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ADMISSIBLE IDENTITIES IN COMPLEX IM-QUASIGROUPS. I.

Viadimir Volenec, Zagreb

Abstract. Bya 0b = (1 — 9)a + gb (where ¢ is a complex number different from 0 and 1)
an idempotent medial quasigroup (C, 0) is defined in the field (C, +, *) of complex numbers.
For some special value ¢ in this quasigroup, it holds some additional identity besides the conse-
quences of id and mediality. All such identities with at most four factors on each side
are found,

INTRODUCTION

Let (C, -+, *) be the field of complex numbers and O the operation on the
set C defined by
a0b=(l—g)a+ g, (6

where ¢ is a complex number different from 0 and 1. It is easy to see that (C, 0)
is a quasigroup with the properties of idempotency and mediality :

a0a=a, (In)

(ao0bh)o(cod)=(a0)0 (o d). (III)

The quasigroup (C, O) is said to be a complex IM-quasigroup and for a given
number ¢ € C\ {0, 1} this quasigroup is denoted by C(g). Besides the identities

(II) and (III) in the quasigroup (C, O) it holds also all their consequences, €. g,
the identities

(@0b)0ea=2a0(}0a), vy
@oboc=@ookGoo), (&%)
a0 (40c)=(0b)0 (e 00 VD

of elasticity and right and left distributivity.

For some special values ¢ € C\ {0, 1} besides the identities (II), (III) and
their consequences it holds some additional identities, which are said to be the
admissible identities in complex IM-quasigroups. So, for example

a0b=5b0a )}
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is an admissible identity, because it can be expressed by (I) in the form

(1 —-29)a+(2q—-Db=0 (VID)
1
2

c (—1~) in the class of complex IM-quasigroups. But, the same quasigroup is cha-

and it holds iff ¢ = —. Therefore the identity (1) characterizes the quasigroup

2
racterized also by the identity

(@aob)ob=>b0(}0a),

which is by (I) equivalent to (VII), too.
In general, any identity in the quasigroup (C, O) is of the form

@ (@150 @) = P (@15 -00s Gn)s (VIIT)

where ay, ..., a, are all variables which appear effectively on the left or right side
of this identity. By (I) the identity (VIII) is equivalent to

pulg) ar+ . (g a =0,

where p;, ..., p, are some polynomials in one variable over the set of integer real
numbers. The identity (VIII) is an admissible identity iff the algebraic equations

P1@ =0, () =0
have a common solution geC\ {0,1}. Herefrom it follows immediately:

PROPOSITION 1. If an admissible identity holds in the quasigroup C (g),
then it holds also in the quasigroup C (7) (where ¢ and g are the conjugate complex
numbers), and moreover ¢ is an algebraic number.

An identity in an IM-quasigroup C (g) is said to be deduced iff it is equivalent
to some other identity, which has a smaller total number of factors and not a greater
number of variables and for the proof of equivalency, the property of left or right
cancellation, the identities (II)—(VI) and the substitutions of variables can be used.
For example, the identities

(a0b)Oa=a0(a0b),
(@aob)o(®Oa)=a0hb,
(@a0b)0(coa)y=a0(c0Ob

are deduced, because they can be reduced to (1) by the substitution a O b > b
resp. by the idempotency and cancellation resp. by the distributivity, mediality
and cancellation.

The identities, which are not deduced, are said to be primitive. It is sufficient
10 restrict the study of admissible identities to the study of primitive admissible
identities only.
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Let » be a natural number. A sproduct« of # factors in the quasigroup C (g)
(with some arrangement of parentheses) is denoted by (x> and by (#)’ is denoted
a product {n) which has the factors ordered alphabetically, i. e. the first factor
(from left to right) is g, the first factor different from q is b, etc.

In this paper we shall find all primitive admissible identities of the form {m) =
= <{n), where m,ne{l,2,3,4} and the corresponding quasigroups C(g) in
which these identities hold. Obviously it is sufficient to take that m > n. Moreover,
every identity of the form {m> = (> can be expressed in the form {my' = {nd
by some substitution of the variables. So it holds:

PROPOSITION 2. It is sufficient to find all primitive admissible identities
of the form {m>’ = (n), where m> n.
Further, we have:

PROPOSITION 3. Every variable which appears in the identity must appear
at least twice.

Proof. If the variable x appears only once, then in the quasigroup (C, 0) for
any choice of the values of other variables there is one and only one value of »
which satisfies the observed identity conceived as an equation for x and therefore
it is not an identity in the variable x.

In an identity {(m)’ = {n) there are m + n factors and by Proposition 3 it
follows at once:

PROPOSITION 4. It is sufficient to find all primitive admissible identities
of the form {m)' = (n), where the variables are first [m—i— n] letters of the al-
phabet.

From Proposition 4 it follows that in the case of identities of the form 2Y =
= (1 it is sufficient to have only the variable a (and therefore besides the identity
(1) there is no admissible identity of this formy), in the case of identities of the forms
2> = (25 (3 = (1), 3 = (2> and {4)' = (1> it is sufficient to have only
two variables ¢ and b, in the case of identities of the forms (3)' = (3%, (4)' =
= (2> and {4}’ = <3}, only three variables a, b and ¢, and in the case of identities
of the form {4)’ = (4) only four variables a, b, ¢ and d.

The quasigroups C (¢) and C (1 — g) are said to be complementary and two
identities are said to be complementary iff one of them can be derived from the other
by the mutual substitution of two factors in every sproducts, i. e. by the substitu-
tions of the form x Oy —y O x. By (I) it follows:

PROPOSITION 5. The identity complementary to an admissible identity
in a quasigroup C (g) is also admissible in the complementary quasigroup C (1 — g).
It is sufficient to find only one identity of any pair of complementary identities

ADMISSIBLE IDENTITIES OF THE FORMS
(2> = €25, 3) = (1), (3)' = <2) AND &' = (1)

The only one admissible identity of the form (2>’ = (2) is the identity (1)

in the quasigroup C (%)
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With a view to find all primitive admissible identities of the forms (3> = <1>
and (3)' = {2) it is necessary to find first all products of the form (3)’ in variables
a and b. These products are

@oboa (aobh)0b a0(@ob), a0 (d0a). IX)

But, it is sufficient to consider only the first two products (IX), because the last
two products are complementary to them (the third product is complementary to
the second after the substitution a «» b).

