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A conjecture is that there are only finitely many prime Fermat numbers.
It is known that numbers fn for 5 ≤ n ≤ 32 are composite, although com-
plete prime factorization is known only for n ≤ 11. Currently, the largest
Fermat number, for which it is known that it is composite, is f18233954. The
book [260] is dedicated to Fermat numbers.

Example 2.9. Let 2n − 1 be a prime number. Prove that n is also a prime.

Solution: Suppose that n is a composite number, say n = ab, with a > 1,
b > 1. Then the number 2n − 1=(2a)b − 1b is divisible by 2a − 1, so it is not
prime. ♦

Numbers Mp = 2p − 1, where p is a prime, are called the Mersenne num-

bers. Some Mersenne numbers are prime, such as M7 = 127, and some are
composite, such as M11 = 2047 = 23 · 89. A conjecture is that there are in-
finitely many Mersenne prime numbers. The largest known Mersenne prime
number is M82589933. It is also the largest currently known prime number (it
has 24 862 048 decimal digits, and it was discovered in 2018 as a part of the
project Great Internet Mersenne Prime Search (GIMPS) [200]).

Prime numbers are the source of numerous problems which are often
very simply formulated but difficult to solve. Let us mention several such
unsolved problems, some of which will also be discussed later on in the
book:

– Are there infinitely many prime numbers in the Fibonacci sequence?

– Are there infinitely many palindromic prime numbers? A positive in-
teger is palindromic if it remains the same when its decimal digits are
reversed. For example, such numbers are 101 and 17 971.

– Are there infinitely many Mersenne prime numbers?

– Is there any other Fermat number which is prime, apart from fn for
n ≤ 4?

– Are there infinitely many Sophie Germain primes, i.e. primes p for
which the number 2p+ 1 is also prime?

– Are there infinitely many twin primes, i.e. primes p for which the num-
ber p+2 is also prime (such are for example 3 and 5, 5 and 7, 11 and
13, 17 and 19, 29 and 31, 41 and 43)? It is believed that the answer to
this question is yes; however, it is known that unlike the series
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p
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(Example 2.5), the series (13 + 1
5) + (15 + 1

7) + ( 1
11 + 1

13) + ( 1
17 + 1

19) +
( 1
29+

1
31)+· · · converges. Chen proved in 1966 that there are infinitely

many prime numbers p for which p + 2 is either prime or a product
of two prime numbers. In 1849 De Polignac proposed a more general
conjecture that for any positive integer k, there are infinitely many
prime numbers p such that p + 2k is also a prime. Zhang proved in
2013 that there is a positive integer N ≤ 70000000, such that there
are infinitely many pairs of prime numbers which differ by N . By a
joint effort of a group of mathematicians, that result was improved to
N ≤ 246.

– Is it true that for any positive integer n, there is a prime number be-
tween n2 and (n+ 1)2?

– (Goldbach’s conjecture) Is it possible to express any even number ≥ 4
as a sum of two prime numbers (for example 4 = 2 + 2, 6 = 3 + 3,
8 = 3 + 5, 10 = 3 + 7, 12 = 5 + 7)? It is known that the following
so-called ternary (or weak) Goldbach’s conjecture holds: every odd
number n ≥ 7 can be expressed as a sum of three prime numbers (the
conjecture was proved for numbers n large enough by Vinogradov in
1937, and it was completely proved by Helfgott in 2013).

2.4 Exercises

1. Find positive integers x and y such that x(x+ 1) | y(y + 1), but x ∤ y,
x ∤ y + 1, x+ 1 ∤ y and x+ 1 ∤ y + 1.

2. Find positive integers x and y such that xx | yy, but x ∤ y.

3. Prove Proposition 2.1.

4. Prove that the sum of cubes of three consecutive positive integers is
divisible by 9.

5. Prove using the mathematical induction that for every integer n ≥ 0
the number 11n+1 + 122n−1 is divisible by 133.

6. Prove using the mathematical induction that for every integer n ≥ 0
the number 72n+1 + 2 · 132n+1 + 172n+1 is divisible by 50.
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7. Which is the smallest positive rational number that can be expressed
in the form

x

77
+

y

91
,

where x and y are integers?

8. If gcd(a, b) = 1, which values can gcd(a+ b, a− b) take?

9. If gcd(a, b) = 10, which values can gcd(a3, b4) take?

10. Find the greatest common divisor of the numbers

1 + 2 + 22 + · · · + 25n−1 for n = 1, 2, . . . , 100 .

11. Determine g = gcd(a, b) and find integers x, y such that ax+ by = g if

a) a = 423, b = 198,

b) a = 679, b = 777,

c) a = 987, b = 610.

12. Determine integers x, y such that

a) 50x+ 71y = 1,

b) 93x+ 81y = 3,

c) 105x+ 55y = 5.

13. Prove that for i = 0, 1, . . . , j + 1 we have xi−1yi − xiyi−1 = (−1)i

and gcd(xi, yi) = 1, where xi, yi are the coefficients appearing in the
extended Euclid’s algorithm.

14. Find the smallest positive integer n such that the set {n, n+1, . . . , n+
6} does not contain any prime numbers.

15. Find the smallest positive integer n such that n2 − 1 is a product of
four distinct prime numbers.

16. Find all prime numbers p such that numbers p + 2 and p + 4 are also
prime.

17. Find all prime numbers p such that 21p + 1 is a perfect square.

18. Prove that a3 | b2 implies that a | b. Show by an example that a2 | b3
does not imply that a | b.
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19. Find a positive integer n such that n/2 is a square, n/3 a cube and n/5
a fifth power of an integer.

20. Let a, b, c be positive integers such that ab, ac and bc are cubes (third
powers) of positive integers. Prove that then also a, b, c have to be
cubes. Is this statement valid if “cubes” is replaced by “squares”?

21. Prove that Hn = 1 + 1
2 + · · ·+ 1

n is not an integer for n > 1.

22. Let p(x) = x2 − x + 41. Check that the numbers p(0), p(1), . . . , p(40)
are all prime, but p(41) is composite.

23. Let fn = 22
n
+1. Prove that gcd(fm, fn) = 1 for m �= n. Show that this

fact implies that there are infinitely many prime numbers.

24. Let p = 6n + 1 be a prime number. Prove that the numerator of the

rational number
4n∑

k=1

(−1)k−1

k
is divisible by p.

25. Prove that all palindromic prime numbers, except the number 11, have
an odd number of digits.
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