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QUADRATICAL GROUPOIDS (*)
VLADIMIR VOLENEC

A groupoid (Q, ) is said to be quadratical if the identity
n ab-c=ca-bc

holds and if (Q, ) is a right quasigroup, i.e. forany a,b € Q the equation az = 4 has
the unique solution z. Quadratical groupoids arose originally from the geometric situation
described in Example 3 below. In this paper we study abstract quadratical groupoids and
certain derived algebraic swructures.

Example 1. Let (G, +) be a commutative group with unique halving, i.e. for everya € G

: . 1
there is on2 and only one element z € ¢ such that = + Z = a. Denote this element by ye.

Letuse suppose that there is an automorphism i ofthe group (G, +) such that for anyea € G
the equality

1
2) (aooso)(a)—w(a)+2—a=0
holds. If - is the binary operation on the set G defined by
(3) ab=a+ p(b-a),

then (G, ) is a quadratical groupoid. Namely, for every a,b € G the equation az = b is
equivalent to the equation
a+tp(z—a)=b

with the unique solution z = ¢ + v N b-a). By (3) we obtain after some simplifications
ub~a=a—<p(a)+(1P°$”)(G)+S0(b) —{pop)(b),
ca-be=p(a) — (pop)(a) +p(b) ~ (pop)(b) +c— 2p(c) + 2(pop)(c)
and by (2) we get

1 !
a= —a+ —b=cqg-
ab-a 7a 26 ca - be.

(*) Proofs not corrected by the author.
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Example 2. Let (F,+,-) be afield with char £# 2 in which the equations

1
2

2 + ==
qq20

has a solution ¢ and let  the operation in the set F defined by
axb=(1-qla+gb

By (4) the identity (2) follows settings p(a) = ga. Now, Example 1 implies that ( F,») isa
quadratical groupoid.

Example 3. Let (C, +, ) be the field of complex numbers and * the operation on C defined

by (5), where g = il-( I + ). By Example 2 (C, «) is a quadratical groupoid which we denote

by C (l;—l) . This groupoid has a beautifut geometrical interpretation which motivates the

study of quadratical groupoids. Let us regard complex numbers as points of the Euclidean
plane. For any point a we obviously have ¢ » ¢ = o and for every two different points a, b
the equality (5) can be written in the form

axb—a _¢-0
b-a 1-0'

which means that the points ¢,b,a = b are the vertices of a triangle directly similar to the
triangle with the vertices 0, 1, q,i.e.a, b, axb are the vertices of a positively oriented isosceles
right triangle with the right angle at a « b. We can say that a + b is the centre of the positively
oriented square with the adjacent vertices a and b, which justifies the name «quadratica!
I+ R

) can be interpreted as a
geometrical theorem which. of course, can be proved directly, but the theory of quadratical
groupoids gives a better insight into the mutual relations of such theorems. For example, the
left side of the identity

groupoid». Every identity in the quadratical groupoid C (

(axb)=a=(cxa)*(bxc)

is obviously the midpoint of the points a and b and this identity is illustrated by Figure 1
(here and in the Figure 2 we omit the sign »). This identity and figure illustrate a famous
problem about the buried treasure of captain Kidd which is attributed to G. Gamow.

From now on let (Q.-) be any quadratical groupoid. Let us prove some simple properties
of this groupoid.
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Theorem 1. /na quadratical groupoid (Q, ) the following identities hold:

(6) aa = ¢ (idempotency),

(7) a-ba=ab-a (elasticity),

(8) ab-a=ba-b,

(9) ba-ab=a,

(10) a-bc=cb-ac (lefi distributivity).

Proof. (6) follows from (1) with b = ¢ = a and (7) follows from (1) with ¢ = a, using (6).
Putting ¢ = b resp. b= a in (1) and using (6), we obtain (8) resp. the identity ca-ac = ¢, i.e.
(9). Now, let a,b,c € Q be any elements. There is d € Q such that cd = a. Therefore, we
obtain succesively

o

ab-ac=ab-(cd-c)®ab-(dc-d)Zab-(d-cd)
=ab-da¥bd-b¥db-d¥ed -bc=a - be.

