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Abstract

The polynomial differential equation
(%) @+§nja<(x)yi+1:0 0<z<1
do — — ‘ o T

with phase space R/Z x R is said to have a center, if all solutions
close to y = 0 are closed. The set of equations with a center form an
algebraic set C, in the space of all equations (x). We are interested in
the classification of irreducible components of C,,.



1 The center-focus problem

The plane differential system

is said to have a center at the singular point (0,0), if in a sufficiently small
neighbourhood of this point all orbits are closed. Consider the scalar differ-
ential equation

Db Sy =00 €1 @
in which f(x,0) = 0,Vx € [0,1]. The equation (2) is said to have a center
at y = 0, if all solutions y(z) starting near the origin, satisfy y(0) = y(1)
(the interval [0, 1] can be replaced by any closed interval).

The two definitions are closely related. First, a polar change of variables
transforms a plane system (1) with a center to equivalent equation of the form
(2) with a center along the interval [0, 27]. Second, if the family of functions
F(y).z € [0,1] is replaced by its Fourier series f(.,y) (so f(z + 1,y) =
f(z,y) ) and the equation (2) has a center at y = 0, then the new system

%—i—f(x,y)zo,(x,y)ER/ZxR (3)
will have all its orbits starting near the periodic solution y = 0 on the cylinder
R/Z x R, periodic too. Of course, if f is smooth, then the function f is only
piece-wise smooth. The transport map of (2) along ([0, 1] becomes a return
map for (3) and the definition of a limit cycle for (2) is straightforward too.
Actually, the scalar equation (2) in which f is a regular function, should be
considered as a simplified model of the eventually singular equation

dy _ P(z,y)
dr  Q(z,y)

We resume the above considerations in the following definitions, which
make sense both on R or on C:

Definition 1. Let ¢ = ¢(.;xz0,v0) be the general solution of the equation
dy + f(x,y)dz = 0 on the interval [xg, x1].

(1) The solution p = @(.;x0,y0) is said to be periodic iff p(x1;x0,Y0) = To

(ii) The solution ¢ = ¢(.;x0,Y0) s said to be a limit cycle, provided that it
is periodic and isolated, that is to say there is a neighbourhood of its
orbit on S x R free of periodic solutions.
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(iii) the map y — ©(x1;0,y) is the first return map of (2) in a neighbour-
hood of (xo,y = Yo)-

(iv) The equation (2) defines a center in a neighbourhood of the periodic
solution @ provided that the first return map is the identity map in a
netghbourhood of yo. If the return map is not the identity map, then we
say that (2) defines a focus at the periodic solution .

The center focus-problem for the equation (2) is, roughly speaking, to
distinguish between a center and a focus. The algebro-geometric content of
the problem (for (1) is as follows. Suppose, that (2) is polynomial, more
precisely

n

dy i
% + ;az<x)y Qi € C[I]adegai <n (4)

so that y = 0 is a periodic solution. As we shall see in the next section, the
first return map y — ¢(y) is analytic near y = 0 and moreover

py) =y+ Y cala)y™™.

where the coefficients ¢, = ¢,(a) are polynomials in the coefficients of a; =
a;j(z), 5 < n. The condition ¢ = id determines an infinite number of poly-
nomial relations on the coefficients of a;. By the Hilbert basis theorem, only
a finite number of them are relevant, and they define an algebraic variety
- the so called central variety C, - in the vector space of all coefficients of
the polynomials a;. The problem is therefore, as formulated by Lins Neto |20]

Describe the irreducible components of C,.

The content of the lectures is as follows. In section 2 we give a self-
contained proof of an explicit formula, due to Brudnyi, for the solutions of

the equation
n

— —|—Zai(aj)yi =0,0<zx<1
i=1
in terms of iterated path integrals.
In section 3 we show how the perturbation theory of the Abel equation
% = a(z)y? leads to the problem of vanishing of a suitable Abelian integral.
The conditions for vanishing of this Abelian integral give rise to a "moment



problem" which has an elegant solution, due to Christopher. The solution is
based on the well known Liiroth theorem.

Our main results concern the irreducible components of the center set of
the scalar Abel equation and are formulated in section 4. In section 4.1 we
prove, that the set of scalar Abel equation with universal center (in the sense
of Brudnuyi) provide irreducible components of the Center set. In section
4.3 we show that there are scalar Abel equations with a non-universal center.
These equations have a Darboux type first integral, and among them we find
the recent counter-example to the Composition Conjecture, found by Giné,
Grau and Santallusia [16].

This is an extended version of two lectures given during the Zagreb Dy-
namical Systems Workshop, October 22-26, 2018.

2 The first return map and the Brudnyi for-
mula

In this section we shall describe the return map of (4) as a power series
involving iterated path integrals. We give an explicit formula due to Brudnyi
[4], which amounts to solve the differential equation. The classical approach
to do this is by the Picard iteration method. If ¥, is the initial condition at
xo of the differential equation

then the Picard iteration is

Yn+1(T) = Yo + / ' yn(t)dt

Zo

where 7, tends to the solution of the equation as n — oo. We illustrate this
on the example dy = ydz. If y, is the initial condition at x = 0 then

y1(z) = yo +/ Yodt
0

y2(2) = Yo +/ y1(t)dt = yo —l—/ Yodt + // Yodtidts
0 0 0<to<t1<zx

I’I’L
0<tn<-<t1<a n.

we get y(x) = yoe” as expected. The multiple (or iterated) integrals above
appear in a similar way in the non-autonomous linear dy = a(x)ydzx, or even
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non-linear case dy = f(x,y)dx. The non-linear case is more involved, it is
reduced to the linear one, but after introducing infinitely many new variables
v, %, y3,.... To get around this reduction we shall use a simple Ansatz, for
which we need a formal definition of iterated integral.

Let Ass, be the graded free associative algebra generated by the infinite
dimensional vector space of differential one-forms w = a(x,y)dz, a € C{z,y}.
Its elements are non-commutative polynomials in such one-forms. The dif-
ferential operator

D : Assl — Ass!

D(a(z,y)dx) = (%a(:v,y)d:v

induces a differential operator on Ass, which acts by the Leibnitz rule.
The readers familiar with the Picard-Lefschetz theory will regognize in D
an avatar of the covariant derivative of an Abelian integral along the level
sets {y = const}.

To save brackets, it is convenient to introduce the following notation

Dwws ... wy, = D(wiws ... wy) (5)
so that (using brackets)
DCUlWQ = D(wlwg) = (le)WQ + wl(Dwg).

and
leDUJQ = D(CdlDCUQ) = (DW]_)(D(JJQ) + wl(Dng).

If we use the notation
DFw = w®

then
Duwyws = wWiwy + wiwsy

and
1\/ !/, "
DuwyDwy = (wiwh) = wijwh + wiwy.

