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Abstract. We consider the problem of characterizing upper-triangular

matrices M =

(
p r
0 q

)
∈ M2(Z) which can be represented in the form

A2 − B2 with upper-triangular integer matrices A and B and give a
complete criterion in terms of representations of p and q as differences of
two squares and an additional divisibility condition on r. Also, we give a
complete classification of representable matrices in terms of congruence
conditions on p, q, and r.

1. Introduction and motivation

The classical problem of deciding which integers are representable as a
difference of two squares is well known: an integer n can be written in the
form n = x2 − y2 with x, y ∈ Z if and only if n ̸≡ 2 (mod 4). Analogous
questions can be considered in other rings. For example, a Gaussian integer
z = a+bi can be represented as a difference of two squares of Gaussian inte-
gers if and only if b is even and (a, b) ̸≡ (2, 2) (mod 4). In [3], the analogous

problem in rings of integers of quadratic fields Q(
√
d) was studied. More

precisely, a complete characterization of elements that can be represented
as a difference of two squares is obtained for those integers d that satisfy
certain conditions expressed in terms of the solvability of certain Pellian
equations.

One of the main motivations for studying representations as differences of
squares comes from their close connection with the problem of the existence
of Diophantine quadruples, i.e., D(n)-quadruples – sets of four elements in
a commutative ring such that the product of any two distinct elements,
increased by n, is a perfect square.

In several papers dealing with D(n)-quadruples in rings of algebraic inte-
gers, representations of elements as differences of two squares naturally arise
as a preparatory step in the analysis. This approach appears, for example,
in [4], [5], [6] and [11], where the structure of elements representable as dif-
ferences of squares plays an important role in determining the existence of
D(n)-quadruples in various number fields.
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In some commutative rings it turns out that the existence of a D(n)-
quadruple is equivalent to the representability of n as a difference of two
squares, while in other settings this equivalence fails. Counterexamples to
such a conjectural connection were recently obtained in [1], [2] and [8].

A further connection between differences of squares and D(n)-quadruples
is given in [7], where it is shown that there is no polynomial D(n)-quadruple
in Z[X] (a ring of polynomials with integer coefficients) for certain polyno-
mials n ∈ Z[X] that cannot be represented as a difference of two squares of
polynomials in Z[X].

These results motivate further study of representations as differences of
squares in various algebraic structures. An interesting setting in which to
study the existence ofD(n)-tuples is the ring of upper triangular 2×2 integer
matrices, i.e., matrices of the form

T =

(
a b
0 c

)
, a, b, c ∈ Z.

We denote this set by UT2(Z). Note that UT2(Z) forms a ring with respect
to the usual matrix addition and multiplication. Although this ring is not
commutative, squares of upper triangular matrices are particularly easy to
compute. Indeed,

T 2 =

(
a2 b(a+ c)
0 c2

)
.

So, this simple structure makes UT2(Z) a convenient framework for studying
representations as differences of squares and their connection with D(n)-
tuples.

For A =

(
a b
0 d

)
and B =

(
x y
0 u

)
in UT2(Z), a direct computation gives

(1) A2 −B2 =

(
a2 − x2 b(a+ d)− y(x+ u)

0 d2 − u2

)
.

In view of the classical characterization over Z, i.e. of integers representable
as differences of two squares, relation (1) immediately yields a necessary
condition for a matrix in UT2(Z) to be expressible as a difference of two

squares. Namely, if T =

(
p r
0 q

)
can be written in the form A2−B2 for some

A,B ∈ UT2(Z), then both diagonal entries p and q must be representable
as differences of two integer squares, i.e.

p ̸≡ 2 (mod 4), q ̸≡ 2 (mod 4).

Therefore, any upper-triangular integer matrix having at least one diagonal
entry congruent to 2 modulo 4 cannot be represented as a difference of two
squares in UT2(Z).

The upper-right entry in (1) introduces an additional arithmetic condi-
tion linking the representations of the diagonal entries. Our first main result
(Theorem 1) shows that this condition reduces to the solvability of a linear
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Diophantine equation and can be expressed as a gcd divisibility condition.
We conclude the paper with a complete classification of representable ma-
trices in terms of congruence conditions on p, q, and r (Theorem 10).