Now, it is sufficient to compare the first two products (IX) with the products
a, b, aOb, bOa

of the forms <1 and ¢2) in variables a and . So, we have the following considera-
tion:
(@oboa=a<a0b=a<xqg=0,
1, V3,

(aOb)Oa=b¢»q"—q-|—1=0¢q=7j:—71, (03]
(@aob)0a=a0b<wa0b=a<wg=0
@oboa=boawadb=bwg=1,
(@ob)ob=awg? —2q=0<qg=2, )

@obob=bwaOb=bwg=1,
@obob=a0b<wa0b=a<xg=0,
@OBOb=b0aw=g—3g+1=0eg="2(3%)3) @

We obtained the admissible identities (2)—(4) in corresponding quasigroups
C (q), while the remaining identities are not admissible.

The products of the form {4} can have one of the five forms
[(xoy)oulow, [xo(yowlow, xO0[(yowodo]
x0[yomov)], (x0y»)0mOw9). x)
The third and fourth products (X) are complementary (by the substitutions
% > v, y > 4) 1o the second and first products (X). As we look for the admissible
identities of the form <4)' = (1), so in the first, second and fifth products (X)

we take all possibilities x, ¥, u, v € {a, b} which give different products of the form
{4)'. Because of (IV) and (II) the different products are:

[(eob0a)oa, ((@a0bloalOb [(a0b)0blOoa [(a0b)OblOb,
@0 @obloa{ac(@ob)]ob@obo(doa). X1)
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By (IV) it holds
[a0(@obloa=a0(@a0b0al =a0 [aC (40 a)l

and the fifth product (XI) is complementary to the first product (XI). The remai-

ning six products (XI) need to be compared with @ or with b. So, we have:
[@0ob)OajOa=a<(a0bOa=a,
[(eob)0aloa=b<g>—2*+g—-1=0,
[(aob)oalOob=aw=qg®—2¢2+20=0 <g=121
a0ob)Oalob=b<w(a0ObOa=5,
[(eaob)obloa=a=(@0ObOb=a,
[@ob)0blOoa=b<wqg*>—3¢*+20—-1=0,

a0 80N Ob=asq — 3 +3=0g=—1(3:£}7i),
(@08 OBOb=bw(@OB)Ob=b,

40 @OBIOb=awg — g —g=0 =g=—(l £/3),
[a0(@ob)] Ob=bwaoob)=h
(a0b) 0 Oa)=a+2¢*—2¢=0,

(aOb)O(bOa)=b¢>242—2q+1=0«>q=%:{;%i.

Therefore, we have obtained further six admissible identities (5—(10).

ADMISSIBLE IDENTITIES OF THE FORMS
{3) = <35, <4)" = (2> AND &) = (3}

©)

Y]
®

®

(10)

In Table 1 are enumerated alt products of the form {2} in the variables a, &
and ¢ together with the coefficients of corresponding polynomials in the variable
¢, which stand by these variables after the representation of these products by

means of (I) in the field (C, +, ).

Table 1.
a 1 b c
< 1 q 1| ¢ 1 [
aob 1 -1 1
aoc 1 -1 1
boa 1 1 —1
boc¢ 1 -1 1
¢cOa 1 1 ~1
cob 1 1 ~1
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By the multiplication of the products ¢2) from Table 1 by a, b or ¢ from the
left or right side we get 36 possible products of the form {3} in the variables a, b
and c. It is sufficient to consider 30 products

(@0b)0a,(a0b)Ob, (a0b)Oc, (@a0c)0a, (@a0c)0b, (a0 e)0Oe,
B0a)0a (b0a)0Ob, (60a)0c, B0)0a, b0)0Ob, bO)OG, (XII)

(c0a)0a, c0a)0b, (cOa)0Oc, (cOB)Oa, (cOBOb, (cOB)O,

a0 (@0ob), c0(@0b),ac(@oc), bo(@aod),
bO(®0a) cO(BOa), ad®Oc), b0(}0c), - (XIII)

b0(c0a), cO(c0Oa), a0 (cOb), cO(cOb),

because by (IV) the products 8 O (@ 03),¢ 0@ Oc), a0 (b 0a), c O 0c),
a Ofc 0a), b O(c ©Ob) are equal 10 the products (b Oa) 0B, (c Ca) O¢,
(@0b)Oa, (cOb) Oc, (a Oc) Oa, (b Oc) Ob respectively. But, on basis
of Proposition 5 it is sufficient to find all admissible identities of the forms (3}’ =
= (3) and <{4)' = (3), where the products of the form ¢3) are taken from (XII).
Therefore, in Table 2 are enumerated all these products with the corresponding
coefficients.

Table 2.
a <
3 1] [ 1 ] 4q [ 1 | 4q [
(@ob)ca i -1 1 1 —1
(aob)od 1 -2 1 2| —t
@ob)oc 1 -2 1 1 -1 1
(a0c)oca 1 -1 1 1] —1
{aoc)ob i -2 1 1 1 -1
(@oc)oc 1 -2 1 2 -1
(B oa)oa 2 -1 1 —2 1
(b oaob 14 —-1 1 —1 1
®oa) oc 1| —1 1 -2 1 1
(b oc)yoa 1 1 -2 1 1] -1
b ocyod 1 -1 1 1 -1
b oc)oc 1 -2 H 2 -1
(¢ ©0a)oa 2 -1 1 -2 1
{c0a)0b 1] -1 1 1 -2 1
{coayoc 1 -1 1 —1 1
(cob) oa 1 1] -1 1 -2 1
(cobob 2| -1 1 -2 1
(cobyoe 1 —1 1 —1 1
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Among 30 products (XII) and (XIII) only five of them are of the form (3}’
and they are enumerated in Table 3.