For wiws ... w, € Ass™, wr = @r(x,y)dx, define the iterated integral f;f) WiWs . . . Wy,
of length n, as equal to

// o1(t1,y) - - pnltn y)dt . .. dt,. (6)
2o<tn<-<t1<z

The iterated integral allows also a recursive definition (hence the name) :

x T t
/ Onn 1wy = / (on(®) / ot o)t (7)
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where in the case n = 1 we have the Riemann integral f;; wi. We note,
that the usual notation for the multiple integral (6) is f;o WpWp_1 - .. W1 ON

the place of frf) WiWs . . . Wy, see |6, Chen| or [17, Hain|. The reason to prefer
the definition (7) is that it is better adapted to applications in differential
equation, e.g. [13]. Recall in this context, that

x xo
n
/ WnWp—1...wp = (—1) / WiWa . . . Wy
zo T

For a short summary of properties of iterated integrals which we use see |13,
Appendix|, [12, section 2].

Theorem 1. With the notation (5), a first integral of the differential equation
dy + f(xz,y)dz = 0 is given by the following recursively defined convergent
series

gp(xo;x,y):y—l—/ w+/ wa+/ wDwDw + ... (8)
o o

z0

where
w= f(z,y)dz.
The general solution of (2) with initial condition (xq,yo) is given by
y = ¢(x; 2o, Yo)-
Example 1. In the linear case
v +ay=0 < dy+aydr =0

we obtain

xT

go(xo;w,y):y(1+a/ dx+a2/ de.dr+...)

o o

_ 2
=y(1 + a(z — m) + Oﬂw b= )

and the general solution s

y = @(; 20, y0) =yoe™ ™.
In the quadratic case

dy + 2xy’dr = 0,w = 2y de
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we compute recurisvely

x xT
/ w:/ 2ry’dr = 2* — x)
o zo
x

/ wDw = / 2z dr. Avydr = y* (2 — 23)?

o o

/ wDw...Dw = (2* — x})"

zo

Therefore we get the first integral
p(zosz,y) =y +y* (2" — x5) +y*(a” —2)" + ...
and the corresponding general solution is

y = o(z;20,Y0) = Yo + yo(xf — %) + y*(x§ — 2°)* + ...
Yo
1 —yo(af§ —2?)

Proof of Theorem 1. We first verify, that for every fixed z,, the function
o(xo;z,y) is a first integral :

0 0
d : = — : d — : d
‘P(xm%y) axW(onxay) x + ayw(x07x7y) )
:w—l—w/ Dw+w/ Dwa—i—w/ DwDwDw + ...
x0 o )
+(1+/ Dw+/ Dwa+/ DwDwDw + ... )dy
x0 x0 x0
(w+d )a ( )d 0
= (w —p(xg: @ = 0.
) aygp 0, T,y)ay

As o(zo; xo,Y0) = Yo then the level set {(x,y) : ¢(xo;z,y) = yo} contains
both (z9,v0) and (z,y). By symmetry

Yy = SO(if;l”o,yo)

is the solution of (2) with initial condition y(xg) = yo. The convergency proof
is by standard a priori estimates (omitted) O

Note that for fixed xg, x1 the two return maps

y = @(x1520,y), Yy @(z0;21,y)



are mutually inverse. Therefore ¢(x1;xo,.) = id if and only if ¢(x¢; x1,.) =
td. Using Theorem 1 we can give explicit center conditions. Assume that

o0

flay) =) ai(z)y™.

(2

=1
and develop the return map (zo; x1,y) as a power series in y
p(ro;z1,y) =y + Y _ cala)y". (9)
n=1

If we denote, by abuse of notations, a; = a;(z)dz then we get for the first
few coefficients ¢, (a)

1
ca(a) = / as + 2a;aq

1
cs3(a) = / as + 2asa; + 3ajay + 6a°

1
c4(a) / ay + 2asa; + 3a3 + dayas + 6aza? + 8arazay + 12a3ay + 24a}
xo

and so on. The general form of the coefficients ¢,(a) is found immediately
from Theorem 1. We resume this in the following

Theorem 2 (Brudnyi’s formula). The coefficients c,(a) of the first return
map (9) for the differential equation

dy :
d_i + ;ai(x)y’“ =0,x € [z, 1]

x1
cn(a) = E Czlzk/ Qi+,
. 20

where
Ci, =
Cirig = 12+ 1
Ciinyis = (13 +1)(ia + 1)

Ciyoip = (e + D) (g + g1+ 1) ool + -+ i+ 1)
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The above formula was deduced first by Brudnyi [4, p.422] under equiv-
alent form, see also [3, Proposition 2.4] in the case (10).

Corollary 1. The equation (2) has a center on the interval [xg, x| if and
only if c,(a) =0, for all integer n > 1.

Example 2. Suppose that the equation

Yt () + aslay +o =0

has a center on the interval [xo, x1]. Then, using as above the notation a; =
a;(x)dx we have

The identity

implies then, that f;}l as = 0. If we consider more specifically the Abel equa-
tion

d
d—i +a(2)y” + az(2)y* =0 (10)

then taking into consideration that [ a} =0 and

Tl 1
/ aoaq + 3&1(12 = / 109 = 0
zo o

we obtain c3 = fxol ajay. Therefore a necessary condition for (10) to have a
center on [rg, x1] s

1 1 1
/ a) = O,/ a9 = 0,/ a109 = 0 (11)
0 o 0

If we suppose that ay, as are polynomials of degree at most two, these condi-
tions are also sufficient [1]. The case degay, ay = 3 can be studied similarly,

see [2].

In general, an obvious sufficient condition to have a center is therefore

/ Qg+ v - Q. = O,V’ij,k’ 2 1. (12)

o



Centers with the property (12) were called universal in [4].
Consider, more specifically, the following equation with polynomial coef-
ficients a;

dy + Zwl z)dz =0, a;(x) € K[z]. (13)

Theorem 3 (Brudny, [4], Corollary 1.20). The polynomial equation (13) has
an universal center on the interval [xg, z1], if and only if, it is a pull back of
some polynomial equation

Zb ydE bi(€) € KIE). (14)

via a suitable polynomial map £ = &(x) having the property &(xo) = &(x1).

Not all centers of (13) are universal, as discovered recently in [16].
For a further use, note that an obvious consequence from F'(z,y) =y is

that . .
/ ai(x)dx = / as(z)dz = 0.
x0 o

This will be used when studying the center problem for the so called degen-
erate Abel equation of first kind

dy

dr a1 (7)Y + as(x)yP.

