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Preliminaries

Let (X ,B) be a measurable space and T : X → X a measurable

map. For k ∈ N ∪ {0}, set

T k =


T ◦ . . . ◦ T︸ ︷︷ ︸

k

if k ∈ N;

Id if k = 0.

Let µ be a probability measure on (X ,B). We say that µ is

T -invariant if

µ(T−1(A)) = µ(A) for every A ∈ B.

An T -invariant probability measure µ is said to be ergodic if

µ(A) ∈ {0, 1} for each A ∈ B such that T−1(A) = A.
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If X is a compact topological space, B a Borel σ-algebra and

T : X → X is continuous. Then, there exists at least one ergodic

T -invariant measure µ.

Theorem (Birkhoff)

Let µ be an T -invariant ergodic probability measure and

φ ∈ L1(X , µ). Then,

lim
n→∞

1

n

n−1∑
k=0

φ(T k(x))→
∫
X
φ dµ, for µ-a.e. x ∈ X .

Hence, under the ergodicity assumption, the deterministic

process φ, φ ◦ T , φ ◦ T 2, . . . satisfies the law or large numbers.

Question: how about finer limit laws?
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Piecewise expanding maps

Let X = [0, 1] and let B be the associated Borel σ-algebra. We say

that T : X → X is piecewise expanding if there exists a partition

0 = x0 < x1 < . . . < xk−1 < xk = 1

and α > 1 such that:

• each restriction T |(xi−1,xi ) is a C 1 function which can be

extended to a C 1-function on [xi−1, xi ];

• |T ′(x)| ≥ α for x ∈ (xi−1, xi );

• g(x) = 1
T ′(x) is a function of bounded variation.
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Denote by m the Lebesque measure on X . Let L : L1(m)→ L1(m)

be the transfer operator associated to T :∫
X

(Lf )g dm =

∫
X
f (g ◦ T ) dm for f ∈ L1(m) and g ∈ L∞(m).

We have

(Lf )(x) =
∑

y∈T−1(x)

f (y)

|T ′(y)|
, for f ∈ L1(m).

Hence, L is a positive operator.

For example, for T (x) = 2x(mod1) we have

(Lf )(x) = f (x/2) + f ((x + 1)/2), for f ∈ L1(m).
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Set

BV =

{
f ∈ L1(m) : inf

f =g a.e.
Var(g) <∞

}
.

Then, BV is a Banach space w.r.t.

‖f ‖BV := ‖f ‖L1(m) + inff =g a.e. Var(g). Then, L(BV ) ⊂ BV and

L is a bounded operator on BV .

Theorem

We have that L is a quasicompact operator of diagonal type on

BV , i.e.

L =
n∑

k=1

λkΠk + N,

where for each k ∈ {1, . . . , n}, λk is an eigenvalue for L, |λk | = 1,

Πk is a projection onto 1-dimensional subspace of BV . Moreover,

r(N) < 1, NΠk = ΠkN = 0 and ΠiΠj = ΠjΠi = 0 for i 6= j .
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Using the previous theorem, it is not hard to show that 1 is an

eigenvalue for L and that the corresponding eigenvector v ∈ BV

satisfies v ≥ 0. Thus, v is a fixed point for L and then it is easy to

show that µ given by dµ = v dm is invariant for T .

Under appropriate assumptions, one can ensure that 1 is the only

eigenvalue of L on the unit circle and that it is simple, i.e.

L = Π + N,

r(N) < 1, ΠN = NΠ = 0, where Π is a projection onto

1-dimensional subspace of BV .
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Some important consequences:

• there exists a unique a.c.i.m. µ for T which is ergodic;

• there exists C > 0 and r ∈ (0, 1) such that for f ∈ BV and

g ∈ L∞(m),∣∣∣∣ ∫
X
f (g ◦ T n) dµ−

∫
X
f dµ

∫
X
g dµ

∣∣∣∣ ≤ Crn‖f ‖BV ‖g‖L∞ ;

This property is called exponential decay of correlations.
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Moreover, we have the following result. Let φ : X → R be bounded

and in BV ,
∫
X φ dµ = 0. Set

Sn :=
n−1∑
k=0

φ ◦ T k .