Table 3.

o
o

<
3y 1t [ a1 a1t ]a] &

(@obdb) oa
(@aod) ob
(@ob) oc
aof{aob
a o oo

[
Y
|

By the multiplication of the products ¢3) from (XII) and (XIII) by 4, b or
¢ from the right or left side we get 180 products of the form {4) in the variables a,
b and ¢, But, on the basis of Proposition 5 it is sufficient to consider only 90 products
with the factors a, b or ¢ on the right side with a view to get all admissible identities
of the form (4)' = <{4)>. Moreover, by the mutual multiplication of any two pro-
ducts of the form ¢2) from Table 1 we further get 30 products of the form (4>
in the variables a, b and c. But, it is not necessary to consider the products

@obo@oe, (@obo(cod) (@acc)c(acd), (@cdo(hoa),
(@oc)o(voc), Boa)o@doc, (boao(coa), (bodo(@obd),
GBodo@oe, Bocgo@®oa, (coa)okoa), (coayo(cob),

cobo@ob), (cobo(@oc) (cob)o(coa),

while by (I11), (IV) and (VI) they are equal to the products

a0 (0c), (@0)0b, a0 (cOb), (@obo(coa), (@a0b)oe
b0 (@0c), (boc)oa, BOayo(cOl), bOa)Oo, b0 (cOa),
(cob)0a, c0(@Ob), (cCa)ob, (coa)yo(0c), co(oa)

respectively. The remaining 105 products of the form (4) in the variables a, &
and ¢ are represented in Table 4.
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Table 4.
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o(@ob] oc
o ob)) oa
o(@aob]ob
o(@ob)] oc
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o(@ oo oc
c(@oce) oa
o(@ocglob
C@ o] oc
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O odloe
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ob) o oo
ob) o{c 0a)
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Oa) 0@ Ob)
oa) 0f(a 0¢)
Oa) Oofc Ob)
0¢)Oo(coca)
0c) o(c 0b)
©0a)ofaob)
Oa) O{a O¢)
oa)yo® oo
ob) o oa)
ob o oo
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Among 195 different products of the form <4) in the variables 4, b and ¢ only 30
of them are of the form <4} and they are enumerated in Table 5.

Table $.
a b <
@ K ¢ | @ Jje]l | ¢ ft|le]l @]
(@ 0b) 0aJ oal{ 1] —1 2 —1 1} -2 1
(@ ob)ocalob il —2 2 —1 2| =2 1
A (@ OB} cal Oc |11} —2 2 —1 1] =2 1 1
@aob)obloailt! —2 3 -1 2 -3 1
(@aobobjobl1| -3 3 -1 3| -3 1
B @obobloci1| -3 3 -1 2| -3 1 1
A (@aobocloa| 1| —2 3 -1 1] =2 1 1] —1
B (@ob oclob ||1: —3 3 -1 2] =2 1 1] -1
C (@ 0b) 0¢] O¢ 1} —3 3 -1 11 -2 t 2| -1
a 0{@aobloalll —1 1 1 -1
ao{@aodlodb |1 —1 -1 1 1 1 -1
A|[ao@od]oc|1] —1 -1 1 1 -1 1
A a0 o oa it —1 1 1] -2 1 1j—1
B a oM ocg)od f[j1]| —2 1 2] =2 i 1-1
Cc ao{dbogloc |1 —~2 1 ‘ 1] =2 1 1 (-1
aofaob)od] |1 -2 1 2 -1
A |aofl@acb) oc) i1 -2 1 1 -1 1
aofdoayod] i1} —1 1 —1 r 1] -1 1 |
Alaofdoaoc ||[1] -1 1 -1 1y =2 1
B jaol®oc 0b) 1 -1 1] —1 1 1[-—-1
Claodoegoc] 1| ~—t 1y -2 1 2(-1
aocfaoc(@od] i1 -1 1
Ajaobo(@og] | ]| —1 1 -1 ~1 H
aoppo@oa)l|lt] —1 1 -1
Adjaojlaodood |1 —1 1 -1 1
B {aofbo(dog]|1]| —1 1 -1 1
Alaoboom)| 1] —1 1 11 -1 1}-1
@obo@Goa 1| -2 2 2| -2
B l@obopoo 1] ~2 1 2 -2 1
A |@od)ooa) ||l ~2 2 1] —1 1| -1

By comparing anyone of the five products of the form (3)’ from Table 3 with
anyone of the 18 products of the form (3) from Table 2 we shall obtain all primitive
admissible identities of the form (3)' = (3) in the corresponding quasigroups
C{(g). For the sake of simplicity we omit from the further lists all deduced primitive
identities, all identities which are not admissible (i. e. any identity which reduces
to a system of equations in the variable g without common solutions in the set
C\ {0, 1}) and all identities which do not agree with Proposition 3. So, we have:

(aob)oa=(boa)ob¢-2q’—24+l=Ooq=—;-i%i, an
1, )3,

(aOb)Oa=(cOb)Oc<>q‘—q+1=0¢-q=7j:71, (12)

(@08)0b=(a0c)Ocw=g? —2q=0w=g=2 (13)
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a0 cb=(howoanly—dg+1=0mg=2QL VD) a9

(aob)oc=(cOb)Oacq2—3q+l=0eq=»;—(3il/§), (15)
ao<aob>=(boa>oaezq—1=0<>q='7, aey
ao(boc)=(cob)oa¢>2q—l=0~:>q=~%—. un

Analogously, we deduce all primitive admissible identities of the form {4}’ =
= (2> by the comparing of products from Tables 5 and I, where by Proposition
5 it is sufficient to take only the first fifteen and the last three products from Table
5. As the result of this comparing we obtain:

[@obd)oalob=>boaeqg*—2¢* +3¢—1=0, (18)
[aob)obloa=a0b<sg® -3¢ +g=0 wq=%(3iV§), 19
[@oboblob=boa=qg ~3¢ +4¢—-1=0, (20)

[ao(@ob)]ob=b0aw=g — ¢ —2+1=0. @n

By the comparing of products from Tables 5 and 2 we get all primitive
admissible identities of the form {4) = (3):

(@G0B caloa=(a0b)Ob=g® —g —g=0 aq=%(1j:1/?), @)
[@od)oa] oa=(b0a) Ob<>g® —3g*+20—1=0, 23
[GoB0aJob=(30a)0a<g® —3¢* +4g—-1=0, o)
[(a OB) 0a} Ob=(c O8) Oc<>q? —2g* +29—1=0, ¢ —¢*+q=0,g*—g+1 =0aq=%ig i @5
[(a OB) 0] Oa=(a Oc) Oc<»g®—24>=0, g3 —3¢* +29=0,¢*—2¢=0 <« ¢ =2, (26)
{@aobobloa=(00a)0b<g¢*—4g> +3¢g—-1=0, Qn
[(@ob)0oblob=(a0b)Oa<g* —2¢*+20=0 eg=1+i (28)
[(aob)oblob=(b0a)0a+g*—4¢> +5¢—1=0, 29)
[aobocloa=(0)0bwge —3g2 +29—1=0, (30)
[(@OBOcJob=(a0c)Oa<g® —2¢* + 2 =0 og=14i, )]
[(@OB)0clOb=(b0c)Oa<w=q® — 3¢ +4g~1=0, (32
60 @OB]0a=(@0B)0bwg® — 2 +2=0 -g=1ki, a»
@o@obloa=0k0a)0obeg ~qg+1=0, @3y
[@o@oBlob=(b0a)0awg®—-3¢+41=0, (34)
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[a0(®0Qlob=(@00)0c=g’ —2¢°+29=0 wg=141 35)