3 Bifurcation functions and a Theorem of Christo-
pher

In this section we study the following perturbed Abel differential equation
on the interval [0, 1]

)y —Zéj (v%p;(2) + v’ (x))

or equivalently
— = a(z)dr — ew; — *wy — . .. (15)

where



and a = a(z),p; = pj(x),q; = ¢;(x) are polynomials of degree
dega = n,degp; < n,degq; <n

and ¢ is a small parameter. For ¢ = 0 (15) has a first integral

Hiz,y) = 5 + A(), A(x) = / o) dz.

How many limit cycles has the perturbed system (15) on the interval
[0,1]?

Recall from the preceding section that a solution y(x) such that y(0) =
y(1)) is called periodic on [0, 1]. A limit cycle of (15) on [0, 1] is therefore an
isolated periodic solution on [0, 1].

The number of the limit cycles in a compact set are bounded by the
number of the zeros of the so called bifurcation function, which we define
bellow. A limit cycle which remains bounded when ¢ — 0, tends to a periodic
solution of the non perturbed system. If the non-perturbed system (e = 0)
has a periodic solution, then necessarily A(0) = A(1), which already implies
that it has a center. For this reason we assume from now on that A(0) =
A(1) =0, so that

dy = a(x)y*dr < dH =0

has a center along 0 < 2 < 1. The perturbed equation can be written
dH — ew; — 2wy — -~ = 0. (16)

For a solution y(x), let P- be the first return map which sends the initial
condition yo = y(0) to y; = y(1). We parameterise P. by h = % =H(0,y) =
H(1,y) and note that P, is analytic both in A and ¢ (close to zero). We have
therefore for the first return map

P.(h) — h = "My (R) + O(e"™), My #0 (17)

The function My, is the bifurcation function, associated to the equation (15).
It is also known as "first non-zero Melnikov function". The reader may com-
pare this to (8) which is another representation of the first return map, de-
fined for small . As we shall see, the bifurcation function is globally defined.
Therefore for every compact set K, [0,1] C K C R? and all sufficiently small
le|, the number of the limit cycles of (15) in K is bounded by the number of
the zeros of the bifurcation function My (counted with multiplicity).
M, allows an integral representation

My (h) = / o
{H=h}
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where the integration is along the level set
[H = h} = {(z,9) : 1/y+ A(x) = h,0 < = < 1},

The differential form €2, is computed by the classical Francoise’s recursion
formula [11, 19, 24] as follows:

If k =1 then Q; = wy, otherwise

Qm:wm+ZTiwj,2§m§k (18)

i+j=m

and the functions r;, 1 <1 < k — 1 are determined successively
from the identities Q); = dR; + r;dH.

The first order Melnikov function M is computed in [2], and probably
yerlier, e.g. Lins Neto |21, section 3|. We have

M1<h) = / w1
{H=h}

= / pi(z)dz + yqi(z)dz
(=} 1
= /0 p1(z)dx +/0 %dz
= /01 m(z)dz + 2 pRl /01 q1(z)A¥(x)dz.

M vanishes identically if and only if

1 1
/ pi(z)dz =0, / q(2)A¥(x)dr =0, k=0,1,2,...
0 0

which is the content of the polynomial moment problem for ¢; and A. If
M, = 0 by the above formula we get

Mg(h) = / r1Wi +/ W9
{H=h} {H=h}

where 7 is computed from the identity wy = dRy+rdH. As dw, = dry A\dH
then dry = W) = % is the Gelfand-Leray form of w;. From the identity
Oy _

H(x,y(x,h)) = h we have 5% = —y® and hence

) = [ wt=— [ vata)

12
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Proposition 1 (formula (2.8) in [13]). Under the hypothesis M; = 0 the
second Melnikov function reads

My(h) = / e+ / o (19)
{H=h) (H=h}

where

wi = p1(2)dz + yqi (x), wy = —y’q(v)dz, wa = pa(z)dz + yaqi ().

The hypothesis M; = 0 is of interest for us, as it will allow to compute the
tangent space to the center set at the point (a, 0), see the next section. In full
generality this vanishing problem is solved by Pakovich and Muzychuk [23].
For our purposes however, the polynomial a(z) can be taken in a general
position, as in the following

Theorem 4 (Christopher [7]). Assume that a(0) # 0 and a(1) # 0. The
multivalued transcendental function

I(h) = /0 hf(—fl)(x)dx

vanishes identically, if and only if the polynomials Q = [ q and A satisfy the
following "Polynomial Composition Condition” (PCC) :

There exist polynomaials Q, A, W, such that
A=AoW,Q=QoW,W(0)=W(1).

Before recalling the elegant proof of Christopher, we put I in the broader
context of the Picard-Lefschetz theory.

The function I(h) is well defined for sufficiently big h, and has an analytic
continuation in a complex domain to certain multivalued function. It is in
fact an Abelian integral depending on a parameter. More precisely, consider
the genus zero affine curve

1
Iy ={(z,y) € C*: E—i—A(x) = h}.
It is a Riemann sphere with n + 2 removed points, provided that h # 0. The

removed points correspond to (z = z;(h),y = 0), where A(z;(h)) = h, and
to (z = 00,y = 0). Given a divisor m = Py + P, on I'y,, where

Py=(0,h), P, = (L,h)
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we define a singular algebraic curve I,. As a topological space it is just
the curve I', with the two points Py and P; identified to a point m. The
structural sheaf of I", is the same as the structural sheaf of I'j, except at
the point m € I',. At this point a function f is said to be regular, if it is
is regular on I';, and moreover f(FPy) = f(P;). The curves I',, and I’} are
shown on fig.??. The path [0, 1] connecting the points = 0 and = 1 closes
on the singular algebraic curve I'}. The function I(h) is an Abelian integral
on I'}. We note that the above procedure is easily generalized to arbitrary
divisor m on I'y, which fits the generalized moment problem, as defined in
|1, Conjecture 1.7].

The homology group Hy(I'},Z) is of dimension n + 2. It is generated
by n + 1 simple closed loops 7; = ~;(h) which make one turn around the
n + 1 punctures x;(h) on I'y, A(z;(h)) —h = 0, as well the loop connecting
0 and 1 on the singularized curve I',. The monodromy of the loop [0, 1] is
shown on the figure. It follows that the orbit of [0,1] € H(I'},Z) under
the action of the fundamental group of C \ A contains the ; — 7;, where
A(z;(0)) = A(z;(0)) = 0. The Abelian integral I(h) on the Riemann sphere

['y,, can be presented as a zero-dimensional Abelian integral as follows

_ _27Ti<A’(xl<h)) B A’(l'j(h)))
.d . q q

= —QWZE[E(%( ) — E(%(h))
. d

= —2mi—[Q(wi(h)) = Q(z;(R))]

where

is a primitive of ¢, and x;(h) are the roots of the polynomial A(x)— h (there-
fore A'(z;(h)).xi(h) = 1).

