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ON GENERIC IRREDUCIBLE REPRESENTATIONS

OF Sp(n, F) AND SO(2n + 1, F)

Goran Muic, Salt Lake City, USA

Abstract. In this paper the author gives the complete classification of irreducible generic represen
tations of symplectic and odd-orthogonal groups in terms of supercuspidals.

Introduction

In this paper we give the complete classification of generic (i.e. having Whit
taker model) representations of the series of groups GII = Sp(n, F) or GII =
SO(2n + 1, F), where F is a local non-archimedean field of characteristic zero.
Our result is analogous to the well-known result of A.V. Zelevinsky ([Zej, Theorem
9.7) about classification of non degenerate representations of GL(n, F).

Here is an outline of the paper. In the first section we recall notation and basic
structure results for these groups and basic facts from the representation theory of
classical groups.

In ([Muj, Theorem 3.1) we found necessary and sufficient conditions on a rep
resentation of GII, parabolically induced from supercuspidal generic representation
of a standard Levi factor, to contain generic square integrable subquotient. The proof
of ([Muj, Theorem 3.1) is based mostly on general results on L-functions and its
connections with Plancherel measures obtained by F. Shahidi in ([Shl]). On the
other hand, Tadic ([T4]) has constructed a large family of nonsupercuspidal square
integrable representations of groups GII, using his method of Jacquet modules. In the
second section we recall his result, and, combining with ([Muj, Theorem 3.1), we
prove that Tadic has constructed, among many others, all generic nonsupercuspidal
square integrable representations (cf. Proposition 2.1). We refer to ([Mu j, Section 3)
for the interpretation of that result in terms of Local Langlands Conjecture.

In third section we recall some results about tempered representations of clas
sical groups related to reducibility of unitary generalized principal series ([Go]) and
elliptic tempered representations ([He]). They are needed in the proof of our main
result in the fourth section (cf. Theorem 4.1). This theorem follows mainly from
the one of our main results in ([Mu]). That is the characterization of a generic
representation (realised as a Langlands quotient) in terms of the irreducibility of the
corresponding standard representation. (See Theorem 5.1 in [Muj.)

Mathematics subject classification (1991): 22E35.
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We hope that these results will be useful in theory of automorphic forms as well
as the results of Zelevinsky ([Ze]) are.

I would like to express my gratitude to Marko Tadie for introducing me to
several aspects of representation theory involved here.

1. Preliminaries

Let F be a nonarchimedean field of characteristic zero. Let y be the character

given by normalized absolute value of F. We fix lfIF nontrivial additive character of
F. Let Zt, lR, and C be the set of non-negative rational integers, the field of real
numbers, and the field of complex numbers, respectively.

Let G" denote one of the groups Sp(n, F) or SO(2n + 1, F). (For more details
see [TI] and [T3].) Denote by T"U" the standard Borel subgroup in G". Then

T" ~ FX x ... x FX = (FX)"

Denote by {aI, ... ,a,,} the set of simple roots. We have a;(xl, ... , x,,) = X;XH-ll'

for 1 ~ i ~ n - 1, and a,1(Xl, ... ,x,,) = ~ if G" = Sp(n), and a,,(xI,'" ,x,,) = x"

if G" = SO(2n + 1).

The groups G" have proper standard parabolic subgroups parametrised by or
dered partitions a = (ml,' .. ,mk) of I ~ m ~ n. For a given partition a, denote
the corresponding parabolic subgroup by Pa = MaNa, where

(1.1)

Through this paper Wo denotes the longest element of the Weyl group of T" in G"
modulo that of the Weyl group T" in Ma. We choose its representative as in ([ShI]),
and denote by the same letter.

Let 1C;be an admisible representation of GL(m;, F), i = I, ... , k, and 1Can
admisible representation of G", then we write

for a representation obtained by normalized parabolic induction Ind~~ (1CI IZi .•. IZi

1CkIZi 1C).

For any positive (nonnegative) integer m we denote by Irrm (Irr~J the set of
classes of equivalence of irreducible representations of GL(m, F) (Gm), respectively.
Set

Irr = Um Irrm and Irr' = Um Irr;" .