2. The main criterion

Theorem 1. The upper-triangular matrix T =

(
p r
0 q

)
in UT2(Z) can be

represented as a difference of two squares in UT2(Z) if and only if there exist
integers a, x, d, u such that

p = a2 − x2, q = d2 − u2,

and either

(a+ d, x+ u) ̸= (0, 0) and gcd(a+ d, x+ u) | r,
or

a+ d = 0, x+ u = 0, r = 0.

Proof. ⇒ : Assume that T = A2 − B2 for upper-triangular matrices A =(
a b
0 d

)
, B =

(
x y
0 u

)
. By (1), we have

p = a2 − x2, q = d2 − u2, r = b(a+ d)− y(x+ u).

If (a+d, x+u) ̸= (0, 0), then r is an integer linear combination of a+d and
x+ u, and hence

gcd(a+ d, x+ u) | r.
If a+ d = 0 and x+ u = 0, then the above relation reduces to r = 0.

⇐ : Suppose there exist integers a, x, d, u such that

p = a2 − x2, q = d2 − u2,

and either (a+d, x+u) ̸= (0, 0) with gcd(a+d, x+u) | r, or a+d = x+u = 0
and r = 0. If (a+ d, x+ u) ̸= (0, 0), then the linear Diophantine equation

b(a+ d)− y(x+ u) = r

has an integer solution (b, y). If a + d = x + u = 0 and r = 0, then any

integers b, y satisfy the equation. Defining A =

(
a b
0 d

)
and B =

(
x y
0 u

)
,

relation (1) yields A2 −B2 = T . □

Corollary 2. If p ≡ 2 (mod 4) or q ≡ 2 (mod 4), then T =

(
p r
0 q

)
in

UT2(Z) cannot be represented as a difference of two squares in UT2(Z).

Remark 1. Theorem 1 shows that the problem splits into two parts:

(1) represent the diagonal entries p and q as differences of two squares;
(2) choose such representations so that gcd(a + d, x + u) divides the

upper-right entry r.
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Thus, the essential difficulty lies in the interaction between the chosen rep-
resentations of p and q. The greatest flexibility for the entry r is obtained
when this gcd is as small as possible.

Definition 1. For integers p and q representable as differences of two
squares, define

g(p, q) := min
{
gcd(a+ d, x+ u) > 0

}
,

where the minimum is taken over all quadruples (a, x, d, u) ∈ Z4 satisfying

p = a2 − x2, q = d2 − u2.

If for some representation one has a+d = 0 and x+u = 0, then replacing
d and u by −d and −u yields another representation of q for which (a +
d, x+ u) ̸= (0, 0). Hence the set in Definition 1 is nonempty.

3. Complete classification by congruence type

In several rings (for example Z, Z[i], and rings of integers of certain num-
ber fields), it has proved useful to classify elements representable as differ-
ences of two squares according to their congruence classes. Such classifi-
cations often play an important role in constructions of D(n)-quadruples,
since in some rings the existence of D(n)-quadruples is closely related to
representability of n as a difference of two squares. Motivated by this, we
investigate which congruence classes modulo 4 can occur for matrices repre-
sentable as differences of two squares in UT2(Z). For this purpose, we study
the corresponding problem in UT2(Z4), the ring of upper triangular 2 × 2
matrices with entries in Z4.

Proposition 3. The matrices in UT2(Z4) that cannot be represented as
differences of two squares in UT2(Z4) are precisely

S =

{(
a b
0 c

)
∈ UT2(Z4) : a = 2 or c = 2

}⋃{(
1 1, 3
0 1

)
,

(
3 1, 3
0 3

)}
.

Proof. We determine the set S1 = {A2 − B2 : A,B ∈ UT2(Z4)} using
formula (1). A direct verification shows that precisely the matrices listed in
the statement do not belong to S1. The complete lists of representable and
non-representable matrices modulo 4 are given in the Appendix. □

If T ∈ UT2(Z) and T mod 4 ∈ S, then T cannot be represented as a
difference of two squares in UT2(Z). However, the converse does not hold:
the condition T mod 4 /∈ S does not guarantee that T is representable as
a difference of two squares in UT2(Z). So modulo 4 classification gives
necessary but not sufficient conditions.

Example 1. The matrix

N =

(
4 2
0 4

)
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is not representable as a difference of two squares in UT2(Z), although

N mod 4 =

(
0 2
0 0

)
is representable as a difference of two squares in UT2(Z4). Indeed, suppose

N =

(
a1 b1
0 c1

)2

−
(
a2 b2
0 c2

)2

=

(
a21 − a22 b1(a1 + c1)− b2(a2 + c2)

0 c21 − c22

)
.