[6a0(0A]0c=(@0hHO0beg —g —g=0 Qq=%(li}’,§), 36
a c[(a 0b) 0b]l=(a Oc) Oc<>g® —3¢%+29=0, ¢>—2¢*=0, ¢*~29=0 =g=2, (37
acfl@aobd)obl=0(Gca)oa=g*—¢*—29+1=0, {38)
aol)oa)obl=(h0a)Oa=g*—2*+3¢—1=0, _ 39)
a o[(b oa) ob]=(c Oa) Oc=+q*—2¢*>+2¢—1=0, ¢* - g% 4-¢=0, ¢*—g+1=0 ‘»q=%il/73i, @5y
acla0@O®)]=(@0bobeg®—¢*—2¢=0 >g=—2, (40)
aolac@obd)]=(oa)0a=g>—¢* +2¢—-1=0, @n
a0 a0 @OBI=(0a)0ob=g* —g*+g—1=0 wg=+i, 28y

ac{bo(aod]=(cob)oawqg’—¢*+2¢—1=0, 42
a0 [bo@o]=(0oboc=g —¢g*+g—1=0 wg=+i a1y
aobo®dod] =Goa)oa=g —g*—3g+1=0 <g=-1xVy 4
aolpoPoa]l=00a)0be=g*+¢*—20+1=0, Q@
a0 [0 0@ =(0OBOcwg® —q+1=0, 30y
@ob)odoa)y=F0a)0a<3¢*—49+1=0 @qz—;—, 44
@obho@Goa)y=0Foa)obw3¢ -3¢ +1=0 ¢q=%:hVTs\i, (45)
(@OB0(CO0@ =(0c)ob<w2?—2+1=0 aq:%i%i (46)

Here and from now on by (k)’ is denoted the identity complementary to the
identity (%).

ADMISSIBLE IDENTITIES OF THE FORM (4)' = <(4)

In the identities of the form <{4)’ = (4 it is sufficient to consider the varia-
bles a, b, ¢ and d. First of all we shall study the identities of this form in the varia-
bles a, b and ¢. For this purpose we compare the products from Tables 5 and 4.
The results are:

[aobyoaloa=[a080blOb<qgt —27=0 g2, 2%
¢ —2=0,¢—2=0,
[(aobdoaloa=[@oc)ocjobe }aq=2, (48)
@ —3¢>+2¢=0
[(@aodoaloa=[b0a)calobe2¢®~52—3¢+1=0, 49)
[aob)0aloa=[(bo)Oblobw2g® —4g? + 2 — 1 =0, (50)
[(@oboaloa=[(cob)oalCceg’ —3¢? +29—1 =0, (51)
[@0B)0aloa=[cob)0clocemg® ~ 24 +q—1=0, 52)
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[(aoboaloa= (a0 (@Ob)]obe2g® — 3¢ =0,
[@odoaloa=[boGoa}obeg —g+1=0

[aoboaloa=[ac(od]ocg®—g*—¢q=0,
Ksoboaloa=(0a)0(@aob)«g* —4*+3g—1=0,
[(aob)oalob=faoc)oaloc<g® —2¢* +20=0

aoboalob=[boayoaloa«=2®—5¢ +5¢—1=0,
[(@aob)oalob=[(pboa)0blOa<2¢—4¢*+4g—1 =

0,
[(@ob)oalob=[a0(@ob)]oa<=2—3¢>+2¢=0
[(@ob)oalob=[bo(doa)oa=g —3¢+1=0
[@odyoaloc=[(a0d0alobewg —2¢ =0
Kaoboaloc=[cobcaloa=g -3 +4—1=0,
[@obyoaloc=[(cob)ocloa=qg —2¢*+3¢—1=0,
©—20*+29—1=0
¢*-g+1=0, q’—q’+q=0)]
[(aob)obloa=[(boa)0alob=2g —~64*+4¢—1=0,
[(aobdobloa=[0a)0oblobe2¢®—~5¢ +3¢—-1=0,

[(a 0b) 0a] Oc=[(b O(b Oc)] Ob <>

[(ao®obloa=[coboblocwg® —3 +29~1=0,
[(eaob)obloa=[a0@o]ob=2¢>—4" +¢=0
[(eob)obloa=[boGoa)ob=2q*—2g+1=0
(@obobloa=(p0a)0@ob) =g —5¢ +4g—-1=0,
[aobyoblob=[@0c)0clOc<¢* —3¢> +3¢=0
o8 0blob=[(bOa)0alOaw2g —64%+6¢—1=0,
[(aob)oblob=[(boa)objoae2g®—5¢* +5¢—1=0,

[(aobyoblob=[a0(@aoh)]oaw=2g —4¢* +3¢=0

[(@oB)oblob=(boBoa]oaw2-4¢+1=0
[(aoh)0oblob=(b0a)0@Ob) =g*— 5 +5¢—1=0
g2 —2¢=0, ¢°>—3¢*+2¢=:0,
{(a ©b) 0b] 0c=[(a O¢) 0al Oaal ,
°—2¢°=0
(a0 b)obloc=[@0)0blobeg® — 2 =

3

=7 s3)

1, V3.
=q=7 ES b (54)
og= %(1 +V5), 59
(56)
wg=1:%1 [€3)]
(58)
(59

3, V7.
4= + el (60)
cq=5 0V, 6D
wg=2, (62)
(63)
(64)

1, V3.
=g (69
(66)
49y”
67)
—g=5Q@xVD), @

i,

hid R + 5h 69)
70

3. V3,
=g=3x2i oD
2)
(58)”
=1z VTZ i, 13

eg=g VD). 09

wg=2xV3, s
wg=12, @8y
eg=2, (16)
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(@08 0Bloc=[@0)Oc|obwg’ —3g3+¢=0 oq:%(:{i[/;),
{@ob)obloc=[cobobloag® —3¢* +4g—1 =0,
[@ob)ocloa=[(,oa)oclobew2g®~ 542+ 3¢ —1=0,
[(@ob)ocloa=[(cob)oaloc=g>—4g2+3g—~1 =0,
[@oBocloa=[co®oa))oce2? ~2¢+1=0 oq:%i%i’
[@od)ocloa=(0a)0(cob) g —4¢* +3¢g—1=0,
@o®oclob=[b0a)0cloa « 2g° — S¢* + Sg~1 =0,
[(aod)ocloc=[coboaloag® ~4¢ +5¢—1=0,