For an essentially tempered representation 8 E Irr there exists a unique e( 8) E lR
such that 8u = y-e(<5)8 is unitary.

Now, we recall Langlands quotient theorem in G,,-setting ([BW]). Here we
follow Tadie ([T3]).
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LEMMA 1.1.

(i) Assume that Oi E Irrl/li' i = 1, ... , k, are essentially square integrable

representations, e( 01) ;;:: ... ;;::e( Ok) > 0, and!!l is a tempered represen

tation of G,,-m' Then the induced representation 01 x ... X Ok~!!l has a

unique irreducible quotient L( 01, ... , Ok; !!l).

(ii) Assume that n is an irreducible representation ofG". Then there exists a

unique datum as in (i) such that n ~ L( 0[, ... , Ok; !!l).

Denote by 9" the Lie algebra of G". Denote by Xi a non-zero element of a root
space in 9" which belongs to (Xi, for i = 1, ... , n (Chevalley basis). Denote by V;;
the derived group of VII' Then we have a canonical isomorphism of groups

V~b= V,,/vf. ~ FX1 EB··· EB FX".

We can (and will) regard V~bas a vector space. For f E HomF ( V~b,F), we obtain
character \fIFof of V". It is non-degenerate if and only iff (Xi) i= 0, for all i. T" acts
on the set of all non-degenerate characters in the usual way. For J.l E FX we define

X/l = \fIFof/l'

wheref/l(Xi) = 1, i = I, ... ,n - 1, f/l(X,,) = J.l. All of these characters are
compatible with all Wo as above ([ShI], page 282). This follows from the following
discussion. Note that XI is in fact Xo from ([ShIj, Section 3). For J.l E FX we set
t/l = (J.l', ... , J.l') E T,,(P), where P denotes algebraic closure of F, (J.l')2 = J.l if

G" = Sp(n), and J.l' = J.l if G" = SO(2n + 1). Then u t-----i t/lut;; I is F-rational

on V,,(P), and X/l(u) = XI (t/lut;;I), u E VII' Assume that Wo is associated to the
parabolic subgroup Pa = MaNa with Ma given by (1.1). The action ofwo on T" is
given by

Then we see wo(t/l)t;;1 is in the centre of Ma. Discussion in ([ShI], pages 282-283)
implies assertion.

In the case of G" = SO(2n +1) all non-degenerate characters are T,,-equivalent.
In the case of G" = Sp(n) orbits are parametrised by X/l' J.l E FX /(FX?

Suppose that (n, V) is an admissible representation of G". We write V(Vllh
for a C-span of all n(u)v - X(u)v, u E V"' v E V. Write (rx(n), rx(V)) for the
corresponding quotient representation of V". The functor V t-----i rx(V) is exact.
(n, V) is X- generic if

Homu"(nlu,,,x) = Homc(rx(n),q i= 0.

We may assume (and will) that n is X/l-generic for some J.l E FX• If n is irreducible
then ([Ro 1])

dime Homu" (n!u",X) ~ 1. (1.2)

Finally, we will several times use the following result that follows from a more
general result of F. Rodier ([RoI]) using above discussion on compatibility.
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LEMMA1.2. Suppose that 1t1, ... , 1tkE Irr are generic, and 1t is an irreducible
representation of GII• Then we have an isomorphism of vector spaces

rxl' (1t1 x ... X 1tk><l1t) ~ rxl' (1t).

In particular, 1t1 x ... X 1tk><l1t is XIJ-generic if and only if 1t is. 1t1 X •.. X 1tk><l1t

satisfies (1.2).

Later on we will need an elementary lemma.

LEMMA 1.3. Suppose that (1t, V) is a x-generic admissible representation of
finite length such that (1.2) is valid, and VI, ... , Vk ;; V are x-generic subrepresen
tations. Then

rX(VI n ... nVk) ~O.

In particular, a unique irreducible subquotient of 1t, which is x-generic, is an
irreducible subquotient of VI n ... n Vk.