From a21 − a22 = 4 and c21 − c22 = 4, we obtain

(a1, a2) ∈ {(±2, 0)}, (c1, c2) ∈ {(±2, 0)}.
Hence a1 + c1 ∈ {−4, 0, 4} and a2 + c2 = 0, so

b1(a1 + c1)− b2(a2 + c2) = b1(a1 + c1)

is divisible by 4, which contradicts the condition that the upper-right entry
equals 2.

Proposition 4. Let

M =

(
2k + 1 r

0 2n+ 1

)
∈ UT2(Z).

Then M is representable as a difference of two squares in UT2(Z) if and
only if

gcd(k + n, 2) | r.
(Or equivalently, if k and n have opposite parity, then every r ∈ Z is admis-
sible, and if k and n have the same parity, then r must be even.)

Proof. ⇐ : We use the identity(
k + 1 b
0 n+ 1

)2

−
(
k y
0 n

)2

=

(
2k + 1 b(k + n+ 2)− y(k + n)

0 2n+ 1

)
.

Therefore, it suffices to determine when the linear Diophantine equation

(2) b(k + n+ 2)− y(k + n) = r

is solvable in integers b and y. This happens if and only if

gcd(k + n+ 2, k + n) | r.
Since

gcd(k + n+ 2, k + n) = gcd(k + n, 2),

equation (2) is solvable if and only if

gcd(k + n, 2) | r.
Hence M is representable as a difference of two squares in UT2(Z).

⇒ : Suppose that

M =

(
2k + 1 r

0 2n+ 1

)
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is representable as a difference of two squares in UT2(Z). Reducing modulo
4, we obtain a matrix representable as a difference of two squares in UT2(Z4).

If k and n have the same parity, then the diagonal entries of M mod 4
are equal and odd, i.e. both are 1 or both are 3. By Proposition 3, such a
matrix is representable modulo 4 only if its upper-right entry is even. Hence
r must be even.

If k and n have opposite parity, then gcd(k + n, 2) = 1, so the desired
divisibility condition is automatic.

Therefore, in all cases, gcd(k + n, 2) | r. □

Corollary 5. For every k, n, r ∈ Z, the matrices(
4k + 1 r

0 4n+ 3

)
,

(
4k + 3 r

0 4n+ 1

)
,

(
4k + 1 2r

0 4n+ 1

)
,

(
4k + 3 2r

0 4n+ 3

)
are representable as differences of two squares in UT2(Z).

Proposition 6. For every k, n, r ∈ Z, both matrices(
2k + 1 r

0 4n

)
and

(
4k r
0 2n+ 1

)
are representable as differences of two squares in UT2(Z).

Proof. For the first matrix, we take

a = k + 1, x = k, d = −(n+ 1), u = −(n− 1).

Then

a2 − x2 = 2k + 1, d2 − u2 = 4n,

and

a+ d = k − n, x+ u = k − n+ 1.

Hence

gcd(a+ d, x+ u) = gcd(k − n, k − n+ 1) = 1,

so Theorem 1 applies for every r.
The second case is symmetric. We take

a = −(k + 1), x = −(k − 1), d = n+ 1, u = n.

Then

a2 − x2 = 4k, d2 − u2 = 2n+ 1,

and

a+ d = n− k, x+ u = n− k + 1,

so again gcd(a+ d, x+ u) = 1.
Thus both matrices are representable for every r. □

Proposition 6 shows that in the mixed parity cases, the upper-right entry
imposes no additional restriction: every such matrix is representable as a
difference of two squares in UT2(Z).



DIFFERENCES OF SQUARES OF UPPER-TRIANGULAR 2× 2 INTEGER MATRICES7

Lemma 7. Let

M =

(
4i r
0 4j

)
∈ UT2(Z16), i, j ∈ {0, 1, 2, 3}.

Then M is representable as a difference of two squares in UT2(Z16) if and
only if one of the following holds:

(1) (i, j) ∈ {(1, 1), (3, 3)} and r ≡ 0 (mod 4);
(2) (i, j) ∈ {(1, 3), (2, 2), (3, 1)} and r ≡ 0 (mod 2);
(3) (i, j) ∈ {(0, 0), (0, 1), (0, 2), (0, 3), (1, 0), (1, 2), (2, 0), (2, 1), (2, 3), (3, 0), (3, 2)},

with arbitrary r ∈ Z16.