Theorem

We have that limn→∞
∫
X

S2
n
n dµ = σ2, where

σ2 :=

∫
X
φ2 dµ+ 2

∞∑
n=1

∫
X
φ(φ ◦ T n) dµ <∞.

If σ2 > 0, then

Sn√
n
→ N (0, σ2) in distribution.
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Theorem

If σ2 > 0, then there exists δ > 0 and a strictly convex, continuous

and nonnegative function c : (−δ, δ)→ R which vanishes only at 0

such that

lim
n→∞

1

n
logµ(Sn > nε) = −c(ε) for ε ∈ (0, δ).
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For θ ∈ C, we define Lθ : BV → BV by

Lθ(f ) = L(eθφf ), f ∈ BV .

Then, Lθ is well-defined and bounded. For θ close to 0,

Lθ = λ(θ)Π(θ) + N(θ).

Setting dµ = f dm, we have

lim
n→∞

∫
X
e itSn/

√
n dµ = lim

n→∞

∫
X

(Lit/
√
n)n(f ) dm = lim

n→∞
λ(it/

√
n)n

= e−t
2σ2/2,

for t ∈ R. This yields CLT.
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One has that λ′(0) = 0 and λ′′(0) = σ2 and that

lim
n→∞

1

n
log

∫
X
eθSn dµ = Λ(θ),

for θ ∈ R sufficiently close to 0 and where

Λ(θ) = log λ(θ).

This gives LDP.
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Multiplicative ergodic theorem

Assume that (Ω,F ,P) is a probability space and that σ : Ω→ Ω is

an invertible transformation such that P is σ-invariant and

ergodic. Furthermore, assume that Ω is a Borel subset of a

separable, complete metric space. Let B be a Banach space and

L = (Lω)ω∈Ω a family of bounded operators on B such that

ω → Lω is Borel-measurable. Assume that∫
Ω

log+‖Lω‖ dP(ω) <∞.

Then, for P-a.e. ω ∈ Ω, the following limits exist (and are

independent on ω)

Λ(L) := lim
n→∞

1

n
log‖Lnω‖ and κ(L) := lim

n→∞

1

n
log ic(Lnω),
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where

Lnω := Lσn−1ω ◦ . . . ◦ Lσω ◦ Lω,

and ic(A) is defined as an infimum over all r > 0 with the property

that image of the open unit ball in B under A can be covered by

finitely many open balls of radius r .

If κ(L) < Λ(L), then either there exists a finite sequence (λi )
l
i=1

such that

Λ(L) = λ1 > λ2 > . . . > λl > κ(L)

or there exists an infinite sequence (λi )i∈N such that

Λ(L) = λ1 > λ2 > . . . > κ(L) and lim
i→∞

λi = κ(L).
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Furthermore, for P-a.e. ω ∈ Ω there exists a unique splitting

B = V (ω)⊕
l⊕

j=1

Yj(ω),

with l ∈ N ∪ {∞} that depends measurably on ω such that:

• each Yj(ω) is finite-dimensional, Lω(Yj(ω)) = Yj(σω) and for

v ∈ Yj(ω), v 6= 0 we have

lim
n→∞

1

n
log‖Lnωv‖ = λj ;

• Lω(V (ω)) ⊂ V (σ(ω)) and for every v ∈ V (ω),

lim sup
n→∞

1

n
log‖Lnωv‖ ≤ κ(L).
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The numbers λj are called Lyapunov exponents of L w.r.t. to P,

while subspaces Yj(ω) are called Oseledets subspaces.
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Random piecewise expanding maps

Let T and T ′ be two piecewise expanding maps on X = [0, 1].

Then, we can introduce the so-called Rychlik distance dR(T ,T ′)

as the infimum over all r > 0 with the property that there exists

A ⊂ [0, 1], m(A) > 1− r and a diffeomorphism f : [0, 1]→ [0, 1]

such that T ′|A = T ◦ f |A and such that

|f (x)− x | < r and |1/f ′(x)− 1| < r ,

for x ∈ [0, 1]. Then,

12dR(T ,T ′) = sup
‖g‖BV≤1

‖LTg − LT ′g‖1.
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Taking a fixed piecewise expanding map T on X = [0, 1] and

choosing (sufficiently small) δ > 0, we can consider a family

(Tω)ω∈Ω such that dR(Tω,T ) < δ for each ω ∈ Ω and with the

property that ω → Tω has countable range. Let Lω be the transfer

operator associated to Tω.