Proof. IfW;; Vis x-generic subrepresentation, then we have rx(W) '--+ rx(V).
Then (1.2) and assumptions of the lemma imply rx(W) = rx(V). This implies
dime rx(W) = 1.

It is enough to prove the lemma for k = 2. Now, (VI + V2)/VI ~ V2IV1 n V2

and the first part ofthe proof imply dime rX(VI n V2) = 1. This completes the proof
of the lemma. 0

About reducibility in the supercuspidal case we have the following result of F.
Shahidi ([Sh1j, [Sh2], [SiD.

LEMMA1.4. Suppose that P E Irr is supercuspidal, 0' is a generic supercuspidal
representation of GII and a E R If P ~ p, then va P ><l0' is irreducible. If P ~ p, then

there exists ao E {O, 1/2, I} such that v±Ck)p><l 0' reduces, and va p><l 0' is irreducible
for lal ~ ao. (Then we say that the pair (p, 0') satisfies (Cao)).

At the end of this section we will recall some results about representations
of general linear groups. (For more details see [Ze] and [Ro2].) If P E Irr is
supercuspidal and k E ~, then we form a segment ([ZeD I). = [p, vkp] as a
set {p, vp,'" , vkp}. The segment I). has uniquely associated essentially square
integrable representation 8(1).) as a unique irreducible subrepresentation of vkp x
... x vp x p. We say that I). is balanced if 8(1).) is square integrable. Furthermore,
([Ze], Theorem 9.7) for every generic representation n E Irr there exists a unique
multi set of segments {I).I, ... , 1).k1 (I).i and I).j are not linked, for i ~j) such that n
is isomorphic to the induced representation 8(l).d x ... x 8(l).k). (Segments I). and
1).' are linked if I). U 1).' is segment, and I). C/.. 1).', 1).' C/.. 1)..)

2. Square integrable representations

Fix a generic supercuspidal representation 0' of Gil" As in ([T4], Proposition
9.4), we consider sequences of segments

A' - [-IIi V"i] 2 E 71 2 E '71 '" - • - 1 kUi - V Pi, Pi, mi 1L.Lf-, ni /U, Pi = Pi, 1- , ... , , (2.1)
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satisfying:
(i') mi > ni.
(ii')

(1) If (Pi, a) satisfies (Cl/2), then mi E 1/2 + Z, ni ~ -1/2.
(2) If (Pi, a) satisfies (CO), then Illi E Z, ni ~ O.
(3) If (Pi, a) satisfies (Cl), then mi E Z, ni ~ -1, ni =1= O.

(iii') If Pi ~ Pj, i =1= j, then either mi < ni or mj < ni.

If!1 = [p, ykp] is a segment, then we define a new segment Liby Li= [v-k p, Pl.

Note that!1; n Li;is equa~ to [v-lIj Pi, v"j Pi] if ni ~ 0, and is empty, otherwise. Hence,
if ni ~ 0, then 8(!1; n !1;) is square integrable. If we denote by 10 the number of
all i such that ni ~ 0, then ([T4], Proposition 9.1 and Proposition 9.4) the induced
representation

8(!1~ nLi~) x ... x 8(!1~nLiD><la (2.2)

(we omit empty segments) is a multiplicity one representation of length io• Clearly,
any irreducible subquotient of (2.2) is tempered. Now, we have

THEOREM2.1. (Tadic, [T4]). Under the above assumptions, we have
(i) Suppose that. is an irreducible subrepresentation 0/ (2.2). Then the

induced representation

has a unique irreducible subrepresentation 8(!1~, ... , !1~,ah. 8 (!1~,... , !1~,
ahisasubrepresentationo/8(!1D x .. , x 8(!1D><la.

(ii) If. '1- of, then 8(!1~, ... , !1~,a)r '1- 8(!1;, ... , !1~,a)r/
(iii) 8(!1;, ... , !1~,a)r is square integrable.
(iv) Suppose that n is an irreducible subrepresentation 0/8(!1D x ... x

8(!1D><la. Then there exists 'r, an irreducible subrepresentation 0/(2.2),
such that

n ~ 8(!1~, ... ,!1~, a)r.

