Hintovi i rješenja

[image: image1.png]12.2.7-8.3. Step 1: prove that the difference between the weights of any two weighs is an even number
of grams. (This follows from the fact that the sum of weights of any 12 weighs is an even number.)
Step 2: prove that this difference is divisible by any power of 2. (To do this subtract from the weight of
each weigh the weight of the lightest weigh, divide the difference obtained by 2, and repeat the first step.)

12.2.7-8.4. Let us take six equal weights and place them at the vertices of the hexagon. Then the

intersection point of the medians of any of our triangles coincides with the center of mass of the system of
weights.




[image: image2.png]12.2.7-8.1. Change the order of points on the circle so that a checker can get from one point to an
adjacent one in one move. That is, place 6 after 1, then place 11, 4, 9, 2, 7, 12, 5, 10, 3, 8 and again 1. Now,
it is clear that the only way to rearrange checkers is to move them along the circle in one direction or the
other.

12.2.7-8.2. Points Z fill in a polygon whose sides are parallel to the sides of the triangles ABC and
DEF, see Fig. 157.

If no two sides of these triangles are parallel, then the polygon (it is called the vector sum of the sets

AABC and ADEF) has 6 sides. They are equal and parallel to the respective sides of triangles ABC and
DEF. Hence, the perimeter of the polygon is equal to the sum of the triangles’ perimeters.




[image: image3.png]12.2.9-10.4. Let M be the given combination of digits. Consider M as a number. Prove that one of the
segments [log M + k,log(M +1)+k], k =1,2,... , contains at least one of the points log 2, 2log?2,3log?2,. ..
by Dirichlet’s principle.

12.2.9-10.5. Construct a square of perimeter twice as long as that of the initial one, with the same
center and the sides parallel to the sides of the initial one. Prove that each of the juxtaposed squares covers
not less than % of the contour of the square constructed.




[image: image4.png]12.2.9-10.3. Let us prove that of the centrally symmetric polygons inscribed in AABC with the given
center of symmetry O the greatest in area is the intersection of triangle ABC with triangle A’ B’'C’ symmetric
to ABC with respect to O, see Fig. 158.

Let point O be at distance z - h, from BC, at distance y - hy from AC, and at distance z - h, from
AB. Then z +y + z = 1 (from comparison of area of AABC with the sum of areas of AAOB, ABOC,
ACOA) and the areas of white triangles, see Fig. 158, are equal to (1 — 2z)2SaaBc, (1 — 2y)2SaaBc, and
(1-22)2SaaBc, respectively. It remains to find the minimum of the function (1—2x)%+ (1 —2y)?+ (1 —22)?
provided x +y +2 =1.

Now, choose point O so that the area of the intersection AABCNAA'B'C’ were maximal. This happens
when O coincides with the intersection point of the medians of AABC.




[image: image5.png]13.1.7-8.1. If the circle passes through n squares, then it passes through n nodes. By connecting the
nodes with segments we get an n-gon with angles of 135° and 90°. Therefore, n < 8.




[image: image6.png]13.1.9-10.1. From the inequalities
sin BsinC + cos BcosC =cos(B—C) < land cosA<1
it follows that
sin BsinC <1—cosBcosC <1—cosBcosC cos A.

Therefore,

sin BsinC
1—cosBcosCcosA —





    13.1.9-10.2. Vidi sliku
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[image: image8.png]Let A be the vertex of the octant, AC = AD =1, AB = 3; let A’ be chosen close enough to vertex B
(for example A’B = 1). Then AB+ AC + AD =5,and A’'B+ A'C + A'D =1+ 2/5 > 5.




[image: image9.png]13.1.9-10.3. First, divide 9 weights of n?, (n +1)?, ..., (n + 8)? grams into three groups:

1st group: n?, (n +5)%, (n +7)%;

2nd group: (n+ 1)%, (n +3)%, (n + 8)%;

3rd group: (n + 2)%, (n +4)2, (n + 6)2.

The first two groups have equal masses and the third is 18 g lighter. Next, divide the next 9 weights
so that the first and the third groups were of equal mass; and, finally, divide the next 9 weights into three
groups so that the first group would be 18 g lighter than the other two.

Gathering all weights from the first three groups together and doing the same with the second and
third groups, we obtain a distribution of any 27 consecutive weights into three groups of equal total weight.
Repeating this three times we get the desired distribution of 81 weights.




[image: image10.png]13.1.9-10.5. First, let n = 3. To prove that By coinsides with By, it suffices to verify that points By,
B3 and Bj lie on one straight line. This is equivalent to the fact that /By + /Bs + /B3 = 7 in ABsB3 By,
see Fig. 161.
Observe that /B, = luAgOAl, as an inscribed one. On the other hand, O30 divides arc vA30 in
halves; hence, the central angle Z030;0 is equal to uA20A3 This implies that

1 1 1
030,05 = £0:0,0 + £L00,04 = §UA3O —+ §UOA1 = 5\4143001 = /B;.

Similarly, ZBs = Z010503 and /B3 = Z030301; hence, /B, + /By + /Bjs is equal to the sum of angles
of A010203, le., m.




[image: image11.png]To prove that points B; and B, coincide, it suffices to demonstrate that vA1OAs+VA0A3+0A30A4A; =
27 (this sum is equal to 2(LA; BoAs + LAy B3 As + ZA3B1 Ar)). But as soon as we consider AO;0303 with
its vertices at the centers of the circles, we see that the sum of the halves of arcs vA10As, vA30OA3 and
vA30A; is equal to m (the sum of the angles at the vertices 0;0203). Q.E.D.