Theorem 2. /n a quadratical groupoid (Q,-) we have the equivalence
(1 ab=cd+=bc=da

and especially the equivalence
ab=c +=> bc=ca.
Further, from ab = ba if follows a = b.

Proof. Let ab = cd. We have
a-bc'ab.ac=cd-ac®da-d¥ad 0% a - da,

wherefrom bc = da follows? The converse follows by cyclic substitution of a,b.c,d. Fur-
ther, from eb = ba we obtain

[

aa®e®ba -ab=ab-ab%ab,

wherefrom a = b follows.

Theorem 3. /n a quadratical groupoid (Q, ) we have the identity

(12) ab cd=ac-bd (medialin').
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Figure 1

anb (a- ab) (ab - b) (a- ab) (ab- b) (ab - b)
Q Q

aAb

(b~ ba) (ba - a) (- ba) (b ba) (ba - )

Figure 2
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Proof. Let a,b,c,d € Q be any elements. There is e € Q such that de = ab, wherefrom by
(11) it follows bd = ea. Therefore, we obtain

{11 (1) (K]
ab-cd=de-cd=ec-e=ce-c=ac-ea =ac-bd.

Theorem 4. In a quadratical groupoid (Q, ) the following identities hold:

(13) ab-c=ac-bc (right distributivity),
(14) a(b-ba) = (ab-a)b,
(15) (ab-b)a = b(a - ba).

Proof. (13) follows from (12) with d = ¢, using (6). Further we obtain

i iy [i

a(b-ba) =ab-(a-ba) =(ab-a)(ab-ba) é'(ub -a)b,
(ab-b)a"40b-a) - ba"(ab - ba)(a - ba) Lb(a - ba).
Theorem 5. Every quadratical groupoid (Q,-) is a quasigroup, i.e. for any a,b € Q the
equation za = b has the unique solution x = (a - ab)(ab-b) - (ab - b).
Proof. With z = (& - ab)(ab-b) - (ab- b) (Fig. 2) we have successively

za = [(a-ad)(ab-b) - (ab-b)]a"l‘-"[(a -ab)a-(ab-b)a] - (ab-b)a=

U

=[(a-ab)a-b{a-ba)] - &a - ba)@[a(ab -a) -b(ab-a)] -b(ab-a) =

[

“(ab-5)(ab-a)*® ab- ba2b,
Moreover, from za = b it follows
¥az. za‘g)(a:r -1)(azx - a)';'(az IR za)(g'
={a(e-za) - z(a za)] - z(a -zn)‘g'[a(a -za) -(az - z)a) -(az-1)a
'1_:'(0(0 -za) -(ar-a)(za)] - (azx ~a)(:ra)’=‘7-'

=(a(a-za) -(a-za)(za)] - (a-za)(za) = (a-ab)(ab-b)-(ab-b).
On the set Q we define a new operation o by

(16) aab=c <= bc=q.
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Theorem 6. (Q.0) isa quasigroup with the identity
(17 ac(aob) =caf(eac)o}],

ie. itis a rot-quasigroup in the terminology of J. Duplik {1].

FProof. The groupoid (Q, ) is conjugate (in the sense of S. K. Stein [6]) to the quasigroup
(Q,") andhence (Q,0) isa quasigroup. We must prove the identity (17), i.e. the implication

aub=d,aud=e,anc=f,fub=g=>cng=e.
But, by (17) this implication is equivalent with the implication
bd=a,de=a,cf= a,bg=f,=ge=c,
which is to be proved. The hypotheses of this implication imply

[

ge'bggeb»e=de~bd=aaga=cf=c-bg

and it follows ge = c. Theorem 5 suggest that the operation o can be defined directly by
the multiplication in the quasigroup (Q, -}, i.e. we have:

Theorem 7. Foranya,be Q the equality
aob=(a-ab) +(a-ab)(ab-b)

holds (Fig. 2).
Proof. Forany a,b € Q there is one and only element ¢ € Q such that b¢ = g,ie.aab=¢

because of (16). But, we have successively

1

b[(a-ab) -(a-ab)(ab-b)]'® b(a-ab) - ([b(e - ab) -b(ab-b)] =

0

' =(ba-b)a-[(ba-8)a-b(ab-5)]%(b-ab)a- [(b - ab)a “(b-abb) =

110

=(b-ab)(c-ab)'Fba-abYa.