REMARK2.1. By (i')-{iii') segments!1; and!1j are not linked/or all i, j. Hence,
the induced representation 8(!1D x ... x 8(!1D is irreducible (fZe), Theorem 9.7).

The following lemma is a consequence of ([T4]) which is not drawn in ([T4]).
So, we shall sketch the proof.

LEMMA2.1. Suppose that a is X)1-generic and. is a unique irreducible XIC
generic subquotient 0/(2.2). Then 8(!1~, ... , !1~,a)r is X)1-generic.

Proof We prove the lemma by induction. Assume k = 1. Then by ([T4],
Propositions 4.4, 5.9 and 7.6) every square integrable subquotient of 8(!1D ><la is
given by Theorem 2.1. Now, ([Mu], Theorem 3.1) and Lemma 1.2 imply the lemma.
More precisely, the lemma follows from the following fact. Since the induced
representation V-II, PI x ... X v'"' PI ><la contains square integrable subquotients, all
its generic irreducible subquotients are square integrable([Mu], Theorem 3.1 (ii)),
and by Lemma 1.2 they are subquotients of 8(!1D ><la.
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Suppose that the claim of the lemma holds when we have i segments, 1 ~ i~
k - 1. Then we look at the collection of all representations n' that are obtained in the

following way. Consider a permutation (/),./1 1 , ••• , /),." k) of (/),.~, ... , /),.~).For each i',
1 ~ i' ~ k, we denote by -r" a unique Xrgeneric subquotient of

8(/),.";'+1nLi"i'+I) x ... x 8(/),."knLi"k)><Ia,

and set (see Remark 2.1 )

n' = 8(/),."1) X .•. X 8(/),." i') ><I8(/),."i'+ll ... , /),."k, a),/1 '--+ 8(/),.D x ... x 8(/),.D ><Ia.

By the inductive assumption we have dime rxJ.I (n') = 1, for all n'. Then Lemma
1.3 implies that the intersection n of all n' satisfies the same. Therefore, a unique

Xil-generic irreducible subquotient of 8(/),.D x ... x 8(/),.D><Ia is an irreducible
subquotient of n.

To continue, we need the following general result. Let G and Z be reductive
F-group and maximal F-split torus in the centre of G, respectively. An admissible
representation of finite length n is tempered if every irreducible subquotient of n is
tempered in the usual sense ([Si]). Then we have ([SiJ, Lemma 5.4.1.4)

LEMMA 2.2. Assume that n is a tempered representation of G with central
character. If n is any irreducible square integrable (modulo Z) subquotient of n,
then HomG (n, n) =f; O.

Now, we continue with the proof of Lemma 2.1. Denote by n any irreducible
subquotient of n. As in the proof of Lemma 9.6 and Lemma 9.9 in ([T4]), we see
that n is square integrable. (We are thankful to M. Tadic for explaining this to us.)
Hence, n is tempered representation which has square integrable representations as

irreducible subquotients. If we denote by nil a unique Xil-generic subquotient of n,
then, according to Lemma 2.2, we have

nil '--+ n~8(/),.;) x ... x 8(/),.D><I a.

Then, by Theorem 2.1 (iv), there exists an irreducible subquotient -r' of (2.2) such
that

nil ~ 8(/),.~,... ,/),.~,a),'. (2.3)

By Theorem 2.1 (i) and Lemma 1.2, the right-hand side in (2.3) cannot. be Xrgeneric
if -r' '1- or. The lemma follows. 0

Now, we are ready to relate Theorem 2.1 and ([Mu], Theorem 3.1).

PROPOSITION 2.1. Suppose that 5 is a Xil-generic square integrable represen
tation ofG". Then there exist a unique a and a unique set of segments {/),.~,... , /),.U,

satisfying (i')-( iii'), such that

5 ~ 8(/),.~,... ,/),.~,a).,

where or is a unique Xil-generic irreducible subrepresentation of(2.2).