Proof. The statement follows by direct computation. All representable ma-
trices modulo 16 are listed in the Appendix. □

Exactly 48 matrices in UT2(Z16) whose diagonal entries are divisible by
4 fail to be representable as differences of two squares (see the Appendix).

Corollary 8. Let

M =

(
4i r
0 4j

)
∈ UT2(Z16), i, j ∈ {0, 1, 2, 3}.

Then M cannot be represented as a difference of two squares in UT2(Z16) if
and only if one of the following holds:

(1) (i, j) ∈ {(1, 1), (3, 3)} and r ̸≡ 0 (mod 4);
(2) (i, j) ∈ {(1, 3), (2, 2), (3, 1)} and r ̸≡ 0 (mod 2).

Proposition 9. Let

M =

(
4k r
0 4n

)
∈ UT2(Z).

Then M is representable as a difference of two squares in UT2(Z) if and
only if one of the following conditions holds:

(1) k + n ≡ 1 (mod 2), or (k, n) mod 4 ∈ {(0, 0), (0, 2), (2, 0)}, with
arbitrary r ∈ Z;

(2) k + n ≡ 0 (mod 4), (k, n) mod 4 ̸= (0, 0), and r ≡ 0 (mod 2);
(3) k+n ≡ 2 (mod 4),(k, n) mod 4 /∈ {(0, 2), (2, 0)}, and r ≡ 0 (mod 4).

Proof. ⇐ : First, the choice

a = k + 1, x = k − 1, d = n+ 1, u = n− 1,

shows representability whenever r satisfies the divisibility condition deter-
mined by gcd(k + n+ 2, 4). Indeed,

a2 − x2 = 4k, d2 − u2 = 4n,

and
a+ d = k + n+ 2, x+ u = k + n− 2.

Hence

gcd(a+ d, x+ u) = gcd(k + n+ 2, k + n− 2) = gcd(k + n+ 2, 4).
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Therefore:

(a) if k + n ≡ 1 (mod 2), then gcd(a+ d, x+ u) = 1;
(b) if k + n ≡ 0 (mod 4), then gcd(a+ d, x+ u) = 2;
(c) if k + n ≡ 2 (mod 4), then gcd(a+ d, x+ u) = 4.

In each case, the assumed divisibility condition on r implies that gcd(a +
d, x+u) | r. Hence Theorem 1 shows that M is representable as a difference
of two squares in UT2(Z) in the following cases:

• k + n ≡ 1 (mod 2),
• k + n ≡ 0 (mod 4) and r ≡ 0 (mod 2);
• k + n ≡ 2 (mod 4) and r ≡ 0 (mod 4).

For the remaining cases, we also give concrete representations. For the
case k ≡ n ≡ 0 (mod 4), we put k = 4K and n = 4N . For

A =

(
2(K + 1) b

0 −(4N + 1)

)
, B =

(
2(K − 1) y

0 −(4N − 1)

)
,

we obtain

A2 −B2 =

(
16K b(2K − 4N + 1)− y(2K − 4N − 1)
0 16N

)
.

Since

gcd(2K − 4N + 1, 2K − 4N − 1) = 1,

the upper-right entry can be chosen arbitrarily. Hence every matrix(
16K r
0 16N

)
is representable as a difference of two squares in UT2(Z).

Assume k ≡ 0 (mod 4) and n ≡ 2 (mod 4), say k = 4K and n = 4N +2.
Consider

A =

(
2(K + 1) b

0 −(4N + 3)

)
, B =

(
2(K − 1) y

0 4N + 1

)
.

Then

A2 −B2 =

(
16K b(2K − 4N − 1) + y(2K − 4N − 3)
0 8(2N + 1)

)
.

Since

gcd(2K − 4N − 1, 2K − 4N − 3) = 1,

the upper-right entry can be chosen arbitrarily. Hence every matrix of the
form (

16K r
0 8(2N + 1)

)
is representable as a difference of two squares in UT2(Z). The case (k, n) ≡
(2, 0) (mod 4) is analogous.

