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Abstract

In this paper Steiner 2-designs S(2,5,41) with automorphisms of order 3 are
classified. Twelve such designs are found, nine of which are new ones. The
total number of known S(2,5,41) designs is now 14.

1 Introduction

A Steiner 2-design S(2,k,v) is a set of v points together with a collection of
k-element subsets (lines) such that every pair of points is contained in exactly
one line. An automorphism is a line-preserving permutation of points. The
following theorem about S(2,5,41) designs was proved by R.Mathon and
A.Rosa [3].

Theorem 1 There are exactly four S(2,5,41) designs admitting an auto-
morphism of order 5.

The four designs are denoted Dy, Do, D3 and Dy in table 2. Mathon and
Rosa constructed one further example, Dy, by applying a transformation to
designs D3 and Dg. An analogous transformation of S(2,4,25) designs is
described in [2]. Thus, five S(2,5,41) designs had been known prior to this
article. Performing an exhaustive search for S(2,5,41)’s with automorphisms
of order 3 we find nine new designs, in addition to three already known (Ds,
D3 and D,). Together with designs D; and Dg this sums up to a total of 14
known S(2,5,41) designs.

2 The Classification

First we need to determine possible sets of points and lines kept fixed by an
automorphisms of order 3.

Theorem 2 Let o be an automorphism of order 3 of a S(2,5,41) design.
The set of elements kept fized by « is one of the following:

(a) five points and ten lines forming a complete pentagon (a (54,102) configu-
ration),

(b) five points on a single line,

(c) two points and the line joining them.



Proof. Let f be the number of fixed points and g the number of fixed lines.
Denote by p and ¢ the number of point and line orbits of size 3, respectively.
Clearly f + 3p = 41 and since the total number of lines is 82, g + 3¢ = 82.
Furthermore, let b; be the number of lines containing exactly ¢ fixed points,
for ¢ = 0,...,5. If a line contains at least three fixed points, all of its points
are fixed. Thus b3 = by = 0. The following two equations are also evident.

b0+b1+b2+b5:82 (1)

by +bs =g =82—3¢q (2)

By counting pairs of fixed points and pairs of non-fixed points we get the
next two equations.

) ) (3)

by &+ 10bs — <f) _ (41 —3p)(40 — 3p)

5 5 (4)

The system of equations (1)—(4) has a unique solution in terms of the p’s and
q’s.

41 — 3p(3p —1
10b0+6b1+352:( f): p(3p—1)

by — 3p(p—7)_2q

9

3p(7 —
b — qu
(5)

p, - PE7T—p) 10g
2 pm— ——————— — —

9 3

plp—27) ¢
by = S 20 1
s 82+ ==+ 3

On each line with exactly two fixed points there is a point orbit of size 3,
hence by, < p. This condition is met by four pairs (p, q) yielding non-negative
integer values for the b;’s. The four solutions are reported in table 1.

The solution in the first row is not possible, since there are two lines fixed
pointwise (b5 = 2) but only 8 fixed points. Solutions in rows two, three and
four correspond to cases (a), (b) and (c), respectively. il
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No. p q by b by bs f g
1 11 24 18 54 8 2 &8 10
2 12 24 42 30 10 0 5 10
3 12 27 36 45 0 1 5 1
4 13 27 63 18 1 0 2 1

Table 1: Solutions to equations (5).

Now we can state the main result.

Theorem 3 There are exactly twelve S(2,5,41) designs admitting an auto-
morphism of order 3.

In table 2 the twelve designs are denoted D, ..., D5 and Dy, ..., Dyy.

Proof. We prove the theorem using the method of tactical decompositions
(see, for example, [1] or [2]). Let a be an automorphism of order 3, Py, ..., P,
and Lq,...,L, its point and line orbits. For any point P € P; denote by
a;; the number of lines of £; incident with P. The orbits form a tactical
decomposition, therefore a;; does not depend on the choice of P. It can be
shown that the following equations are met:

n

. " v; o " Vi o vy, if ¢ 7é i/
Z aij = 10, Z Eaij = 5, Z Eaijai/j = { v + 9’ ifi =4 (6>
=1 J ]:1 J

J=1

Here v; = |P;| and (3; = |L£;| are the orbit sizes.