Proof Let us begin the proof by recalling some results from ([Mu]). Assume
that 5 is an irreducible subquotient of
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where all Wi and a are supercuspidal. (Then a is XIl-generic by Lemma 1.2.). Any
Wi we can write as a twist of a unitary supercuspidal representation wi' with a positive
character ye(Wi)(e(wi) E JR), uniquely. Then ([TI], Theorem 6.2 (i), (ii)), wi' ~ wi'
and 2e( Wi) E Z, for all i = 1, ... , k. Furthermore, let X be the set of all mutually
non-isomorphic wi' such that the pair (wi', a) satisfies (Cl). Let e be the unique
generic component of

WI x ... X Wk X (XwIEXW') X Wk X ... X WI.

Then we have the following result.

LEMMA2.3. ([Mu], Theorem 3.1 (i)). Under the above assumptions, e is an
irreducible tempered representation. If we write e as the induced representation

where segments !'1i are given by !'1i = [V-kipi, ykipi] (Pi unitary supercuspidal,
2ki E Z), then we have Pi ~ Pi, i = 1, ... , l, and

(1) If (Pi, a) satisfies (CO) or (Cl), then ki E Z.
(2) If (Pi, a) satisfies (Cl/2), then ki E 1/2 + z.
(3) If Pi ~ pj,for i =1= j, then ki =1= kj•

Further, if we set Sp = {i; Pi ~ p}, for any supercuspidal P E lIT, then

(4) If (p, a) satisfies (CO), then the cardinality of the set Sp is zero or is even.

(5) If (p, a) satisfies( Cl), then the cardinality of the set Sp is zero or is odd.
Further, if Sp = {i}, then ki > O.

Now, we are ready to prove the proposition. Suppose that P E lIT is a selfcontra
gredient supercuspidal representation. Then we consider the set S of all i, 1 :::;i :::;l,
such that P ~ Pi (Pi are given by Lemma 2.3). Assume that S is nonempty. Let
S = {iI, ... , il'}' By the above lemma, we may assume

o :::;kil < ki2 < ... < kill'

Now, we have several cases:

(i) (p, a) satisfies (Cl/2). If l' is even, then we define the segments [V-ki2j-1P,

ii2j p],j = 1, ... ,l' /2. If l' is odd, then we define the segments [VI/2p, ykl p]

d [-ki,"_, ki'"_t]' - 2 (l' + 1)/2an v C) - P, v C} P, } _ , ... , .

(ii) (p, a) satisfies (CO). Then l' is even, and we define the segments

[V-ki2j-t P, ii2j p],j = 1, ... , l' /2.

(iii) (p, a) satisfies (Cl). Then l' is odd and we define segments [vp, ykt p] (we

omitthis segment if k1 = 0), and [V-ki2j-2P, ii2j-t p],j = 2, ... , (/' +1)/2.
By repeating this procedure for all possible p (i.e. when S is non empty),

we obtain a sequence of segments (2.1) such that (i')-(iii') are valid. It is clear
that!Y is a subquotient of 8(!'1;) x ... X 8(!'1~)>:Ia. Now, Lemma 2.1 implies
!Y ~ 8(!'1~, ... ,!'1~, a)r, with r XIl-generic. The part about uniquenes follows from
([T4], Proposition 9.4 and Proposition 9.11). D
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3. Elliptic representations

(3.1 )

The purpose of this section is to recall some results about tempered represen
tations. We start with the following particular case of the more general result of
Harish-Chandra ([Si], Chapter 5).

LEMMA 3.1. Assume that 11, ... ,1m is a sequence of balanced segments (cf
Section 1),and 5 is a square integrable representation of G". Then we have

(i) Any irreducible subrepresentation of 8(1})x ... X 8(lm)q 5 is tempered.

(ii) Let 1;,... ,1~"be also a sequence of balanced segments, and 5' square
integrable representation. Assume

8(1})x ... X 8(lm)q 5 and 8(1;) x ... x 8(1:",)q5'

have a common irreducible subquotient. Then m' = m, 5' ~ 5, and

there exists a pemzutation p of the set {I, ... ,m} such that Ii = Ip(i) or

Ii = Yp(i),for all i.

Now, we continue with the following result of Goldberg ([Go]).