)

We denote,
W= [ Q= Q) - Qlay(h) 20
ai(h)—z;(h)

and call J an Abelian integral of dimension zero along the zero-cycle

zi(h) — x;(h) € Ho({A(x) = h}, Z)

14



([15], Definition 1 ). If the Abelian integral I(h) vanishes identically, then
the same holds true for J'(h), hence J(h) = const. and it is easy to check
that the constant is zero, J(h) = 0. The set of rational functions ¢ such
that Q(z;(h)) = Q(z;(h) is a subfield of the field of all rational functions
C(z). By the Liiroth theorem this subfield is of the form C(W) for suitable
rational function W. It follows that Q = Q o W, A = Ao W and it is
easily seen in this case that W is a polynomial. We may also assume that
W(z;i(h)) = W(x;(h)), as in the opposite case we may replace the variable =
by W and reason by induction on the polynomials ) = QoW, and A = AoW.

We have proved that if the Abelian integral I(h) vanishes identically, then
A and A satisfy the PCC, and the opposite claim is obvious. This completes
the proof of Theorem 4

4 Irreducible components of the Center set

An affine algebraic variety V' in C" is the common zero locus of a finite
collection of polynomials f; € C[zy,...,2,]. The variety V is said to be
irreducible, if for any pair of closed varieties Vi, V5 such that V = V; U V,,
either Vi = V or V5, = V. Of course, it might happen that a variety V is
reducible V' = V; U V,, where Vi, V5 # V. In this case we may ask whether
Vi and V, are further reducible and so on. It is a basic fact of commutative
algebra that in this way only a finitely many irreducible subvarieties V; C V'
can be found, and more precisely

Any variety V' can be uniquely expressed as a finite union of irreducible
varieties V; with V; G V; fori # j. [18]

The varieties V; which appear in the finite decomposition

V=UV;

are the irreducible components of V.

Let W C V' be another algebraic variety. Is W an irreducible component
of V7 It is usually easy to verify, whether W is irreducible. It is much harder
to check that W is an irreducible component of V. Indeed, it might happen
that W ; V; where V; is an irreducible component of V. To verify this, one
may compare the dimensions of the tangent spaces T, W and T,V at some
smooth point € V N W (one point z is enough!). Then W G V; if and
only if T,W ; T,V . Of course, there might be no way to know that x is
a smooth point, in which case we use the tangent cones T'C,W and T'C,V .
For every x € W on an irreducible variety W holds dim T'C,,W = dim W.
Thus, for irreducible varieties W C V' holds

dim TC,W < dimTC, & W G V.
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The choice of x € W is irrelevant, which allows a great flexibility.

The above approach will be applied in the case when V' si the center set
of the equation (2), and W is a subset of equations with a center. In the
planar case (1) this approach was developped by Movasati [22|. He observed
that the vanishing of the first Melnikov function, related to one-parameter
deformations (arcs) of systems (1) with a center, provides equations for the
tangent cspace T,W, while the vanishing of the second Melnikov function
provides equations for the tangent cone T'C,W. This remarkable connection
between algebraic geometry and dynamics will allow us to go farther in the
description of irreducible components of the center set. We adapt the ap-
proach of Movasati to (2) in the context of the set A, of Abel differential
equations

dy

de
parameterised by the polynomials a(z),b(z) of degree at most n. They form
therefore a vector space of dimension 2n+ 2 and consider the subset C,, C A,
of Abel differential equations having a center on the interval 0 < x < 1. As
we saw in the preceding section, C, is defined by finitely many polynomial
relations ¢, (a,b) = 0 and therefore is an algebraic set.

a(z)y® + b(z)y’ (21)

4.1 Universal centers define irreducible components of
the center set
If the integer k > 1 divides n + 1, then we denote by U, C C, C A, the
algebraic closure of the set of pairs of polynomials (a,b) (or Abel equations
(37)), such that the following Polynomial Composition Condition (PCC) is
satisfied o
There exist polynomials A, B,W of degrees (n+1)/k, (n+1)/k, k, such
that
A=AoW,B=BoW,W(0)=W(1). (PPC)

The differential form associated to (37)
dy — (a(x)y® + b(x)y’)de = dy — y*dA(z) — y*dB(x)
is a pull back of the differential form
dy — (A'(w)y* + B'(w)y’)dw = dy — y*dA(w) — y*dB(w)  (22)

under the map (x,y) — (w,y), where w = W (x). In other words the equation
(37) is obtained from

d - -
o = Aw)y’ + B'(w)y’

16



via the substitution w = W (x). This, combined to W(0) = W(1) implies
that the set of Abel equations U,/ have a center at y = 0 along [0,1]. Of
course one could check directly that the center conditions ¢,(a) = 0 are
satisfied for all n (Theorem 2). Indeed, the iterated integrals f;‘; a;, - ag,
vanish, because they are pull backs under W of iterated integrals along an
interval, contractible to the point W (zo) = W (x;). Following Brudnuyi [4],
we say that (37) determines an universal center if and only if

1
/ ail---aik:(),VijGN.
xo

It is shown then that a center is universal, if and only if the corresponding
equation (87) is a pull back under an appropriate polynomial as above, see
Brudnyi [4, Corollary 1.20]. Thus, the universal centers are exactly those,
obtained by a polynomial pull back in the sense (22), see the Polynomial
Composition Condition (PPC).

Note that the universal center set U, is an irreducible algebraic variety,
as a Zariski open subset of it is parametrized by the polynomials A, B, W of
degrees respectively (n+1)/k, (n+1)/k, k. The main result of the section is

Theorem 5. The algebraic sets U, ;. are irreducible components of the center
set C, of the Abel equation

dy _
de

We shall illustrate first the idea of the proof of Theorem 5 on the rather
elementary case k = n. The closure of the universal center set U, /,,,1 consists
of Abel equations (37) such that

a(x)y* + b(z)y?, dega,degb < n.

1 1
dega, degb <n, / a(z)dx = / b(xz)dr =0
0 0

and moreover the polynomials a(x),b(x) are co-linear. Thus, U,, /,11 is iden-
tified to the vector space of pairs of polynomials (a(z),b(x)) with the above
properties, and is therefore of dimension n + 1. Consider now the point
(a(x),0) € Upjni1 where a(x) is a degree n polynomial.