⇒ : The claim follows from Corollary 8, by contraposition of the fact
that representability over Z implies representability modulo 16. □
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Remark 2. Example 1 can now be explained in terms of Proposition 9.
Indeed, case (3) of Proposition 9 requires r ≡ 0 (mod 4).

4. Final classification and comments

We may now summarize the representation problem completely.

Theorem 10. Let

M =

(
p r
0 q

)
∈ UT2(Z).

Then M is representable as a difference of two squares in UT2(Z) if and
only if one of the following holds:

(1) p and q are odd, and
• p ≡ q (mod 4) and r ≡ 0 (mod 2);
• p ̸≡ q (mod 4) and r is arbitrary;

(2) one of p, q is odd and the other is divisible by 4, and r is arbitrary;
(3) p ≡ q ≡ 0 (mod 4), and

• (p, q) mod 16 ∈ {(4, 4), (12, 12)} and r ≡ 0 (mod 4);
• (p, q) mod 16 ∈ {(4, 12), (8, 8), (12, 4)} and r ≡ 0 (mod 2);
• otherwise, r is arbitrary.

Proof. The statement follows by combining the classification in the odd-
diagonal case (Proposition 4), the mixed cases (Proposition 6), and the case
of diagonal entries divisible by 4 (Proposition 9), together with the classical
criterion for integers to be representable as differences of two squares. □

Theorem 11. The matrix T =

(
p r
0 q

)
∈ UT2(Z) is representable as a

difference of two squares in UT2(Z) if and only if

(1) p and q are representable as differences of two squares in Z, and
(2) g(p, q) | r.

Proof. Sufficiency follows immediately from Theorem 1.
For necessity, Theorem 10 shows that for every pair (p, q) representable

as differences of two squares, there exists a number m(p, q) ∈ {1, 2, 4} such

that

(
p r
0 q

)
is representable in UT2(Z) if and only if m(p, q) | r.

On the other hand, the explicit constructions in the proofs of Proposi-
tions 4, 6, and 9 show that this value m(p, q) is attained as gcd(a+d, x+u)
for suitable representations p = a2 − x2, q = d2 − u2. Hence,

g(p, q) ≤ m(p, q).

If g(p, q) < m(p, q), then by Theorem 1 the matrix(
p g(p, q)
0 q

)
would be representable, contradicting Theorem 10. Therefore g(p, q) =
m(p, q), and the claim follows. □
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Appendix: Tables of representations modulo 4 and 16

Notation. We write (a, b, c) for the matrix

(
a b
0 c

)
.

Matrices representable as a difference of two squares in UT2(Z4):
(0,0,0) (0,0,1) (0,0,3) (0,1,0) (0,1,1) (0,1,3) (0,2,0) (0,2,1) (0,2,3) (0,3,0) (0,3,1)
(0,3,3) (1,0,0) (1,0,1) (1,0,3) (1,1,0) (1,1,3) (1,2,0) (1,2,1) (1,2,3) (1,3,0) (1,3,3)
(3,0,0) (3,0,1) (3,0,3) (3,1,0) (3,1,1) (3,2,0) (3,2,1) (3,2,3) (3,3,0) (3,3,1)

Matrices not representable as a difference of two squares in UT2(Z4):
(0,0,2) (0,1,2) (0,2,2) (0,3,2) (1,0,2) (1,1,1) (1,1,2) (1,2,2) (1,3,1) (1,3,2) (2,0,0)
(2,0,1) (2,0,2) (2,0,3) (2,1,0) (2,1,1) (2,1,2) (2,1,3) (2,2,0) (2,2,1) (2,2,2) (2,2,3)
(2,3,0) (2,3,1) (2,3,2) (2,3,3) (3,0,2) (3,1,2) (3,1,3) (3,2,2) (3,3,2) (3,3,3)