A matrix A = [a;;] with non-negative integer entries satisfying rela-
tions (6) is called an orbit matriz. The first step of the classification is
to find all orbit matrices. Matrices equivalent under rearrangements of rows
and columns can be identified. For this task an algorithm producing orbit
matrices in standard form was used. A matrix is said to be in standard form
provided it is the greatest amongst all equivalent matrices, where ordering is
lexicographical on vectors obtained by concatenating the rows.

The key observation is that a matrix in standard form with the last
row removed remains in standard form. Orbit matrices were constructed
by adding one row at each step and sifting out matrices that are not in
standard form. This is essentially the same algorithm used by E.Spence to



classify symmetric (31,10, 3) designs [6], Hadamard matrices of order 28 [7]
and S(2,4,25) designs [8].

The second step is usually called indexing. Entries in the orbit matrices
are replaced by 3 x 3 circulant 0-1 matrices so as to obtain incidence matrices
of S(2,5,41) designs. A program based on a straightforward backtracking
algorithm was fast enough to do the job.

Not every orbit matrix gives rise to designs. On the other hand, one
matrix may lead to several non-isomorphic designs. As the final step inci-
dence matrices of the designs need to be checked for isomorphism. For this
B.D.McKay’s nauty [4] was used.

Cases (a), (b) and (c) of theorem 2 need to be considered separately. In
case (a) orbit matrices were constructed quite easily. There are 1904 non-
equivalent matrices, none of which give rise to S(2,5,41) designs. Thus, an
automorphism fixing a complete pentagon is not possible.

In case (b) there are only 5 orbit matrices. However, the computation was
more involved than in case (a) because of a large amount of partial matrices.
Four of the orbit matrices (denoted By, ..., By in table 2) give rise to a total
of seven designs: Ds, D7, Ds, Dy, D1g, D12 and D;3.

Case (c) was computationally the most difficult one. To make classifica-
tion of orbit matrices feasible the standard form had to be considered into
some detail. The required CPU time was several months, normalised to a
Pentium at 133MHz (the actual computation was performed in parallel on
a number of PCs and workstations). 47528 orbit matrices were constructed.
The indexing phase proceeded at a much faster pace. Only 12 of the matrices
(denoted C1, ..., C12) give rise to designs. Ten S(2,5,41)’s were found: Ds,
Dg, D4, D7, Dg, Dg, DlO; ,Dlla D12 and D14. [ |

3 The Designs and Their Properties

Table 2 summarizes information about known S(2,5,41) designs. In the sec-
ond column orbit matrices corresponding to automorphisms of order 3 acting
on the designs are listed. The third column contains a description of the full
automorphism group. A dot denotes semidirect product and a cross ‘x’ di-
rect product of groups. Factors are cyclic groups Z,, dihedral groups Ds,,
alternating groups A,, (on n letters) and the quaternion group Qg. Full auto-
morphism groups were computed with nauty [4] and analyzed with GAP [5].



Orders of full automorphism groups are given in the fourth column.

Amongst linear codes associated with the designs only ternary codes are
of interest. If p does not divide r — 1 = 9, incidence matrices have full rank
v =41 or rank v — 1 = 40 over GF'(p) (the latter occurring only for p = 5).
Dimensions of the codes spanned over GF(3) by incidence vectors of the lines
are listed in the last column of table 2. However, minimal weights are not
particularly large: three for design D5 and one or two for the rest.

The last two columns (order of automorphism group and 3-rank) discrimi-
nate all designs except D; and Dy. The two designs cannot be isomorphic be-
cause they arise from different sets of orbit matrices. Incidence matrices of the
designs are available through the author’s Web page www.math.hr/~krcko.

Design ~ Orbit matrices Aut  |Aut| 3-rank

D, Zs-Za 205 41
D, Cy Zo-As 120 32
D, Cy Zo-As 120 36
D, Cy To- Ay 24 36
Ds B Zs-Qs 24 33
De Zo-Diy 20 36
D, By, Cy, Cio  Zs-Dg 18 34
Dg Bl, Cg, CH Zg : D6 18 32
Dg B4, 07, 010 Zg : DG 18 34
Dio By, Cy, C1y  Zs-Dg 18 33
Dy, o, Do 12 35
Dis  Bo, Cs, Cs, Chy Z3xZs 9 35
Dis B, Ze 6 36
Dy Cy Ze 6 35

Table 2: Known S(2,5,41) designs.
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Appendix

In the appendix designs Dy, ..., Dy are explicitly listed. Designs are de-
scribed as sets of lines, where points are integers 1,2,...,41.



