‖ · ‖1, ‖ · ‖2, ‖ · ‖∞ :
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Numerical range of a matrix

Cn – the linear space with the inner product of x = (x1 . . . , xn) and
y = (y1, . . . , yn) defined by (x |y) =

∑n
i=1 xiyi ;

‖x‖ = (x |x)1/2 = (
n∑

i=1

|xi |2)1/2.

Mn(C) – the space of all n × n complex matrices with the norm
defined by ‖A‖ = max{‖Ax‖ : x ∈ Cn, ‖x‖ = 1} (A ∈Mn(C))

Definition

The numerical range of A ∈Mn(C) is defined by

W (A) = {(Ax |x) : x ∈ Cn, ‖x‖ = 1}.
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Numerical range of a matrix

For A ∈Mn(C) the following statements hold.

• W (A) is a compact convex set in C. (Toeplitz–Hausdorff)
• W (U∗AU) = W (A) for any unitary U ∈Mn(C).
• W (A) contains the spectrum σ(A) of A.

Theorem

Suppose A ∈M2(C) has eigenvalues α and β. Then W (A) is an
elliptical disc (possibly degenerate) centered at 1

2 trA with foci α
and β.

Theorem

Let A ∈Mn(C).
(a) A = λI if and only if W (A) = {λ}.
(b) A is self-adjoint (i.e., A∗ = A) if and only if W (A) ⊆ R.
(c) If A is normal (i.e., A∗A = AA∗), then W (A) = convσ(A) is a

convex polygon.
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Birkhoff–James orthogonality in Mn(C)

Definition

The maximal numerical range of A ∈Mn(C) is defined by

Wmax(A) = {(Ax |x) : x ∈ Cn, ‖x‖ = 1, ‖Ax‖ = ‖A‖}.

• Wmax(A) ia a convex compact set contained in W (A).

Theorem (J.G. Stampfli, J.P. Williams)

Let A ∈Mn(C).
(i) 0 ∈W (A) if and only if I ⊥BJ A.
(ii) 0 ∈Wmax(A) if and only if A ⊥BJ I .
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Roberts orthogonality in Mn(C)

Theorem (Lj. Arambašić, T. Berić, R.R.)

Let A ∈M2(C). Then

W (A) = −W (A)⇔ A ⊥R I .

Theorem (Lj. Arambašić, T. Berić, R.R.)

Let A ∈Mn(C).
(i) If A is normal, then W (A) = −W (A)⇔ A ⊥R I .
(ii) If A ⊥R I , then W (A) = −W (A).
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Roberts orthogonality in Mn(C)

Definition

The Davis–Wielandt shell of A ∈Mn(C) is defined as the set

DW (A) = {((Ax |x), (A∗Ax |x)) : x ∈ H, ‖x‖ = 1}.

• DW (A) is a compact set in C× R.

• DW (A) is convex if n ≥ 3.

• If n = 2, then the Davis–Wielandt shell DW (A) is an ellipsoid
without the interior centered at

(
tr(A)

2 , tr(A∗A)
2

)
.

• A is normal if and only if DW (A) = conv{(λ, |λ|2) : λ ∈ σ(A)} if
and only if DW (A) is a polyhedron.
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Roberts orthogonality in Mn(C)

Definition

Let A ∈Mn(C). The upper boundary of DW (A) is the set

DWub(A) = {(µ, r) ∈ DW (A) : r = maxLµ(A)},

where

Lµ(A) = {(A∗Ax |x) : x ∈ H, ‖x‖ = 1, (Ax |x) = µ}.

Theorem (Lj. Arambašić, T. Berić, R.R.)

Let A ∈Mn(C), n ≥ 3. Then

DWub(A) = DWub(−A)⇔ A ⊥R I .
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Thank you for your attention!
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