Proposition 2. The tangent space T{q,0)Un/n+1 @5 a vector space of dimension
n + 1, which consists of pairs of polynomials (p,q) of degree at most n, such
that ¢ and a are co-linear polynomials, and fol p(z)dz =0

The proof is left to the reader. Next, we compute the tangent cone
TC0Cr at (a,0) to the center set C,. To avoid complications, we choose a
to be a non-composite polynomial.
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Proposition 3. Lat a be a non-composite polynomial of degree n. Then
TO(a,O)Cn = T(a,O)un/n-i-l

The above implies that the algebraic set Uy, i1 1s an irreducible compo-
nent of the center set C,.
Proof of Proposition 3. Consider a one-parameter deformation

e—(a—ep+...,—eq+...) (23)

of (37) at the point (a,0). For € = 0 the equation is

and has a first integral H(z,y) = i + A(x) where A is a primitive of a,
A(0) = A(1). The perturbed equation is

dH —e(p(z) +yq(z)dr +--- = 0.

For sufficiently small y, e instead of y we can use h = H(z,0) as a variable
and write for the return map .

w:(h) =h+eM(h)+...

The Melnikov function M; is computed to be

M = [ pleyds s yatoyts = [ e [ o

see for instance [2]. Assuming that for all sufficiently small e the deformed
Abel equation belongs to the center set C,, implies M; = 0, which on its turn
imposes rather severe conditions on the polynomials p, ¢q. First, fol p(z)dz =0
as follows already from (11). The second condition

b))
J, #ame=

is well studied in a number of articles, and is known as the polynomial moment
problem, e.g. [3| and the references there. For the case of a general A, see
the Addendum by Pakovich in [25]. For instance, if a(0) # 0,a(1) # 0 (that
is to say 0 and 1 are not critical points of the polynomial A, an elegant
argument of Colin Christopher [7] based on the Liiroth theorem, shows that

fol h_qf()x) dx = 0 if and only if the composition condition holds true. As A
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is supposed to be prime, this means that A and ¢ are co-linear polynomials.
This completes the proof of Proposition 3 and Theorem 5 in the case k = n.

Note that in full generality, a vector (p,q) which belongs to the tangent
cone is a vector, such that there is a one-parameter deformation

e=(a+ep+... g+ ...)

at the point (a,0) which belongs to the center set C,. The same arguments
give the same constraints to the vector (p, q).

Proof of Theorem & in the general case. Assume that the integer £ > 1 di-
vides n+ 1 and consider the algebraic set U, of Abel differential equations,
at y = 0 along [0, 1]. The proof follows the same lines as the case k = n, with
the notable difference that the second Melnikov function M, will be needed.

We compute first the tangent space to U, at a general point (a,0).
Consider for this purpose the one-parameter deformation

F.:— =a(x)dr —ew) —ews — ... (24)
where

wi = pi(w)dr + yqi(v)dx

are polynomial one-forms, degp; < n, degq; < n. As before we denote

AZ/G, Pi:/pia Qi:/Qi

A(z) = AW (x)), W(0) = W (1), P,(0) = Pi(1), Qi(0) = Q(1).

where

The point (a,0) belongs to U, if and only if A = AoW for some degree
k polynomial W.

Proposition 4. The tangent space T, 0\Uy i 1s the vector space of polyno-
mials (p1,q1) such that

Py(z) = Py o W(z) + R(x).A'(W(x)), Q:(x) = Qi(W(x))

where Py, Qy are arbitrary polynomials of degree at most (n+1)/k and R =
R(z) is any degree k polynomial, such that R(0) = R(1).
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The proof is straightforward, it suffices to consider the first order approx-
imation in € of the general deformation

wf =d[(A+eP)o (W +¢eR) ()] + eyd[Q o (W + eR)(x)]

of w) = adx.
Next, we study the tangent cone T'Ci, 0)C,,. We need to compare the affine
varieties T(,%O)un/k C TC(ayg)Cn.

Proposition 5. In a sufficiently small neighbourhood of every general point
(P, q) € Tia0)Unsi the tangent cones TC(q,0)Cry and Tiq0\Uni coincide.

The above Proposition shows that there is no irreducible component of
T'C(4,0)Cn which contains an irreducible component of T, o)l of strictly
smaller dimension. This would imply Theorem 5.

The first Melnikov function, as in the case k = n, is M = fol prdr+yqdy.
By Christopher’s theorem M; = 0 implies that ¢; satisfies the composition
condition

Q1(x) = Qi (W (2)).
Additional obstructions on the form of p; will be found by inspecting the
second Melnikov function M. Under the condition that M; = 0 we find [13,

formula (2.8)]
1 1
Mg :/ w1w§+/ [095)
0 0

where the derivative ' is with respect to the parameter h. The identity
h = A(x) + i shows that 3 = —y? and w] = —y?dx, it is clearly a co-

/

variant derivative in a cohomology bundle (although we do not need this
interpretation here). Therefore, for the iterated integral of leght two we find

1
/ ww = — / (prdzx + qydz) (y*qide)
0 {H=h}
T / (prdz)(y*qrdz)
{H=h}

= / y2q Prdx
{H=h}

where P; is a primitive of p;. Indeed, M; = 0 implies the composition con-
dition for Q1 = [ ¢1 and A, that is to say the integral [ (H=h) yqi1dx vanishes

as a pull back. The same then holds true for its derivative [ (H=h} y2qidx as
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well for the iterated integral [ (H=h) (yq1dx))(y*qidz) . Further, the shuffle
relation for iterated integrals

/ (prdde) (P ) + / () (prd)
{1=h) {H1=h)

=/ p1dﬂs/ v qudz =0
{H=h} {H=h}

Further, for fol wy we find

/01 wy = /01(p2 +ygo)da = /O1 T _dQA2<$)

__/1 @Qdd Qs L
 Jo (h—=A)2  h—A"

1
=— / y*Qoad.

0

so that under the condition M; = 0 implies

Ma(h) = /{Hh} y’q Prdz — y*Qsade = /0 QI(ZE)P?]Z(ZE_) ;(22)2)(21)@(1‘) de.

We apply Christopher’s theorem to Ms and conclude that the primitive of
the polynomial ¢;(x)Pi(x) — Q2(x)a(z) is a composite polynomial, it can be
expressed as a polynomial function in W (z), and therefore

0 (2)Pi(z) — Qa(z)alx) = P(W(z))W'(z)

or equivalently

QLW () Pr(z) — Qo(2) A'(W(2)) = Ri(W (x))

for certain polynomial R;. Assuming that Q’l and A’ are mutually prime,
there exist polynomials Ry, R3 such that

QL) Bo(W) = A'(W)Rs(W) = Ry (W)
QW (2))(Pi(x) = Ro(W (2))) — (Qa(x) — Ry(W () A'(W () = 0.
This implies finally that A’(W (z)) divides Pi(x) — Ry(W (z)) and
Py(x) = Ry(W (2)) + R(z) A'(W (x)).