D,

Dy
23456 7891011
12122737 131328 38
141429 39 15153040
1616 3141 171722 32
181823 33 191924 34
110 20 25 35 111 21 26 36
271316 40 381214 41
49131537 510 14 16 38
61112 15 39 2101519 33
31116 20 34 47122135
5813 17 36 6914 18 32
29 26 28 41 310 22 29 37
411 23 30 38 5724 3139
6 8 25 27 40 2822 30 39
39 23 31 40 410 24 27 41
511 25 28 37 6726 29 38
211313235 3727 33 36
4 8 28 32 34 5929 33 35
6 10 30 34 36 214 20 23 36
315 21 24 32 416 17 25 33
512 18 26 34 61319 22 35
217 21 29 34 317 18 30 35
418 19 31 36 519 20 27 32
6 20 21 28 33 218 24 25 38
319 25 26 39 4 20 22 26 40
521 22 23 41 6 17 23 24 37
7 14 19 28 30 8 15 20 29 31
916212730 | 101217 28 31
1113182729 | 7152325 34
8 16 24 26 35 912 22 25 36
10132326 32 | 11 14 22 24 33
718 20 37 41 819 21 37 38
917203839 | 10 18 21 39 40

11 17 19 40 41

1216 19 23 29

12 13 20 24 30

13 14 21 25 31

23456 7891011
1271217 1381318
1491419 15101520
161116 21 12227 32 37
123283338 | 124293439
125303540 | 126313641
211222531 37232627
4 822 24 28 59232529
6 10 24 26 30 29243741
310253738 | 411263839
57223940 6 8 23 40 41
210272835 | 3112829 36
4729 30 32 5830 31 33
6927 31 34 2832 34 38
39333539 410 34 36 40
511323541 67333637
214152633 | 3151622 34
412162335 | 51213 24 36
613142532 | 21316 3039
312143140 | 413152741
51416 28 37 | 61215 29 38
219202336 | 320212432
417212533 | 51718 26 34
618192235 | 218212940
317193041 | 41820 3137
519212738 | 617202839
715192425 | 816202526
912212226 | 10 13 17 22 23
1114182324 | 713212831
814172729 | 91518 28 30
10 16 19 29 31 | 11 12 20 27 30
714203435 | 815213536
916173236 | 10 12 18 32 33
1113193334 | 716 18 38 41
812193739 | 91320 3840

14 15 17 26 27

1516 18 22 28

10 14 21 39 41

11 15 17 37 40

12 32 33 38 40

13 33 34 39 41

12 25 28 34 41

13 26 29 35 37

14 34 35 37 40

15 35 36 38 41

14 22 30 36 38

1523 31 32 39

16 32 36 37 39

22 27 31 34 38

16 24 27 33 40

17 24 31 35 38

23 27 28 35 39

24 28 29 36 40

18 25 27 36 39

19 26 28 32 40

2529 30 32 41

26 30 31 33 37

20 22 29 33 41

21 23 30 34 37




D3

23456 7891011

1271217 1381318

1491419 15101520

161116 21 122273237
123 28 33 38 124 29 34 39
1 25 30 35 40 126 31 36 41
211 22 25 29 372326 30

482224 31 59232527
6 10 24 26 28 2924 37 38

310 25 38 39 411 26 39 40
57 2240 41 6 8 23 37 41

210 30 31 34 311 27 31 35
47 27 28 36 5 8 28 29 32
69 29 30 33 2 833 36 39
39323440 410 33 35 41
511 34 36 37 67323538
214 15 26 32 31516 22 33
412 16 23 34 512 13 24 35
6 13 14 25 36 213 16 28 40
312 14 29 41 413 15 30 37
514 16 31 38 612 1527 39
219 20 23 35 320 21 24 36
417 21 25 32 517 18 26 33
6 18 19 22 34 2 18 21 27 41
31719 28 37 4 18 20 29 38
519 21 30 39 6 17 20 31 40
71518 24 25 816 19 25 26
912202226 | 1013 21 22 23
1114172324 | 7131929 31
8 14 20 27 30 915 21 28 31
1016 172729 | 11 12 18 28 30
714 21 33 34 81517 34 35
916 183536 | 1012 19 32 36
1113203233 | 71620 37 39
8 12 21 38 40 91317 39 41