LEMMA 3.2. Assume that 11, ... ,1m is a sequence of balanced segments (cf
Section 1), and 5 is a square integrable representation of G". Let I be the number
of mutually different segments Ii, i = 1,... ,m, such that the induced representation
8(Ii) )q 5 reduces. Then the induced representation

8(11) X •. , x 8(lm)q5

is a multiplicity one representation of length 2/.

A representation 5' of G" is elliptic if its character does not vanish on the set
of all regular elliptic elements in G" (cf. [He]). It is well-known that any discrete
series is elliptic. Now, we will recall the following result of Herb ([He])

LEMMA 3.3.

(i) Assume that II,...,1m is a sequence of mutually different balanced seg
ments (cf Section 1), and 5 is a square integrable representation of G".
Assume that 8(Ii) )q 5 reduces for all i. Then all irreducible subquotients
of the induced representation (3.1) are elliptic.

(ii) Assume that 5' is an elliptic representation of G". Then there exists a
datum as in (i) such that 5' is a subrepresentation of (3.1).

REMARK 3.1. We refer to ([Mul, Tlzeorem 3.2)for reducibility of generalized
principal series 8(~)q5, where ~ is a balanced segment, and 5 is a square
integrable representation with generic support.

Finally, we will prove a corollary.

COROLLARY 3.1. Assume that 5' is an elliptic tempered representation of G".
Assume that 5' is a subrepresentation of the induced representation (3.1). Let ~ be
a balanced segment. Then the induced representation 8(~)q5' is reducible if and
only if
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(i) t'i. (j. {1'I, ... ,1'm}.

(ii) 8(t'i.)><Ig is reducible.

Proof Assume first that (i) and (ii) hold. Then, by Lemma 3.2, the induced
representation

8(t'i.) x 8(1'1) x ... x 8(1'm)><Ig (3.2)

is a multiplicity one representation of length 21+1. Furthermore, every irreducible
subquotient of (3.2) is elliptic. Since, 8 (t'i.) ><Ig' is a subrepresentation of (3.2), it
cannot be irreducible. (Otherwise, 8 (t'i.) ><Ig is induced irreducible representation,
and, consequently, it is not elliptic (see for example [ArD.)

If (i) or (ii) does not hold, then the induced representation (3.2) is of length
21• Hence, for any of 21 irreducible subquotients g" of (3.1), 8(t'i.)><Ig' is irre
ducible. D

4. Main result

In this section we give the final step of the classification of generic representa
tions for Gn in terms of supercuspidals. Theorem 4.1 is analogous to the well-known
result of A. V. Zelevinsky ([Ze], Theorem 9.7).

THEOREM 4.1.

(i) Let 1'1, ... , 1'm ,be a sequence of segments, and g E Irr' an elliptic

tempered XjJ-generic representation. Then the representation

n(1'I, ... , 1'm, g) = 8(1'1) X ..• x 8(1'm)><Ig (4.1)

is XjJ-generic. The representation (4.1) is irreducible if and only if

(1) Segments 1'[, !J are not linked, for all 1 ::;;i <j ::;;m.

(2) Segments 1'[,1'j are not linked,for all 1 ::;;i <j ::;;m.

(3) 8(1'[) ><Ig is irreducible, i = 1, ... , m.

(ii) Let n E Irr' be XjJ-generic representation. Then there exists a sequence
of segments 1'1, ... ,1'm, and elliptic tempered representation g such that

n ~ n(1'I,"" 1',," g).

Furthennore, if n is isomorphic to n(1';, ... , 1';n" g'), then m' = m,

g' ~ g, and there exists a pennutation p of {I, ... ,m}, such that

1'; = 1'p(i)or 1'; = 1'p(i),for all i.

First, for the sake of completeness, we will state some reducibility results. The
first follows easily from ([Mu], Theorem 5.1).

THEOREM 4.2. Assume that Ll, ... , LI is a sequence of balanced segments, and
g is generic square integrable representation, given by Theorem 2.1 and Proposition
2.1. Denote by.96 a generic irreducible subrepresentationof8(LI) x· .. X 8(LI) ><Ig.
( .96 is tempered.) Let t'i. be a segment, e( 8 (t'i.)) =J. O. Then the induced representation
8 (t'i.) ><1.96 is irreducible if and only if
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(i) Segments /1 and~; are not linked,for aliI ~ i ~ I.
(ii) Segments /1 and L; are not linked, for all 1 ~ i ~ I.