(608 0cloc= [(co(BOom]0a=~2 —4g+1=0 @.q:%(ziya,
[a0@Oob))Ooa=[(b0a)0alobw2g —2q+1=0 eq=%i%;,
o@oBloa=[b0a)0bI0b =g —g+1=0 «.,,:%iy‘f,;

¢ —g+1=0, ¢*~g*+g=0) 1 V3
[ao@od)]oa=[(c0a)0c]Ob< ¢q='2—iT"’

24" +2~1=0
[ao@od)oa=[bood]ob=2¢ —242 +1=0,
[ec@obloa=[co(cob}oceg® —g2+1=0,

[ac@ob)oa=(ko0a)o@@ob) = @ —~g*—24+1=0,

[ac@ohjob=[(boa)oaloa =2 —4g+1=0 e.q:%(zjhyi),
@0@Oh0b=[b0a)0blOa =g ~3g+1=0 ~q=30GLV,
BO@ORI0b=[a0@00)0cwg —gt—qg=10 oq=%(1 + V),

eo@ohlob=[o(od]oaw 2’2 —29+1=0,

[o@oBjob=(00a)0@ON) @+ —3+1=0 <g=—14 V3,

[ao@oBloc=[@o@o)obeg* —g* +4=—10 oq:%iyzji’
[ao@obloc=[cocohjoawg —g* —2¢+1=0,

[a0@Go)oa=[coboaloc=2?—2+1=0 °q=%:&%i,
a0 00b=(60(cOB]Oc=2®—3¢? + 29 =0 °q=—:—il/4ji,
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8
79
80)

(€3]

(82)
(83)
@4

[CL)

(69y”

(54y

65y

(50)°
(52
(56)

4y

(G

86)

37
(88)

(89)
(90)

@ty

[€2)]




[ao@Goa)oc=[cob)oaloa<2* —4g+ 1 =0 eq=%(zil/®, (85y”

[ac(®oloc=[co®oaloa<g—3¢+1=0, 92)
[680 (0] 0c= (a0 (cOb)] 0b <2 —3g* =0 oqz% ©3
ao@oblobl=[@od)obloa«=2¢ —5¢+29=0 °q=%,q=2, 94
40[@0blob] = (a0 5 0blob + 24 — 5% + 3¢ = 0 oqs%, ©5
24°—5¢"+2¢=0
ao[(nob)ob]:[(aoo)oc]oao{ ] -g=2, (96(
4°—2¢* =0, ¢*—347+29=0
40 {@o kol =[(boa)oaloa<rg®~Ig+1=0 «»qz%(ail/—s), on
ao[@ob)ob)=[0a)0dloa=2¢—1=0 °q=%, 98)
ao@ob)obl=bo®oa]oa=2g —3¢ —g+1=0 aqﬁi (l:hVS) )
ao (@O OB —BoGOoMIOb w2 —32 +1=0 °q=h%, 53y

¢ —2¢*+1=0,

a O[(a ob) 0b]l=[bO(b 0)] O ¢ = {
2¢°—3¢*—g+1=0, ¢*—g*—¢=0)

}e g= 20 £V),000

a0 [(aoB)Obl=(aob)o(boa) g’ — 4> +2=10 wg=2+V2 (88y’
—3¢°—g+1=0, 1
ao[@obocl = [co(boa)}oae{ } - g= (101)
2¢°-3¢*+¢=0, 29—1=0 2
a0f@oboc)=[co(0obl0a=g® —2¢* —g+1=0, (102)
a0 {(b0a)0bl=[b0a)0aloa =24 —4¢> +4g— 1 =0, (103)
40 [(b0ay0b] ={(b0a)0al0b<2 —4g> +3g—1 =0 aq_ii%,-, 04
1 1 Y3,
a O[(b 0a) 0b] =[(b Ca) 0b] O a<=2¢®—3¢*+3¢~1=0 =q=g9=7 + T“ 105)
1, V7., R
ao[boayobl={boa)odlob=2¢*—3¢*+2g-1=0 wg=gE b (60
2¢°—3¢*+3¢—1=0, 1 V3
a O[(b 0a) 0b)=[(c 03) Oc] Oa = g =4 =24, (106)
P +4=0, @-20*+2q-1=0 = 27 2
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ad[boadobl=[oBOoa))oas2g—~1=0 eq=—;—, 98)”
2¢°—34%+3¢~1=0, 1
a o[(b 0a) Oc}={c O(a Ob)] Oa = { } g = (107)
24°~3g7+9=0, 29—1-0 z
@—2¢*+24—1=0, 1 V3,
a.0[(b 0c) 0b1=[(b 0a) Ob} O ¢ <> }aq=*i~n (108}
20°—3¢+3¢—1=0, ¢>—¢*+¢=0 272
¢ —2¢*+24—1=0, 1 V3.
ao[(boc)ob]=[(c0a)oc]oco{ } g =gk, 65)
¢ —¢*+¢=0, g*—g-+1=0 272
ao[do)obl=[o@O)0awqg® —2¢* 4 3¢—1=0, (109)
¢*—3¢*+2=0,
ao[(boc)oc]=[(aob)ob]ob«{ > <g=2 (110)
—2=0, ¢—2=0
¢°—3¢*+24=0, ¢*—2¢*=0)
no[(boc)oc]=[(aoc)oc]obo{ } =g=2, a1y
2¢°—5¢*+29=0
ao[poc)ocl=[coboaloawg —Ig+1=0 »q=%(3:hl/_5), 112)
ao[poc)ocl=[o@oaoca=g—¢~2+1=0, (102)
29—1=0, 2¢°—3¢*+¢=0, 1
a o[(b oc) oc)=[c o(c ob)} Ca eo{ } “@g=-, 113)
247 —3¢*—¢+1=0 2
aofaoc@obh]=[aod)obloae3¢g*—2g=0 °q=%, [¢300]
a ofa o(a 0b)}=[(b 0a) 0a] 0a<2¢*—3¢*+3g—1=0 wg= %, q= % + V—zi—i, (115)
s aa _ 1 VT,
a0fac@o®)) =[b0a)0alob=2¢®—32 +29—~1=0 °4=Ti—4—', (116)
aofao@oM={(,0a)0bloa<«=2g—~29*+2¢—1=0, o3y
30[a0(@OB)]) ={30a)0blobe=2® — 22 +g—1=0 ¢q=:|:£22ﬂ, (73
40[0@OB =20 @OB] b= — ¢ —¢=0 c-q=—%, 95y

gof@aoc@ob)l=[popoaloa=g®+g—1=0

¢°—1=0,¢4"-¢=0

}

ao{ao(aob)]=(co(coa)]oba{
- —q+1=0

acl@ao@od]=@oboon)w=g®+2% ~2¢=0
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=g=2{-12V3), @
—g=—1,