10 14 18 37 40

11 15 19 38 41

12 25 31 33 37

13 26 27 34 38

14 22 28 35 39

15 23 29 36 40

16 24 30 32 41

17 22 30 36 38

18 23 31 32 39

19 24 27 33 40

20 25 28 34 41

21 26 29 35 37

Dy

12345 1628 34 40
17121941 181523 37
191130 36 110132127
114 17 25 32 116 22 31 33
118243539 | 1202629 38
26 30 31 37 271418 40
28121727 29202441
210163536 | 211252829
213193338 | 2152226 32
221233439 36293541
37253639 38132440
39152833 310 19 26 37
311182227 | 31216 21 32
314203034 | 3172331 38
46 32 36 38 47152027
481429 33 49182137
410242831 | 41116 23 40
412263039 | 413222541
41719 34 35 56273339
57212931 5822 34 36
591726 40 510 14 23 41
511192432 | 51218 28 38
513153035 | 516202537
27 32 37 40 41 678910
611121314 | 61516 17 18
619202122 | 623242526
1519 29 36 40 | 19 23 27 28 30
723323335 | 711343738
11 1531 39 41 | 12 20 31 35 40
16 24 2729 34 | 820 28 32 39
1224 33 36 37 | 816 30 38 41
21 25303340 | 92527 35 38

913 3132 34

13 1729 37 39

17 21 28 36 41

10 22 38 39 40

14 26 27 31 36

10 18 29 30 32

14 22 28 35 37

18 26 33 34 41

71316 2628 | 10 11 17 20 33
1415212438 | 8181925 31
912222329 | 10121525 34
914161939 | 13 18 20 23 36
717222430 | 8112126 35
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Ds

12345 1691215
171013 16 18111417
118 21 24 27 119 22 25 28
120 23 26 29 130 33 36 39
131 34 37 40 132 3538 41
261118 22 27919 23
2810 20 21 21216 30 35
21317 31 33 21415 32 34
2 24 29 36 40 22527 37 41
2 26 28 38 39 3610 32 33
371130 34 3893135
31217 24 28 313152529
314 16 26 27 318 23 37 39
319 21 38 40 320 22 36 41
46 24 30 38 47 25 31 36
4 8 26 32 37 4914 20 39
410 12 18 40 4111319 41
415 23 28 33 416 21 29 34
417 22 27 35 5623 27 31
5721 28 32 58 22 29 30
5913 24 37 510 14 25 38
51112 26 36 515 20 35 40
516 18 33 41 51719 34 39
6 8 28 34 41 6729 3539
7827 3340 6 13 14 21 36
712 14 22 37 812 13 23 38
6 16 19 20 37 717 18 20 38
8 15 18 19 36 6 17 25 26 40
71524 26 41 8 16 24 25 39
911 16 28 40 910 17 29 41

10 11 15 27 39

9 18 25 30 32

10 19 26 30 31

11 20 24 31 32

9 21 22 26 33

10 22 23 24 34

11 21 23 25 35

9 27 34 36 38

10 28 35 36 37

11 29 33 37 38

12 20 25 33 34

13 18 26 34 35

14 19 24 33 35

12 19 27 29 32

13 20 27 28 30

14 18 28 29 31

12 21 31 39 41

13 22 32 39 40

14 23 30 40 41

1517 21 30 37

15 16 22 31 38

16 17 23 32 36

Dg

23456 7891011
1271217 1381318
1491419 15101520
161116 21 12227 32 37
123283338 | 124293439
125303540 | 126313641
211222528 37232629
482224 30 59232531
6 10 24 26 27 29244041
310253741 | 41126 37 38
57223839 6 8 23 39 40
210293036 | 3113031 32
47273133 582728 34
692829 35 28333537
39 34 36 38 410 32 35 39
5 11 33 36 40 67323441
214152634 | 315162235
412162336 | 5121324 32
613142533 | 21316 27 38
312142839 | 413152940
51416 3041 | 61215 31 37
219202332 | 320212433
417212534 | 51718 26 35
618192236 | 21821 3139
317192740 | 418202841
519212937 | 6172030 38
716192425 | 812202526
913212226 | 1014 17 22 23
1115182324 | 71521 28 30
816172931 | 91218 27 30
10 13 19 28 31 | 11 14 20 27 29
713203536 | 814213236
915173233 | 10 16 18 33 34
1112193435 | 71418 37 40
815193841 | 916 20 37 39