Matrices representable as a difference of two squares in UT2(Z16), and 4 | a, c:
(0,0,0) (0,0,4) (0,0,8) (0,0,12) (0,1,0) (0,1,4) (0,1,8) (0,1,12) (0,2,0)
(0,2,4) (0,2,8) (0,2,12) (0,3,0) (0,3,4) (0,3,8) (0,3,12) (0,4,0) (0,4,4)
(0,4,8) (0,4,12) (0,5,0) (0,5,4) (0,5,8) (0,5,12) (0,6,0) (0,6,4) (0,6,8)
(0,6,12) (0,7,0) (0,7,4) (0,7,8) (0,7,12) (0,8,0) (0,8,4) (0,8,8) (0,8,12)
(0,9,0) (0,9,4) (0,9,8) (0,9,12) (0,10,0) (0,10,4) (0,10,8) (0,10,12) (0,11,0)
(0,11,4) (0,11,8) (0,11,12) (0,12,0) (0,12,4) (0,12,8) (0,12,12) (0,13,0) (0,13,4)
(0,13,8) (0,13,12) (0,14,0) (0,14,4) (0,14,8) (0,14,12) (0,15,0) (0,15,4) (0,15,8)
(0,15,12) (4,0,0) (4,0,4) (4,0,8) (4,0,12) (4,1,0) (4,1,8) (4,2,0) (4,2,8)
(4,2,12) (4,3,0) (4,3,8) (4,4,0) (4,4,4) (4,4,8) (4,4,12) (4,5,0) (4,5,8)
(4,6,0) (4,6,8) (4,6,12) (4,7,0) (4,7,8) (4,8,0) (4,8,4) (4,8,8) (4,8,12)
(4,9,0) (4,9,8) (4,10,0) (4,10,8) (4,10,12) (4,11,0) (4,11,8) (4,12,0) (4,12,4)
(4,12,8) (4,12,12) (4,13,0) (4,13,8) (4,14,0) (4,14,8) (4,14,12) (4,15,0) (4,15,8)
(8,0,0) (8,0,4) (8,0,8) (8,0,12) (8,1,0) (8,1,4) (8,1,12) (8,2,0) (8,2,4)
(8,2,8) (8,2,12) (8,3,0) (8,3,4) (8,3,12) (8,4,0) (8,4,4) (8,4,8) (8,4,12)
(8,5,0) (8,5,4) (8,5,12) (8,6,0) (8,6,4) (8,6,8) (8,6,12) (8,7,0) (8,7,4)
(8,7,12) (8,8,0) (8,8,4) (8,8,8) (8,8,12) (8,9,0) (8,9,4) (8,9,12) (8,10,0)
(8,10,4) (8,10,8) (8,10,12) (8,11,0) (8,11,4) (8,11,12) (8,12,0) (8,12,4) (8,12,8)
(8,12,12) (8,13,0) (8,13,4) (8,13,12) (8,14,0) (8,14,4) (8,14,8) (8,14,12) (8,15,0)
(8,15,4) (8,15,12) (12,0,0) (12,0,4) (12,0,8) (12,0,12) (12,1,0) (12,1,8) (12,2,0)
(12,2,4) (12,2,8) (12,3,0) (12,3,8) (12,4,0) (12,4,4) (12,4,8) (12,4,12) (12,5,0)
(12,5,8) (12,6,0) (12,6,4) (12,6,8) (12,7,0) (12,7,8) (12,8,0) (12,8,4) (12,8,8)
(12,8,12) (12,9,0) (12,9,8) (12,10,0) (12,10,4) (12,10,8) (12,11,0) (12,11,8) (12,12,0)
(12,12,4) (12,12,8) (12,12,12) (12,13,0) (12,13,8) (12,14,0) (12,14,4) (12,14,8) (12,15,0)
(12,15,8)

Matrices not representable as a diff. of two squares in UT2(Z16), and 4 | a, c:
(4,1,4) (4,1,12) (4,2,4) (4,3,4) (4,3,12) (4,5,4) (4,5,12) (4,6,4)
(4,7,4) (4,7,12) (4,9,4) (4,9,12) (4,10,4) (4,11,4) (4,11,12) (4,13,4)

(4,13,12) (4,14,4) (4,15,4) (4,15,12) (8,1,8) (8,3,8) (8,5,8) (8,7,8)
(8,9,8) (8,11,8) (8,13,8) (8,15,8) (12,1,4) (12,1,12) (12,2,12) (12,3,4)

(12,3,12) (12,5,4) (12,5,12) (12,6,12) (12,7,4) (12,7,12) (12,9,4) (12,9,12)
(12,10,12) (12,11,4) (12,11,12) (12,13,4) (12,13,12) (12,14,12) (12,15,4) (12,15,12)

The previous tables support Proposition 3, Lemma 7 and Corollary 8.
In the case modulo 16, we restrict to matrices whose diagonal entries are
divisible by 4, since only in this case do new obstructions arise that are not
visible in the modulo 4 classification.
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