{10y

wg=—1%V3, a5




a o[b 0@ 00)1=[(c 0a) 0b] Ca<2¢*—3¢*+3¢—1=0 °q=~;—,q=%i71} mn
1,17

aobo@oI=1[coa)0bloc=2g"—3¢*+2g—1=0 ‘»q=—4‘;i;-4—z, (118)
9°—2¢°+29—1=0, ¢*—¢*+¢=0, 1, V3

a ofb ofa 0c)]=[(c 0b) 0a] Ob< }a g=—+—=1i (119
2¢°—3¢2+3g—1=0 272

aobo@Goa) =[Haobd)oalobe2g*—~2¢+¢g=0 oq:%:h-;—i, (104)"

a0o(®oa)]=1[a0b 0bloa<«=2¢® —3¢* +¢=0 av=%, (120)

s 3g LI ,

a0 oo =[(ach)odlob<=24* -3¢ +2¢=0 6q=7:£:——4—l, 16y

aobo(Gomd ={(boaoaloa3gt—dg+1=0 6q=%, 114y
1 YE

aopodoa))=[(boa)oalob<3¢g? -3¢+ 1=0 °q=7:tTt, 121)

GOBOGOR]=[(b0)0blObw2g—2q+1=0 «»q=%:{;%i, ©9

aopBo@oa)l=pkbokon]oa«=2g*—¢*—2¢g+1=0 °q=%,q=—-1, (94)°

aoBboGod] =0} oa]obwd’ —g* —g—g+1=0, @9y
24 ~g*~2¢+1=0,

a ob (b oa)l=[c O(c Ca)] Ca <= [
¢°—¢=0, ¢*—¢*~¢+1=0

} <g¢=-1 (96)

ao{bodoa)]l =(Goa)o(aob)=¢g+20*—3¢+1=0, 70y

=202 +2—1=0, ¢*—g+1=0, A
a ofa ok 0a)]=[(c ca) oa]obe.—{ }oq:—:‘:——i, 122
20°—3¢*+3g—1=0 272
29—1=0, 2¢*—3¢+1=0, 1
aola ofb 0o)]=I[(c Ob) cal 0 a <> { } =g=7 123)
24°—3¢2+3¢—1=0
ac@oGodl=[cocobcawgi+g—1=0 ~=-q=%(—li V5), a1zy
20" +29—-1=0, ¢*—¢*+¢=0, L V3
ao[bo(b04)1=[(coa)ob]obe[ }°q=-,;:k~2—i, {122y
2¢3—3¢*+3¢g—~1=0
29—1=0, 2¢*—3¢*+¢=0, 1
a O[b o(b 0e)]=[(c o) ob]oac{ } =g=7, (124)
24°—3¢*+3¢-1=0
#*—¢*—g+1=0,
ao[bo(boc)]:[bo(bo:z)]oco‘ ] eg=—1, any
29°—¢*—2¢+1=0, ¢*—¢=0




¢©—g*—g+1=0,
aobo(o]l=I[colcoa]oc= } og=—1, 48y
@ —q¢=0,¢"-1=0

3 V7. ;
aofbo(cod]l=[a0c)0bloce>29®* —3¢* 4+ 2g=10 oq=7;{:—4—1, (118)
aolbocod]l=[(c0a)0blOc+2¢° —2¢+1=0 °q=—;~d:%i, 125)
40BoEod] =BoGoaIobe2gt—2%+1=0 eg=gETh @Y
a0[bo(coa)l =000 =g+ —2q+1=0, (82)
@ob)odoa)=[boa)oal0a=g*—5*+5¢—-1=0 wg=2+V7, sy’
@ob)odoa)={b0oa)0alObewg® —52+49—-1=0, {70y
@odopoa)=[boa)oblobeg®> —4¢> +-3g~1=0, 7 (56)"

@odoPoa=[po@doaloasqg +¢*—3+1=0 wog=—1£V7, (88)”

@oHo®o® =[BoBoaobegd+¢ —2+1=0, (56
@ob)oboa)=(b0a)0@ob)wdg® ~4g+1=0 wq=%> {126y
@obdood=(ohHodo)«2¢~29+1=0 éq:%i—;-i, 127
@odOoPGOo)=(@GO0)0 (O =3P —29=10 ®q=%, (128)
@obh)o(Go=@®0a)o(@0)=3g® —4g+ =10 e’q=—;—, 128y
@0bB) oo =(ob)odoa)=2q—1=0 c—q=%, (129)
@ob)o(oa)=[;0a)0clobwgd® —d4g? +3¢g—1=0, 82y
@ob)okoa)=[coa)odloceg’ —~4¢> +3¢g—1=0, (82)”
@od)ooa)=(0a)0(c0b)<«3¢>—3¢+1=0 aq:%iK;—i, 130y
’ . [ .,
@ob)o(c0a)=(c0a)0(dOo)==3g? —3g+1=10 @qzij:*é—x. (130,

Here and from now on by (k)" is denoted an identity which by a suitable sub-
stitution of variables transforms into the identity (k). We wish to note that the de~
duced admissible identities are not mentioned in the previous list. One such iden-
tity is theidentity e G [(b O ¢) Oc} = [(a O b) O] O a, which by (V) transforms
into the identity @ O [(b O¢) Oc}l = [(a O¢c) O(b Oc)] Oa and then by the
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successive substitutions b O ¢ b and ¢ « b in a simpler identity [(c 0 8) O c]ca=
= a0 (¢ Ob) of the form {4)" = ¢3). The last identity is not mentioned among
the identities (22)—(46), while it can be further simplified. Because of (VI) we shall
write [(a Ob) O¢] Oa = (a O¢) O(a Ob), i e after the succesive substitutions
a Ob—>band bec finally (a0Ob) Oc=(cOb) Oa and this is the identity
(15) of the form {3)' = (3).