10 12 21 38 40

11 13 17 39 41

12 22 29 33 41

13 23 30 34 37

14 24 31 35 38

15 25 27 36 39

16 26 28 32 40

17 24 28 36 37

18 25 29 32 38

19 26 30 33 39

20 22 31 34 40

21 23 27 35 41
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Dy

12345 1691215
171013 16 18111417
118 21 24 27 119 22 25 28
120 23 26 29 130 33 36 39
131 34 37 40 132 3538 41
261118 22 27919 23
2810 20 21 21217 30 34
213153135 214 16 32 33
224 29 38 39 2 25 27 36 40
226 28 37 41 361032 34
37113035 3893133
31216 25 29 313 17 26 27
314 15 24 28 3 18 23 36 41
319 21 37 39 320 22 38 40
46 26 30 38 47 24 31 36
4 8 25 32 37 4914 18 40
41012 19 41 411 13 20 39
415 23 27 34 416 21 28 35
417 22 29 33 56 21 29 31
572227 32 5 8 23 28 30
5913 25 38 510 14 26 36
511 12 24 37 515 20 33 41
516 18 34 39 51719 35 40
68273539 6 7 28 33 40
7829 34 41 6 13 14 23 37
712 14 21 38 812 13 22 36
6 16 19 20 36 717 18 20 37
8 15 18 19 38 6 17 24 25 41
7 15 25 26 39 8 16 24 26 40
911 16 27 41 910 17 28 39

10 11 15 29 40

9 20 24 30 32

10 18 25 30 31

11 19 26 31 32

9212226 34

10 22 23 24 35

11 21 23 25 33

929 35 36 37

10 27 33 37 38

11 28 34 36 38

12 18 26 33 35

13 19 24 33 34

14 20 25 34 35

12 20 27 28 31

13 18 28 29 32

14 19 27 29 30

12 23 32 39 40

13 21 30 40 41

14 22 31 39 41

1517 21 32 36

1516 22 30 37

16 17 23 31 38

Dy

12345 1691215
17101316 181114 17
118212427 | 119222528
120232629 | 130333639
131343740 | 132353841
26111823 2791921
281020 22 212 17 30 34
213153135 | 21416 32 33
224283840 | 22529 3641
226 27 37 39 3610 32 34
37113035 3893133
312162527 | 31317 26 28
314152429 | 318223741
319233839 | 32021 3640
46 26 31 38 4724 32 36
48253037 49132039
410141840 | 411121941
415232733 | 4162128 34
417222935 562129 30
57222731 5823 28 32
5914 25 38 510 12 26 36
511132437 | 515203441
516183539 | 51719 33 40
6 8 27 35 40 67283341
7829 34 39 6 13 14 22 36
712142337 | 8121321 38
61619 20 37 | 71718 20 38
815181936 | 617242539
715252640 | 81624 26 41
911162940 | 9101727 41
1011 1528 39 | 918 26 30 32

10 19 24 30 31

11 20 25 31 32

922232434

10 21 23 25 35

11 21 22 26 33

9 28 35 36 37

10 29 33 37 38

11 27 34 36 38

12 20 24 33 35

13 18 25 33 34

14 19 26 34 35

12 18 28 29 31

13 19 27 29 32

14 20 27 28 30

12 22 32 39 40

13 23 30 40 41

14 21 31 39 41

1517 21 32 37

15 16 22 30 38

16 17 23 31 36
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Dy

12345 1691215
171013 16 18111417
118 21 24 27 119 22 25 28
120 23 26 29 130 33 36 39
131 34 37 40 132 3538 41
26111823 2791921
2 8 10 20 22 21217 30 34
213153135 214 16 32 33
224 29 37 39 2 25 27 38 40
2 26 28 36 41 3610 24 28
37112529 3892627
312 16 37 41 31317 38 39
3 14 15 36 40 318 22 32 34
319 23 30 35 320 21 31 33
4629 32 36 4727 30 37
4 8 28 31 38 4914 18 39
410 12 19 40 41113 20 41
415 22 24 33 416 23 25 34
417 21 26 35 56 16 21 38
5717 22 36 581523 37
59 25 33 41 510 26 34 39
511 24 35 40 512 20 27 32
513 18 28 30 514 19 29 31
6 8253539 6726 33 40
7824 34 41 613 14 27 34
712 14 28 35 812 13 29 33
6 17 19 20 37 715 18 20 38
8 16 18 19 36 6 22 30 31 41
723 31 32 39 8 21 30 32 40
911 28 32 37 910 29 30 38
1011273136 | 91322 23 40