Proposition 4, and hence Theorem 5 is proved. O
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4.2 An example : the central set of plane quadratic
vector fields

The only (non-trivial) case in which the center set C,, C A, is completely
known is the quadratic one, n = 2. For comprehensive description and
historical comments concerning the center-focus problem in the quadratic
case see Zoladek [26]. To the plane quadratic vector field (1) we associate a
foliation F,, = {w = 0} on C?, defined by the polynomial one-form

w = P(z,y)dy — Q(z,y)dzx.

The leaves of the foliation are the orbits of the plane vector field (1), and the
restriction of the one-form w on the leaves of F, vanishes identically.

In this section we assume that the polynomials P, () are of degree at most
two, and the system has a center. As the foliation is over C we must be more
careful in the definition. We shall say that a singular point is a center, if
the point is non-generate, and has a local holomorphic first integral with a
Morse critical point. Thus, i a neighbourhood of such a point, and up to a
complex affine change of the variables, the system can be written in the form

x:x+P2(m,y), y: _y—l_QQ(x)y)

for some homogeneous polynomials P, ();. The following classical result is
implicit in Zoladek |26, Theorem 1], and explicit in Lins Neto [20, Theorem
1.1].

Theorem 6. The center set Co of plane polynomial quadratic systems with
a Morse center has four irreducible components.

The result follows essentially from the Dulac’s classification [9] of such
Morse centers in a complex domain. We sketch a proof.

Proof. The foliation F,,, respectively the vector field (1), is said to be loga-
rithmic, if

~
Pz, y)dy — Q(w,y)de = fi... fi ) |

)\iTafiEK[mvy]aAieK (25)
i=1 i

for suitable polynomials f; and exponents \;. As

k
df; .
Soa%— drog e, £
— fi
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then the logarithmic foliation F,, has a first integral of Darboux type
Hf:l fz)\l :

Let L(dy,ds, ... ,ds) denotes the set of such logarithmic foliations (or plane
vector fields) with

degf1 S dl,degfg S dg, e ,degfk S dk

For generic polynomials f; of degree d; the degree of the associated vector field
is > d; — 1. Therefore L(dy,ds, ..., dy) is quadratic, provided that d; = 3 or
dy =1,dy =2 or dy = dy = d3 = 1. This defines three large irreducible sets
of quadratic systems with a Morse center, £(3), £(1,2), £(1,1) respectively.
The irreducibility of these algebraic sets follows from the fact that they are
parameterised by the coefficients of the polynomials f; and by the exponents
A;. We have one more exceptional irreducible set of systems with a Morse
center which is

Q4 - 5(2, 3) U AQ.

Here £(2,3) is the set of polynomial foliations as above, with a first integral
13/ f2 where deg fo = 2,deg f3 = 3. Generically such a foliation is of degree
four, but it happens that its intersection Q4 with the space A, of quadratic
foliations is non empty and it is an irreducible algebraic set. The notation
Q, is introduced by Zoladek [26], the index 4 indicates the co-dimension of
the set in As. To complete the proof we carefully investigate all cases of the
Diulac’s classification as reproduced in |5, Theorem 7|. It is seen there that
in all ten cases found by Dulac, the corresponding quadratic system with a
Morse center is either in one of the four cases above, or in their closures

L£(3),L(2,1),L(1,1,1), £(3,2) N As.

To illustrate the last claim, consider a quadratic foliation defined by the
closed one form

dp dp
Wo = Pib2 - Moy Mo = Mi—— + Ao—— + dg
p1 P2
where p1, po, ¢ are linear functions. The system has a first integral pi\l pé\“"eq,
and hence generically a Morse center, although it does not belong to any
L(dy,dy, ... dg).

However, the one-parameter family of one-forms

d d 1d(1
we = p1p2(1 + aq)()\lﬂ + )\Zﬁ + 1d(1 +¢<q)

e L(1,1,1
D1 D2 61+€q) ( )

tends to wy , when the parameter € tends to 0. This shows that wy € £(1,1,1).
The missing details can be found in {10, Appendix]. ]
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The exceptional set Q4 might look not quite explicit, we investigate it in
details bellow.

The space A,, of polynomial vector fields of degree at most n are identified
to a vector space of dimension (n + 1)(n + 2). On A,, acts the affine group
Aff, of affine transformations of K? (as usual K = R or K = C), as well the
multiplicative groupe K* corresponding to "change of time", dim Aff, x K* =
7. Therefore the minimal dimension of a component of the central set C, is
7. Such components, if exist, will be in a sense exceptional.

In the quadratic case n = 2 the dimension of the for components of C?
are easily found. For instance, in the case £(1,1,1) C Ay, and up to an affine
changes of variables and time, one may suppose that the first integral is in the
form xy*(1—z—y)*. Therefore the dimension of £(1,1,1)is 2+7 = 9 and the
codimension is 3 = 12—9. We find similarly that dim £(2,1) = dim £(3) = 9.

We describe now the last component Q4. Let [x : y : 2] be homogeneous
coordinates in P

PQ(I7y7Z) :ag(l’,y)+a1(I7y)Z—|—CL0([L‘,y>Z2 (26)
P3($,y, Z) = b3<x7y) + b2($7 y)z =+ b1<x7y)22 + b()(iL',y)ZS (27)

be homogeneous polynomials in x,y, z of degree 2 and 3. The function
H=P/P;
is therefore rational on P? and induces a foliation on P?
3Ps(x,y, 2)dPy(x,y, z) — 2Py (x,y, 2)dPs(x, y, z) = 0. (28)
The corresponding affine foliation on the chart C? defined by z = 1
3Ps(x,y,1)dPy(x,y,1) — 2Py (x,y,1)dPs(x,y,1) =0 (29)

is of degree 4. We may obtain a plane polynomial foliation of degree 2 by
imposing the following additional conditions.

Suppose first, that the infinite line {z = 0} is invariant, that is to say (up
to affine change)

Hz:y:1)=——"—" =1 (30)
This condition can be written as

Py(1,y,2)* = P3(z,y,2)* + O(2).
The foliation (28) takes the form

z[P(z,y, z)dx + Q(z,y, z)dy] + R(z,y, 2)dz
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where deg P,deg @ < 3, so (29) is of degree 3. If we further suppose that z
divides the homogeneous one form 3P;d Py —2P,d Ps then (28) takes the form

2[P(x,y, 2)dz + Q(z,y, 2)dy] + zR(z,y, 2)dz

where deg P, deg ) < 2, so (29) is a plane quadratic foliation. The condition
that 22 divides 2P3dP, — 3P,dP; can be written as

Pg(l‘, Y, 2)3 = P3($7 Y, Z)2 + 0(22)
or equivalently

as(x,y)* = bs(z,y)” (31)
3&2 (ZL‘, y)2a1 (ZL‘, y) = 2[)3(]}, y)bQ(xw y) (32)