Now, let us consider the identities of the form <4)' = (4), where in the pro-
duct of the form (4} there are only the variables g, b, ¢, but in the product of the
form {4) there is also the variable d. Because of Proposition 3 the variable d must
appear at least twice in this product <4). If the product <4)' has two factors a and
two factors b, then the product <4 must have a factor ¢, because in the contrary
case the substitution d > ¢ gives the previously considered identities. But, then
in our case the product (4} has two factors ¢ and two factors d, and these factors do
not appear on the left side of the identity (4>’ = (4>. After the application of the
identity (I) we obtain the polynomials y (¢) and 6 (g) as the coefficients of the va-
riables ¢ and d and it holds obviously the identity y (¢) + 8 (¢) = 1. (More gene-
rally, in any product of the form <{n) the sum of polynomials, which are the coeffi-
cients of the variables, is equal to 1.) Therefore, these polynomials y () and & (@
are relatively prime and the equations y (g) = 0 and é (g) = 0 do not have a common
solution, i. e. there is no one admissible identity of this form. If the product ¢4’
has three factors a and one factor b, then in the product (4> must appear a factor b.
But this product has already at least two factors d and so it can not have any fac-
tor ¢. Thus, by the substitution d — ¢ our identity transforms into a previous iden-
tity.

From the preceding consideration it follows that it is unneccessary to study
the identities of the form (4)’ = (4, where the product (4}’ has only two of the
variables a, b, ¢ and the product (4 has at least two factors d. Therefore, it is su-
fficient to study the products of the form (4}’ of one of three types (which is al-
ready denoted in Table 5):

A) the product (4)" has two factors a, one factor b and one factor c;
B) the product {4)’ has two factors 4, one factor a and one factor c;
C) the product {4}’ has two factors ¢, one factor a and one factor b.

Because of Proposition 3 in the case A) the product (4> has two factors d,
one factor & and one factor ¢ and we have analogous conclusions in the cases B)
and C). ’ '

In order to obtain all products of the form <4) in the case A) in the first, se-
cond and fifth products (X) for two of the four factors x, v, 4, v we must take the
variable d, and for the other two factors the variables b, ¢. In the cases of the first
or second product (X) the two factors d can be taken in five different ways (in the
first product it is unneccessary to consider the case x = y = d and in the second
product the case y = » = d), while in the case of the product (x O y) O (¥ © ) it
is unneccessary to consider the cases x =y = d and # = v = d and because of
(V) and (VI) the cases y = v = d and x = u = d. Moreover, by (IV) and (III) it
holds [d O(b 0d)) Oc=[d 0b) 0d] O¢, [dO(c 0Od)} Ob=[d Oc) O
0dl 0b, (dOc)o® Od)y={(d Ob) O(c Od). Therefore, there remain all
together 21 products of the form (4) in the case 4). These products are enumerated
in Table 6. A) and analogously in the cases B) and C) we have Tables 6. B) and
6. C).
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(c 0a) 0Od] Od
(@ od) 0¢) 0d
(c od) oa} od
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Table 6.C)

a | b d

< el |t lelt]a]e]e
(aob) odlodjl 1| -3 3 —1 1 -2 1 2| -1
(b 0a) 0d] od 1 —2 1 1| -3 3 |-t 2| -1
(@ ody obl od || i -3 3 —1i 1 -1 2| =2 1
(b od) 0oa) od 1 ~1 1 -3 3 -1 2| —2 1
(@aod)yodlobf1]| -3 3 -1 1 2] -3 1
(b 0od) od] oa 1 1| -3 3 -1 2 -3 1
(d ca) 0b) Od 1 -2 1 1 -1 1}1-2 3(—1
(d ob) oa]l od 1 ~1 1 -2 11 (-2 3(—1
(doa)odlob 1 -2 1 1 1{-2 2 (-1
d ob) odloa 1 1 -2 ijp1i-2 2(-1
a oG od) od| 1| =2 1 1 -2 1 1 1(-1
b o od] od 1 ~2 1 1} -2 1 1 1}-1
a odoblod|1| —2 i 1]|-1 2| -2 1
bo{doa)od 1 -1 1] ~2 1 2| -2 1
d o(aob)] od 1 -2 1 1 [—-1]1[=-1 1
do(oa) od 1 -1 1 -2 1{1|-1 1
do(doal ob 1 —1 1 1 (-1 -1 1
do(dob)] oa 1 1]—1ty1|—-1; -1 1
aod)yodob) 11| —2 1 1 2 -2
(b odyo(doa) i 17 -2 1 2| -2
doayo®od 1 -1 1 -1 1j-2 2

Now, by comparing the corresponding products of the form {4)' from
Table 5 with the products of the form (4) from one of Tables 6, we obtain the new
primitive admissible identities:

7 -20*+24-1=0, 3
Ka 0b) 0a] Ge=[d 0(b 0] 0 d < : } R V73 PRRNCETSS
¢*—¢*+4=0, ¢ ~q+1=0
=32 +2=0,

[{a 0b) Oc] Ca=[{(a Oc) od) 0d »{ } “<g=2, 132)
¢ ~2*=0,4"-2=0
@obocloa=[dobyoclodg*—3¢ +2g —1=0, (133)
aoboclob=[@odhoclod=g® —2¢* +24=0 -g=113 134
P —2¢=0,¢4"~29=0
[(a 0b) 0c} oc=[(a od) od] obe[ ) og=2, 32y