Set

T n
ω = Tσn−1ω ◦ . . . ◦ Tω.

The corresponding transfer operator of T n
ω is

Lnω = Lσn−1ω ◦ . . . ◦ Lσω ◦ Lω.
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Let L = (Lω)ω∈Ω. Then, we have:

• Λ(L) = 0 and κ(L) < 0;

• dimY1(ω)=1.

Then, there exist vω ∈ BV such that vω ≥ 0, Y1(ω) = 〈{vω}〉 and∫
X vω dm = 1. Let µω be a measure on X given by dµω = vωdm.

We can build a measure µ on Ω× X such that

µ(A× B) =

∫
A
µω(B) dP(ω) for A ⊂ Ω and B ⊂ X meas.

Then, µ << P×m and dµ
d(P×m) (ω, ·) = vω, ω ∈ Ω.
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µ is invariant for τ : Ω× X → Ω× X given by

τ(ω, x) = (σ(ω),Tω(x)) (ω, x) ∈ Ω× X .

Furthermore, π∗µ = P, where π : Ω× X → Ω is a projection.

Furthermore, µ is a unique probability measure on Ω× X with the

above properties.

Let φ : Ω× X → R be such that

esssupΩ×X |φ| <∞ and esssupΩ‖φ(ω, ·)‖BV <∞.

We assume that ∫
X
φ(ω, ·) dµω = 0 for ω ∈ Ω.
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Set

Sn(ω, x) =
n−1∑
i=0

φ(σi (ω),T i
ω(x)) =

n−1∑
i=0

φ(τ i (ω, x)).

We are interested in quenched limit laws of Sn(ω, ·) w.r.t µω for

typical ω. For θ ∈ C, let Lθω : BV → BV be given by

Lθω(f ) = Lω(eθφ(ω,·)f ), f ∈ BV .

For θ close to 0, one can apply MET for the cocycle

Lθ = (Lθω)ω∈Ω. Let Λ(θ) denote the largest Lyapunov exponent of

Lθ. Then,

θ → Λ(θ) is a C 2 function on a neighb. of 0.

Moreover, Λ′(0) = 0 and Λ′′(0) = Σ2, where
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Σ2 =

∫
Ω×X

φ2 dµ+ 2
∞∑
n=1

∫
Ω×X

φ(φ ◦ τn) dµ.

Theorem

For θ ∈ R close to 0, we have that

lim
n→∞

1

n
log

∫
X
eθSn(ω,·) dµω = Λ(θ), for P-a.e. ω ∈ Ω.

As a direct consequence, we obtain the following LDP.

Theorem

Assume that Σ2 > 0. Then, there exists δ > 0 and a nonnegative,

continuous, strictly convex function c : (−δ, δ)→ R vanishing only

in 0 and such that

lim
n→∞

1

n
µω(Sn(ω, ·) > nε) = −c(ε) for 0 < ε < δ.
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Theorem

Assume that Σ2 > 0. Then,

Sn(ω, ·)√
n
→ N (0,Σ2) in distribution, for P-a.e. ω ∈ Ω.

Idea: For θ close to 0, dimY θ
1 (ω)=1, Y θ

1 = 〈vθω〉,
∫
X vθω dm = 1.

Then,

Lθωvθω = λθωv
θ
σω for some scalar λθω.

Then,

lim
n→∞

∫
X
e
it Sn(ω,·)√

n dµω = lim
n→∞

∫
X
L

it√
n
,n

ω vω dm = lim
n→∞

n−1∏
j=0

λ
it√
n

σjω
= ....

Davor Dragičević Quenched limit theorems



Further developments:

1 local limit theorem, almost sure invariance principle;

2 multidimensional piecewise expanding maps;

3 hyperbolic case, i.e. Tω is Anosov diffeom. In this setting, BV

is replaced by anisotropic Banach spaces.
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