Corollary. Equation ax = b has the unique solution T = (b-ba) - (b ba)(ba - a) (Fig. 2).

On the set Q we define a new operation e by

(18) aeb=qab-a.
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Theorem 8. (Q, e) is a indep medial c ive quasi group.
Proof. Indepotency and commutativity are obvious because of (6) and {8). Owing to (18) and
(12) we obtain successively
(aeb)e(ced) =(ab-a)(cd-c)-(ab-a) =(ab-cd)(ac) (ab-a) =
= (ac-bd({ad) -(ac-a) = (ac-a)(bd-b)-(ac-a) =(aec)e(bed).

For every a,b € Q thereis ¢ € Q such that cc = b and then z € Q such that az = c.
Therefore

aexr=gr-a=ca=d

Finally, from c ez =aey,ie. az-a=ay-a,it follows at once = y.
By Theorem 8, (Q, ) is a so called IMC-quasigroup, whose properties are studies in
[2-5].

Theorem 9. Forany a,b,¢,d € Q we have the identity
(19) abecd=(aec)(bed)
(mutual mediality of the operations - and e ).

Proof. By (18) and (12) we have successsively

abecd=(ab-cd) -ab=(ac-bd) -ab=(ac-a)(bd-b) = (aec)(bed).

+
In the case of the quasigroup C (-l—-z—l) Theorem 9 proves the following statement, which

implies some rsults from (7).

Let p, ¢ be the centres of positively oriented squares constructed on oriented segments
(a,b) and (c,d), and let r, s be the midpoints of the segments {a,c} and {6,d}. Then the
midpoint of the segment {p, g} is the centre of the positively oriented square constructed on
the oriented segment (r, s).

By means of the quasigroup (Q,e) we can define a new operation 4 on the set Q by
(20) aAb=c<=>aec=b

Theorem 10, (Q.A) is an idempotent quasigroup with the identity

20 [(cAANDd={{aBd) LAY,
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ie a quasigroup of the bpe that was studies in [8].

Proof. The groupoid (Q, ) and the quasigroup (Q, «) are conjugate and hence (Q. Q) is
a quasigroup, too. For every a € Q wehave geg = a, wherefrom it follows by (20) that
alda=a. Wemust prove the identity (21), i.e. the implication

aAb=x,zAc=y,yAd=z,aAd=u,uAc=v=>va=z,
which is, because 0f(20), equivalent to the implication
aoz=b,zoy=c,yoz=d,aou=d,u-u=c=>v-z=bA
But, from the hypotheses of this implication we obtajn by Theorem §
(u-y)-(v-z)=(u-u)o(yoz) =cod=(z-y)o(a.u) =
=(zea)eyer) “(tey)e(aez) = (uey)es

wherefrom it follows v e z=},
The operation A can also be defined by means of the multiplication. We have

Theorem 11. For every a,b € Q the equality
alb={(q -ab)(ab - b) ~(ab<b)][(b-ba) ~(b-ba)(ba -a))
holds (Fig. 2).

Proof. Forany q, b € Q there is one and only one element ¢ ¢ Q suchthat gec=p (because
of Theorem 8), je. ¢ A § = ¢ because of (20). But, we shall prove that

aef(a-ab)(ab- ) -(ab-b)}[(s - ba) - (- ba)(ba ra)] =b.
In the proofs of Theorems 5 and 7 we proved the identifies
(22) [(c-ab)(ab-b) (ab-b))a =5,
(23) b[(a~ab)-(a-nb)(ab-b)]=a

Now, we obtain successively
((a-ab)(ab-b) - (ab-8)][ (b ba) “(b-ba)(ba -0))'&
={a-[(a-ab)(ab-b) (ab-8)J[(b- be) (b-ba)(ba-a)]}a'
={al(o - ab)(ab - b) - (ab-8)] . af(s. ba) - (b-ba)(ba - a)}}a't
={ol(a-ab)(ab-b) - (qb. b)1-6}a" ([ (a - ab)(ab- 6) (ab-8)] -0} . pa

o

={a-[(a-ab)(ab.b) “(ab-0)]a}-ba'Fah. po Ly
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