These polynomial relations can be further simplified by affine changes of the
variables z,y. First, (31) implies that as is a square of a linear function in
x,y which we may supose equal to z, that is to say

(lg(l',y) = I‘Q, b3($7y) = 173.
The second condition (32) becomes 3xa; = 2by where we may put a; = 2y,
and hence

a1(z,y) = 2y, ba(z,y) = 3zy.
It is seen that the polynomial Ps(x,y,1) has a real critical point which we
can put at the origin, so we shall also suppose that by = 0. Using finally a

"change of time" (the action of K*) we assume that by = 1 while ag = a € K
is a free parameter (modulus). The first integral takes therefore the form

(v +2y + a)®

Hy(x,y) = 33
with induced quadratic foliation
(—ax® —2y* — ay + x)dx + (vy — azx + 1)dy. (34)

This is the exceptional co-dimension four component of ()y.
The reader may check that the corresponding vector field

r=zy—ar+1, ¥y =ar* +2° +ay —=x

has a Morse center at x = 1/a,y = 0 which is moreover a usual real center
for a € (1,0). The above computation is suggested by [20] where, however,
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the modulus « is wrongly fixed equal to @ = o0o). The foliation on P2
corresponding to
(22 +2y +1)3

(23 4 3zy)?
has two invariant lines {z = 0} and {z = 0}, in contrast to the general
foliation defined by dH,(x,y) = 0 which has only one invariant line {z = 0}.
We resume the above as follows

Ho(z,y) =

Proposition 6. Fvery polynomial vector field having a rational first integral
of the form

(ao(@,y) + ar(z,y) + az(z,y))°
(bo(l’, y) + bl('r?y) + bg(l’, y) + bg(l’,y))2

where the homogeneous polynomials a;,b; of degrees 0 <i <2,0 <7 <3 are
subject to the relations

H($7y) =

as(x, y)3 = bg(x,y)2
3as(z, y) a1 (z, y) = 2b3(z, y)ba(z, y)

is of degree two. The set of such quadratic vector fields form the irreducible

component Q4 of the center set Co. Up to an affine change of the variables
_ (@+2y+0a)®

= (asayriE Where

x,y the polynomial H can be assumed in the form H(z,y)
a 1S a parameter.

We conclude this section with the following remarkable property of Q.
One may check that general rational function of the form H(x,y) = P3 /P2,
where P,, P3 are bi-variate polynomials of degree two and three, defines a
pencil of genus four curves I'y = {(x,y) : H(x,y) = t} on C*>. However, the
special rational function H, (33) defines an elliptic pencil, that is to say the
level sets Ty = {(z,y) : Hy(x,y) =t} on C?

{(z,y) € C*: Hy(x,y) = const}

are genus one curves, see [14].

4.3 Abel equations with Darboux type first integral

The polynomial Liénard equation

t=y, y=—q(r)—yp(x) (35)

defines a foliation on C?
ydy + (q(z) + yp(z))dx = 0, (36)

26



which becomes the Abel equation, after the substitution y — 1/y

dy = (y°p(x) +y’q(x))dz. (37)

Assume that the Liénard equation (35) is a polynomial pull back, that is to
say . )
q(x)dz + yp(x)dr = dQ + ydP.

More precisely, suppose that the following Polynomial Composition Condi-
tion (PPC) is satisfied o
There exist polynomials P, Q, W such that

P=PoW,Q=QoW

where P'(x) = p(x), Q' (x) = q(z)) and W has a Morse critical point at the
critical point. Then it is easy to see that the corresponding non-degenerate
critical point of the Liénard equation has a center.

The classification of the non generate real centers of the Liénard equation
(35) is due to Cherkas and Christopher. As shown in [8]

Theorem 7. The real polynomial Liénard equation (35) has a real non-
degenerate center at the origin, if and only if the primitives P = [ p,Q = [ ¢
satisfy the above Polynomial Composition Condition (PPC)

The above Theorem suggests that a similar claim would hold true for the
scalar Abel equation (37) which is the content of the following

Composition Conjecture [3, p.444]. The Abel equation (37) has a center
at the solution y = 0 along some fized interval [a, b] if and only if the following
(PPC) condition holds true

P=PoW,Q=QoW, W(a)=W(b).

Note that the Cherkas-Christopher theorem is for real non-degenerate cen-
ters. The Composition Conjecture missed the possibility for the Abel or
Liénard equations to have a Darboux type first integral, with resonant sad-
dle point and characteristic ratio p : —¢ (instead of a non-generate center
with 1 : —1 ratio). Incidentally, Liénard equations with a Darboux type
first integral will produce counter-examples to the Composition Conjecture,
which is the subject of the present section. We explain in this context the
recent counter-example of Giné, Grau and Santallusia [16].

The method of constructing such systems is based on the example of the
co-dimension four center set Q, for quadratic system, as explained in the
preceding section. The general method is outlined in the Appendix.
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Let

Py = ag(x) + a1 (2)y + as(z)y?

Q2 = bo(z) + bi(z)y + ba(2)y?
where a;,b; are polynomials, such that Py = Q% 4+ O(y?), where p,q are
positiv relatively prime integers. This implies that the corresponding one-
form pQ.dP, — qP»d(Q is divisible by 32, and then the associated reduced

foliation (after division by 3?) is of degree two in y, and moreover {y = 0} is
a leaf. Therefore the foliation is defined as

(r1y +r2)dy = y(rsy + r4)dx = 0,r; € Clz] (38)
where
= 2(2? - Q)@2bz
re = (p — 2q)a1ba — (q — 2p)biay
ry = pa'zb2 — qb’2a2

ry = payby — qbias

Note that if ay = const. # 0, by = const. # 0 the foliation takes the
Liénard form

(r1y + ro)dy = yrydx, vy = const. (39)

Of course, it is not clear, whether such polynomials exist. To verify this we
have to solve the equation

(ao(z) + a1(x)y + az(z)y®)? = (bo(z) + bi(x)y + ba(2)y?)? mod y°

assuming that a;(x),b;(z) are polynomials, and ay, b, are constants. A first
condition is given by
p __ bq
ay = Yo

which implies

a1 () az () , P by (x ba(z) q 3
(1+ ao(:v)y+ ao(m)y Y= 1+ bg(x)y+ bo(x)y )9 mod y
or equivalently
a(r)  bi(w)
Paotx) ~ Tho(x)
az(z)  plp—1) ai(z)., . ba(x) qlg—1) bi(x),,
Ve T 2 @) T T 2 )



Thus a;, b; are polynomials which satisfy the following redundant system of
equations

a(r)  bi(w)

