
Formule za kolokvij Par
ijalne diferen
ijalne jednad�zbe

Lapla
eova jednad�zba

� Elementarno rje�senje

�(x) =

�
�

1
2� ln jxj ; d = 2
1

d(d�2)!d
1

jxjd�2
; d > 3

!d : : : volumen jedini�
ne kugle u Rd

� Nehomogena (Poissonova) jednad�zba

�u = f u R
d

u(x) =

Z

Rd
�(x� y)f(y)dy =

Z

Rd
�(y)f(x� y) dy

� Harmonijske funk
ije

u harmonijska: �u = 0

u 2 C
2
(
) harmonijska () u(x) = �

Z

S(x;r)
u ds = �

Z

K[x;r℄
u dy ;

� Greenova funk
ija


 � Rd otvoren, � = �


�
��u = f u 


uj� = g

u(x) = �

Z

�
g(y)r~nyG(x;y) dSy +

Z



G(x;y)f(y) dy

G(x;y) = �(jx� yj)� w(x;y), gdje w(x; �) zadovoljava:

�
�w(x; �) = 0

w(x; �)j� = �(jx� �j)

� Greenova fuk
ija za kuglu i poluprostor

Poluprostor:

Rd
+ = f(x0; xd) 2 Rd : xd > 0g,

G(x;y) = �(jx� yj)� �(j�x� yj) ; x;y 2 R
d
+ ; x 6= y ; �x = (x0; xd) = (x

0
;�xd)

Kugla:

G(x;y) = �(jx� yj)� �

�
jxj

R
j~x� yj

�

; x;y 2 K(0; R) ; x 6= y ; ~x =
R2

jxj2
x

9. sije�
nja 2016.



Jednad�zba provodenja

(

ut � k4u = f u R
+
�R

d
(k > 0)

u(0; �) = g

u(t;x) =

Z
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Z t
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4kt ; t > 0
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e

Svojstva: Z

Rd
�(t;x) dx = 1 ; t > 0 ;
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�1
e
�ax2
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r
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e
� b2

4a ; a > 0; b 2 R :

Valna jednad�zba

8
><

>:

utt �4u = 0 u R
+
�R

d

u(0; �) = g

ut(0; �) = h

� d=1

D'Alambertova formula:

u(t; x) =
g(x+ t) + g(x� t)

2
+

1

2

Z x+t

x�t
h(y) dy

� d=2

Poissonova formula:

u(t;x) =
1

2
�

Z

K(x;t)

tg(y) + t2h(y) + trg(y) � (y � x)
p

t2 � jy � xj2
dy

� d=3

Kri
hho�ova formula:

u(t;x) = �

Z

S(x;t)
th(y) + g(y) +rg(y) � (y � x) dSy

� Nehomogena zada�
a

8
><

>:

utt �4u = f u R
+
�R

d

u(0; �) = 0

ut(0; �) = 0

Duhamelovo na�
elo:

u(t;x) =

Z t

0
v(t;x; s) ds ;

pri �
emu 8
><

>:

vtt(�; �; s)�4v(�; �; s) = 0 u R
+
�R

d

v(s; �; s) = 0

vt(s; �; s) = f(s; �)
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