10 14 21 23 41

11 12 21 22 39

916 17 24 31

10 15 17 25 32

11 15 16 26 30

9 20 34 35 36

10 18 33 35 37

11 19 33 34 38

12 18 25 26 31

13 19 24 26 32

14 20 24 25 30

12 23 24 36 38

13 21 25 36 37

14 22 26 37 38

1519 27 39 41

16 20 28 39 40

17 18 29 40 41

1521 28 29 34

16 22 27 29 35

17 23 27 28 33

Dig

12345 1691215
17101316 181114 17
118212427 | 119222528
120232629 | 130333639
131343740 | 132353841
26111823 2791921
281020 22 212 17 30 34
213153135 | 21416 32 33
224293739 | 225273840
226 28 36 41 36103741
37113839 38936 40
312161822 | 313171923
314152021 | 324283234
325293035 | 326273133
46 21 29 36 47222737
4 823 28 38 4914 3539
410123340 | 411133441
415192430 | 4162025 31
41718 26 32 56 16 30 38
57173136 58153237
59182541 510 19 26 39
511202440 | 512232735
513212833 | 5142229 34
6 819 27 34 672028 35
781829 33 6 13 14 26 40
712142441 | 812132539
617242533 | 7152526 34
816242635 | 622313239
723303240 | 821303141
911222630 | 910232431
1011212532 | 9132729 32

10 14 27 28 30

11 12 28 29 31

916 17 28 37

10 15 17 29 38

11 15 16 27 36

920 33 34 38

10 18 34 35 36

11 19 33 35 37

1219 20 32 36

13 18 20 30 37

14 18 19 31 38

12 21 26 37 38

13 22 24 36 38

14 23 25 36 37

15 18 28 39 40

16 19 29 40 41

17 20 27 39 41

15 22 23 33 41

16 21 23 34 39

17 21 22 35 40

13




D1y

12394041 136912

1471013 1581114

11518 21 24 116 19 22 25
117 20 23 26 127 30 33 36
128 31 34 37 129 32 35 38
2381519 24616 20

2571718 291327 32
210 14 28 30 21112 29 31
221 26 34 36 22224 35 37
223 2533 38 352530 39
34 26 31 40 4524 3241
373536 41 48333739
56 34 38 40 310 11 23 32
4911 21 30 5910 22 31
314 20 33 34 412 18 34 35
51319 33 35 313 21 22 38
4 14 22 23 36 512 21 23 37
316 17 24 28 41517 25 29
51516 26 27 318 27 29 37
419 27 28 38 5 20 28 29 36
6 8 21 27 41 672228 39
7 8 23 29 40 6 10 15 36 37
71116 37 38 8917 36 38
6 11 25 26 35 7924 26 33
810 24 25 34 613 14 24 29
712 14 25 27 812 13 26 28
617 31 32 33 715 30 32 34
8 16 30 31 35 6 18 19 23 30
719 20 21 31 8 18 20 22 32
91416 1840 | 101217 19 41
1113152039 | 915 23 28 35