Pao@) ~ Too(a)
ary(z) poar(z)),  ba(x) g bi(z),,
P o) 2(%(3;)) Tbo(x) 2(b0(x))

and moreover

pasR(z)™% — qby R(x) P
is a square of a rational function, where we recall that ay = const.,by =
const.. It is easy to check that this is only possible if, say p < ¢, and
p =2k — 1,q = 2k for an integer k > 1. With this observation the analysis

of the system is straightforward and is left to the reader. We formulate the
final result in the following

Theorem 8. For every integer k > 1 and polynomial r(z) the function

(1 —7(2)?)2* + 2kr(z)(1 — r(x)?)Fy + ky?]?k1
(1 —=r(x)2)2 14+ (2k — V)r(x)(1 — r(x)?)—1y + %%y2]2k

H(ﬂf,y) =

15 the first integral of a Liénard type equation of the form

Y =yt
d
d_gz - y7’4(l’),

for suitable polynomials ro,ry.
It is clear that the above Liénard system is a polynomial pull back under
x — r(z) of a simpler master Liénard system with first integral
[(1 _ I2)2k + 21{?1’(1 - ,172)ky + kyQ}Zkfl
(1= 2220 + (2 — )a(l — o) Ty + Tty

Hy(z,y) = (40)

which can not be further reduced.
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To the end of the section we consider in more detail the simplest cases
k=1and k= 2. For £k =1 we get

(1 —22)% + 22(1 — 2%)y + o>

H =
1(1.7 y) (1 o $2 + Iy + %yQ)Q

which is the first integral of the following cubic Liénard equation :

2 — y 4 3x(1 — 2?)

Y= —y(1+4 32?)
The characteristic ratios of the singular points (0,0), (£1,0) are equal to 3 :
—1 and 3 : —4 and the characteristic values of (—{—\/%,;, —\/Lg) and (—\/ig, _1_\%)
equal —1 (so we have integrable cubic saddles, presumably new). The Liénard
transformation Y = 2y + 3z(1 — z?) transforms the above to the standard
form

(41)

dx dy ay
o =Y, =pa) + (@)Y & V- = p(2) +¢(z)
or also to the Abel type equation
d 1 1
—(1/Y) = — —)?— —)3
(1Y) = —ql@)(5)? ~ (o) ()

with respect to the variable z = 1/Y.
Assume that k = 2, the first integrals takes the form

(y* — 2zy(1 — %) + $(1 — 2%)*)®
(y? — 2zy(1 — 22) + %(1 — 22)3)4

while the corresponding foliation of Liénard type is defined by

H2(x7 y) =

(152" — 627 — 1)ydr — ((52* — 3)(2* — 1)x + y)dy = 0. (42)
Namely, the Liénard transformation
y— —y — (5z? = 3)(2* — 1)z

transforms the equation (42) to

(¢(z) + p(z)y)dz + ydy =0 (43)
or equivalently to
dx L
dt - y7
dy



where
p(z) = 2(202* — 152 + 1)
q(z) = 2(z — 1)(z + 1)(52* — 3)(152"* — 627 — 1).
The first integral Hy takes the form
(y* — 8x(1 — 2?) (2% — %)y + (1 — 2?)*(2* — %)(151:4 — 622 —1))3
(y? — 22(1 — 22) (522 — 2)y + +(1 — 22)?(5a? — 2)(152* — 622 — 1))*

However, after the substitution 1 — 1/y, the above Liénard equation is
equivalent to the Abel equation

dy
dr
with Darboux type first integral
Y21 —8z(1 — 2?)(2® — D)y + (1 — 22)%(2? — 1)(152* — 622 — 1)y*]?
[1—22(1 — 22)(52% — 2)y + 5(1 — 22)2(52% — 2)(152* — 622 — 1)y?]*
Theorem 9 (|16]). The Abel equation (44) has a center at y = 0 along the
interval [—1, 1] but this center is not universal.

p(@)y* + q(2)y’® (44)

Proof. As y = 0 is a solution of (44) then for all sufficiently small |¢| the
solution y = y(x) with initial condition y(—1) = & # 0 exists along the
compact interval [—1,1]. The identity H(+1,y) = y* shows that y(1) = ¢ or
y(1) = —¢ and it is easy to check that in fact y(1) = ¢, Indeed, for real € the
solution y(x) does not vanish and hence it has the same sign as . Therefore
the transport map along the interval [—1, 1] is the identity map, and the Abel
equation has a center at the solution y = 0.

The polynomials P = [ p and Q = [ ¢ are of degrees 5 and 10. Therefore
if they had a common non-trivial composition factor, then the factor would
be P and Q = Q o P for suitable quadratic polynomial Q. It follows that
p = P’ divides ¢ = Q" which is obviously not true. Thus P, () can not have
a common composition factor, and (by the Brudnuy’s theorem) the center is
not universal. O

5 Appendix

Let K be afield and A = K[[y]](z) be the K (x) algebra of formal power series
in y, with coefficients in the field of rational functions. To each fixed pair of
mutually prime positive integers p, ¢' we associate the functional equation

PP =@ P,Qe€ A (45)

'the case when pg < 0 is treated in a similar way
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Proposition 7. Every solution of the functional equation (45) has the form
P = RP () = R? where

R(z,y) = ao(x)(1+ O(y))
ao(x) is a rational function in x, and O(y) € A is divisible by y.

The proof is straightforward. A allows an ascending filtration with respect
to the powers of y, K C --- C A, C A,41 C ... where

A, = {Z ai(z)y’ s a; € K(z)}.

For P € A we denote P, the projection of P on A, that is to say

n

P=Yay. P=Y ay
i>0 i=0
Obviously A,, C Kly|(z) and to the pair of polynomials P,, @, € K|z,y] we
associate the logarithmic polynomial differential one-form

pr
w = P,Q,dlog Q—Z = pQ,dP, — qP,dQ,.

If w= adr + pdy, o, 8 € K[y|](z), then the degree deg, w of w (with respect
to y) is
max{deg, o, deg, 8+ 1}.

For general P,(Q € A of degree the degree of the associated w equals 2n,
however

Lemma 1. If the formal series P,Q satisfy the functional equation (45),
then the associated one-form w = pQ,dP, — qP,dQ),, is divisible by y"™. The
resulting reduced rational differential one-form wyeq = w/y" is of degree n
with respect to y, and moreover vanishes along the line {y = 0}.

Proof. Assume that PP = (Q¢. Without loss of generality we may suppose
that y does not divide P or Q. As P = B, + O(y"™),Q = Q, + O(y™™)
then PP = Q% + O(y™*') and hence pPP~1dP, = qQ%7'dQ,, + dO(y"™). Tt
follows that y™ divides the differential form

pp pp PP — (4

Q_Z — d(Q_Z —1) = an—f?n
and the reduced differential form d—2%; vanishes along y = 0. Therefore the
same holds true for the one-form pQ),dP, — qP,dQ),. O
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