The general case can be easily reduced to the above, if you notice that for n circles the broken line
B1By...By 1 is divided by segment BsB; into triangle B; By Bs and broken line By BsBsBs ... with a
smaller number of links, both broken lines satisfying the condition of the problem.




[image: image12.png]13.2.7-8.4. Denote by K, the number of ways to connect 2n points on a circle by n non-intersecting
chords. Prove that

K,=Ki Ky s+ KoKyp 3+...+Kn 2K +Kp_;.
This gives

Ky=2 Ks=5, Ky =14, K5 =42, K¢ =132, ..., Kio = 16796.

For an arbitrary n the answer is K,, = ﬁcgn 11





Riješite ovu rekurziju tako da nadjete broj putova od (0,0) do (n-1,n-1) u cjelobrojnoj mreži koji ne prelaze simetralu prvog kvadranta i to na dva načina (jedan smo već napravili preko principa simetrije, a  za drugi promatrajte prvu točku dodira puta i simetrale prvog kvadranta).

Primjetite da se pojavljuju Catalanovi brojevi Cn=(eq \o(\s\up 6(2n),\s\do 2(n)))/(n+1) koji se pojavljuju u mnogim kombinatornim problemima.

[image: image13.png]13.2.9-10.1. If M N is the diagonal of the 2n-gon that connects the opposite (in order) vertices and our
polygon lies, say, on the right of M N, then all diagonals of the 2n-gon that constitute the small polygon
should have at least one endpoint to the right of M N. But to the right there are only n — 1 vertices; hence,
there can be not more than 2(n — 1) diagonals: two from each vertex. Together with diagonal M N there
are 2n — 1 diagonals.

13.2.9-10.2. From the given sequence a1, ag, ..., a101 select a decreasing subsequence by, ba, ... by
the following rule: b; = a1; let by be the first among the a; which are less than by; let bs be the first among
the a; that lie after bs and are less than bs, etc.

Take the selected numbers b; away and repeat the procedure with the remaining numbers to obtain
the second, third, etc., subsequences. In this way we split all 101 numbers of the sequence {a;};2} into m
subsequences. If at least one of the subsequences has more than 10 terms, then this is the desired sequence.

Otherwise, m > 11 and it is possible to take one number from each subsequence so that they form an

increasing subsequence (prove this yourself).




[image: image14.png]13.2.9-10.3. Let AC intersect the sphere at points P and @; let S be the intersection point of KL with
AC. Let us prove that AS does not depend on the radius of the circle, the section of the sphere with plane
ABC. This would imply that M N intersects AC at the same point S.
Let us draw the segment L' A parallel to LC. Triangle AAKL' is an isosceles one (because it is similar
to ABLK); hence, AL' = AK.
From similarity of triangles ASAL" and ASCL we deduce:

SA AL AK
SC ~ CL ~— CL"

But AK = /AP -AQ, CL = /CP-CQ; SC = SA + AC; therefore, S?l—A_C’ ,/é%% i.e., the

length of SA is expressed in terms of the lengths of AP, AQ, AC, PC, QC and does not depend on the
radius of the circle.
For another solution see the solution to Problem 19.1.10.4.

13.2.9-10.4. On a plane, consider 10 straight lines no two of which are parallel and no three of which
intersect at one point. Take the lines for the bus routes and their intersection points for the bus stations.
Then one can go from any station to any other station without changing buses if they are on the same
straight line and changing buses only once otherwise.
Further, after closing one of the routes it is still possible to get from any station to any other with at
most one bus change. But when two routes are closed, the station at their intersection is not connected to
the other stations by the remaining routes.




[image: image15.png]14.1.9-10.1. i ; 0.12345 0.12347
9-10.1. This number is greater than 557555 and less than §=7=57.




[image: image16.png]14.2.7-8.6. Observe that P(£i) = 0. Hence, P(z) is divisible by z2 + 1. So
P(z) = (2 + 1)(z* + = + 1).

Now, notice that z'2 — 1: P(z); indeed:
2_ 1= -1+ 1)+ 1)(2* - 2%+ 1).

Hence,
22 —1=(a%—2" -2 +22° - 22 + 2% + 2 — 1) P(z).

Therefore,

219 1 = (212 — 1)(21930 + 2197 4 1915 ¢ 1219 4 4T 4 (&7 — 1)




Nekoliko zadataka bez rješenja za one kojima je premalo/predosadno/prelagano:

[image: image17.png]14.2.9-10.2*. Given several numbers each of which is less than 1951 and the least common multiple of
any two of which is greater than 1951. Prove that the sum of their reciprocals is less than 2.

14.2.9-10.3. Among all orthogonal projections of a regular tetrahedron to all possible planes, find the
projection of the greatest area.

14.2.9-10.4. Consider a curve with the following property: inside the curve one can move an inscribed
equilateral triangle so that each vertex of the triangle moves along the curve and draws the whole curve.
Clearly, every circle possesses the property. Find a closed planar curve without self-intersections, that has
the property but is not a circle.

14.2.9-10.5*. A bus route has 14 stops (counting the first and the last). A bus cannot carry more than
25 passengers. We assume that a passenger takes a bus from A to B if (s)he enters the bus at A and gets
off at B. Prove that for any bus route

a) there are 8 distinct stops Ay, By, As, Ba, As, Bs, A4, By such that

no passenger rides from Ay, to By for all k = 1,2, 3,4; (%)
b) there might not exist 10 distinct stops A1, By, ..., A5, B; with property (x).