10 16 21 29 33

11 17 22 27 34

920 25 37 41

10 18 26 38 39

11 19 24 36 40

919 29 34 39

10 20 27 35 40

11 18 28 33 41

1215 22 33 40

13 16 23 34 41

14 17 21 35 39

12 16 32 36 39

13 17 30 37 40

14 15 31 38 41

12 20 24 30 38

13 18 25 31 36

14 19 26 32 37

21 25 28 32 40

22 26 29 30 41

23 24 27 31 39

Dia

12345 1691215
17101316 181114 17
118212427 | 119222528
120232629 | 130333639
131343740 | 132353841
261118 22 2791923
28102021 212 17 30 34
213153135 | 21416 32 33
224293739 | 225273840
226 28 36 41 3610 32 34
37113035 3893133
31216 26 27 | 313 17 24 28
314152529 | 31823 36 40
319213741 | 320223839
4624 30 41 47253139
4 826 32 40 491418 37
410121938 | 41113 20 36
415232834 | 4162129 35
4172227 33 5629 31 38
57273236 5828 30 37
59132140 510 14 22 41
511122339 | 51519 26 33
516202434 | 517182535
6 823 27 35 67212833
782229 34 6 13 14 26 39
712142440 | 81213 2541
617192040 | 715182041
816181939 | 6 16 25 36 37
717263738 | 8152436 38
911162838 | 9101729 36
10 11 1527 37 | 920 25 30 32

10 18 26 30 31

11 19 24 31 32

92224 26 35

10 23 24 25 33

11 21 25 26 34

927 34 39 41

10 28 35 39 40

11 29 33 40 41

12 18 28 29 32

13 19 27 29 30

14 20 27 28 31

12 20 33 35 37

13 18 33 34 38

14 19 34 35 36

12 21 22 31 36

13 22 23 32 37

14 21 23 30 38

1517 21 32 39

15 16 22 30 40

16 17 23 31 41
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D13

12345 1691215
171013 16 18111417
118 21 24 27 119 22 25 28
120 23 26 29 130 33 36 39
131 34 37 40 132 353841
261118 22 27919 23
2810 20 21 21216 30 35
21317 31 33 21415 32 34
224 29 37 41 2 25 27 38 39
2 26 28 36 40 3610 32 33
371130 34 3893135
31217 26 27 31315 24 28
314 16 25 29 3 18 23 38 40
319 21 36 41 320 22 37 39
46 26 30 37 47 24 31 38
4 8 25 32 36 4914 18 39
410 12 19 40 41113 20 41
415 23 27 33 416 21 28 34
417 22 29 35 56 21 29 31
572227 32 58 23 28 30
5913 25 37 510 14 26 38
51112 24 36 515 20 35 40
516 18 33 41 51719 34 39
6 8 27 34 41 6728 35 39
7829 3340 6 13 14 23 36
712 14 21 37 812 13 22 38
6 16 19 20 38 717 18 20 36
8 15 18 19 37 6 17 24 25 40
71525 26 41 8 16 24 26 39
911 16 27 40 910 17 28 41
1011152939 | 920 24 30 32

10 18 25 30 31

11 19 26 31 32

9 21 22 26 33

10 22 23 24 34

11 21 23 25 35

9 29 34 36 38

10 27 35 36 37

11 28 33 37 38

12 20 25 33 34

13 18 26 34 35

14 19 24 33 35

12 18 28 29 32

13 19 27 29 30

14 20 27 28 31

12 23 31 39 41

13 21 32 39 40

14 22 30 40 41

1517 21 30 38

1516 22 31 36

16 17 23 32 37

Diy

12345 162731 36
1712 30 37 18111532
19141925 11021 33 39
11320 26 35 116 22 34 40
117242829 | 118233841
2629 34 35 27152041
281923 37 29112830
210133238 | 2121726 40
214223639 | 216253133
218 21 24 27 36 30 38 40
37222432 3833 35 36
39121521 310 16 19 28
311172331 | 313252737
314182034 | 326293941
46283739 4713 31 34
482529 40 49183235
410222327 | 41116 2141
412202436 | 41417 30 33
41519 26 38 56323341
57182528 5814 24 38
59222631 510 17 20 37
511193436 | 51216 23 35
513212930 | 515273940
678910 611121314
711262733 | 61516 17 18
11182229 37 | 716 29 36 38
619202122 | 11 20 25 38 39
717193539 | 623242526
10 11 24 3540 | 714 21 23 40
821262834 | 1012 25 34 41

14 27 28 35 41

23 30 32 34 39

19 24 30 31 41

20 28 31 32 40

1524 33 34 37 | 936 37 40 41
1315232836 | 917 27 34 38
813172241 | 12 22 28 33 38
920232933 | 91316 24 39
13 18 19 33 40 | 12 19 27 29 32
816202730 | 81218 31 39

10 14 15 29 31

14 16 26 32 37

10 18 26 30 36

15 22 25 30 35

21 31 35 37 38

17 21 25 32 36

15