¢ -3 +u=0
*—g+1=0, ¢°—g*+¢=0, 1. V3
[ 0% 06)] ca=[(d 0&) 0d} O¢ < [ ’ gk e d, (131)°
=22 +2¢—1=0 2 2
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[eo@od]ob=[aodo)]od=g®— 2"+ 29 = w>g=1+ti (135)

lao@ogloc=[ao@dod]odeg —¢ —g=0 cq=%(1 +V5), 36
a O[(b 0c) ob]=[(d 0a) 0d] Oc<>g®—2¢*+2¢—1=0, g —¢?>+g=0 < g = % + -V-zs—i, 137
¢*—2¢%+2¢—1=0, | 1 V3
a o[(b 0c) 0b}=[d O(a 0c)] 0 d = } e q= x4y
¢*—¢*+g=0, ¢ —g+1=0 272
¢® -3¢ +2=0,
a 0[(5 0c) ocl=[(a 0b) 0d] Odo{ } -g=2, (138)
@ ~2¢°=0, ¢ 29 =0
a o[ 0¢) 0cl=[(a O0d) 0d] Ob=g®—3¢*+2¢=0, ¢*—2¢*=0 ~g=2 139
a 0la ok 06)]1=1d 0(d 0B)] Oce>g?—1=0, ¢*—¢=0, ¢*—*—g+1=0 < g=—1, 138y
ao[bopoc)]=[dodoa)] Oc=gd—q*—q+1=0, ¢*—g=10 wg=—1, (139)”
(@0H0(0a)=[@oBood) <2’ —2+1=0 oqzéi%ﬂz (140)

Finally, we must find all admissible identities of the form {4)' = {4) in the
variables a, b, ¢, d, where the product (4)’ has all these variables and so any of
these variables appears once. By Proposition 3 the same happens in the product
{4). The needed products {4)’ can be obtained from the products (X) by the sub-
stitution x = a, y = b, u = ¢, v = d. These products are enumerated in Table 7.

Table 7.
a | b ¢ i d
@) te || 1fe] e |eft]e] @] t]a]le]e
f@om odod|1]|-3|3|-t 1] —2]1 1] -1 1
sogoalod|1]|-2|1 1]-2]1 1| -1 i
a0l o od |1]-1 1-2]1 1] ~1 1
aofbood | 1]—1 1] -1 1] -1 1
@Gobokod ||1]|-2|1 1] -1 ‘ 1] -1 1

In the case of the product of the form (4) it is sufficient to consider again only
the first, second and fifth products (X) and then for (x, y, u, v) to take all permuta-
tions of the set {a, b, ¢, d}. Because of (III) only 12 of 24 products of the form (x ©

0 ¥) O (u O v) are mutually different. Therefore, it is sufficient to consider the 60
products in Table 8.
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Table 8.
(&

(@ob)oc] od
(@ 0b) 0d} Oc¢
(@ 0¢) 0b} 0d
(@ oc)odlob
(@ 0d) 0b] C¢
(@ 0d) oc) Ob
(b 0a) Ocj Od
(b 0a) 0d] Oc¢
(b 0c)oa} od
b ocyodloa
(d 0d)y 0al Oc¢
(b od) oc] oa
(¢ 0a) 0b) 0d
(c 0a) 0d] Ob
(c ob)oal 0d
(cob odl ca
(c od) oal 0ob
(c odyodloa
(d oa) obl O¢
(doa)ocl ob
(d ob) ca} Oc
dob ocjoa
d oc)oalob
docyobd)oa

dob]oa
@obloc
{@aoc) ob
(G oal oc
Gogloca
(com] ob

{aocc)o(dobd
b oa)olcod
boaodor
(bocyo(doa)
(coa)ohod)
(coa)yo(dobd
(c 0b) 0(d 0a)
doa)yo® ocg
(doa) Ofc O8)
dob)ocoa

[ERPERERNSROREN I

[ERERRI .

ot ittt

it

i

[ERURIURNRR
i U U
— DNE e NN = WRLORWRRE = NN = NRe e

e
N

—_——
{
—
!l )
.

-




By comparing products from Tables 7 and 8 we obtain the remaining primitive
admissible identities:
laodoclod=[@aod)oclobe=g® —2¢* =0 “wg=2, (141)
[@oBoclod=[dobBocloawqe® —3g* + 4g—1 =0, (142)
¢’ —4g* +4¢—1=0, ]

{(a 0b) 0c] 0d=(d 08) O(c Ob) <= {
¢ —3¢*+¢=0, ¢*--3¢+1=0,

wg= % G +V3), a3

[sac@ood=[acGod}oceg®—¢ +¢=0 ¢q=—;—igﬂ (144)
fao®0lod=[a0W@0)]0b=g®—2¢*=0 g =2, (145)
aO[(bO¢)Od]=[do(cob)]OaQZq—l:0,2413—34’+4=0¢q=i’ (146)

2
7’ —24°+2q—1=0, ¢°—¢*+¢=0,
2¢4°—3¢*+3¢—1=0
29—1=0, 2¢°—3¢*+¢=0,
aob o(c od)]=[(d Oc) 0b] Oa <> {
24°~3¢*+3¢—1=0

?+9—1=0, ¢ —2¢+1=0,

@ +e¢*—g=0

aolb o(c od)] = [(d 0a) OB] Oc e[ } -g= % + ?i, 147)

1
} 1= (148)

a ofb o od)l=(c 0B) 0(d 08) <> { } -g= % (—12V3), a3y

@ohocod)=doBokoad) =29~ 1=0 “g= (149)

1
>
The identities (1)—(149) and their complementary identities are all primitive
admissible identities of the form (m)’ = <{n), where m,n €{1,2,3,4} and m>n.
All results deduced here in the field of complex numbers can be brought over
into any of its subfields. It may be interesting to do an analogous consideration in
any field of a finite characteristic.

Proposition 1 affirms the statement: if an admissible identity holds in a qua-
sigroup C (g), then g is an algebraic number. It would be interesting to investigate
if the converse statement is true: for every algebraic number ¢ there is an admissible
identity which holds in the quasigroup C (g).

Naturally, an analogous consideration can be applied for the study of all pri-
mitive admissible identities of the form {m)’ = (n), where m>#n and m > 4.
But, for this purpose some more simple methods must be found, while the number
of all necessary comparisons increases very rapidly in the dependence of the num-
ber m.

Accepted in 11 Section
26. 6. 1984.
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Dopustivi identiteti u kompleksnim IM-kvazigrupama. L

Viadimir Volenec, Zagreb
Sadriaj

Ako je (G, +, *) polje kompleksnih brojeva i ¢ € C\ {0, 1}, tada je formulom
a Ob={(l —q)a- gb definirana idempotentna medijalna kvazigrupa (C, ©).
Za neku posebnu vrijednost g u kvazigrupi (C, O) moZe osim posljedica idempo-
tentnosti i medijalnosti vrijediti jo§ neki dodatni identitet, tzv. dopustivi identitet.
Nadeni su svi primitivni dopustivi identiteti s ne viSe od &etiri faktora na svakoj
strani.

Primijeno u II razredu
26. 6. 1984.
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