(iii) 8(/1) ~ g is irreducible.
Furthennore, 8(/1) ~ g is irreducible if and only if
(i') Segments /1 and [v-mi Pi, Villi p;], i = 1, , k, are not linked.

(ii') Segments /1 and [V-ni p;, V"i Pi], i = 1, , k, n; ~ 0, are not linked.
(iii') 8(/1) ~ (J is irreducible or there exists p' E X' such that segments [p'] and

/1 are linked. (X' is the set of all p' such that there exists i, 1 ~ i ~ k, such
that p' ~ Pi and n; = -1.)

REMARK 4.1. If g is a nongeneric square integrable representation, given
by Theorem 2.1, then the reducibility of nonunitary generalized principal series
8(/1)~g can differ from those given by Theorem 4.2 ({Jan2J).

Finally, the second is ([T5], Theorem 13.2).

THEOREM 4.3. Assume that /1 is a segment, and (J is a generic supercuspidal
representation ofG". Then the induced representation 8(/1)~(J is reducible ifand
only if there exists pI! E /1 such that pI! ~ (J is reducible.

Proof of Theorem 4.1. First, we will show (i). By Lemma 1.2,

dimerx!,(n(11, ... ,lm,g)) = 1.

This means that the representation given by (4.1) is generic.
Furthermore, if p is a permutation of the set {1, ... , m}, and if for the segments

1;, i = 1, ... , m, we have 1; = Ip(;) or 1; = Yp(i), for all i, then ([BDK], Lemma
5.4 (iii))

n(11, ... , 1m, g) = n(I~, ... , I:", g),

in the corresponding Grothendieck group. Now, we can easily see that the induced
representation (4.1) is reducible if one of the conditions (1)-( 3) is not valid. Let us
prove that these conditions are sufficient for irreducibility. Let S <; {I, ... , m} be
the set of all i such that i E S =} e(I;) = O. (In the rest of the proof we will write
e( /1) instead of e( 8 (/1)) for simplicity.)

First, let us consider S = 0. Then we define segments in the following way.

1; = 1; if e(I;) > 0, and 1; = Y; if e(I;) < 0, for all i = 1, ... , m. Furthermore,
choose a permutation p of {I, ... , m} such that

e(I;,(I}) ~ ... ~ e(I~(m)) > O.

As above, in the corresponding Grothendieck group,

8(11)x '" x 8(lm)~g = 8(1~(1))x '" x 8(1~(m))~g.

Hence, the representation (4.1) reduces if and only if n(I~(I}"'" 1~(m)' g) re

duces. The segments 1~(I)"'" 1~(m) satisfy (1)-(3) if and only if 11,.'" 1m

satisfy (1)-(3). Furthermore, by Lemma 1.1, n(I~(I)"'" 1~(m)' g) is a standard
representation. Then one can use a factorisation of the corresponding long inter
twining operator to finish the proof of (i). (See for example the proof of Theorem
7.1 in [T3] or the proof of Theorem 3.3 in [Ianl] for such type of arguments.)
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Let us now consider the case S i- 0. We can assume S = {I, ... , ml}, ml :::;m.
Let us prove that the induced representation

(4.2)

is irreducible. By ([HeD or Lemma 3.3, there exist mutually different balanced
segments LI, ... , LI, and a discrete series 30 E Irr' such that

g y 5(LI) X ••• x 5(LI) ><I 30. (4.3)

Any irreducible subquotient of (4.3) is elliptic. Moreover, the length of (4.3) is 21•

To prove that the induced representation (4.2) is irreducible (under the conditions
(1), (2), and (3)), it is enough to prove that the length of

5(YI) x ... x 5(Ym,) x 5(LI) X ••• x 5(LI) ><I 30

is i.By ([GoD or Lemma 3.2, it is enough to prove that for any i, we have

Yi E {LI, ... , LI} or 5(Yi) ><130 is irreducible.

Now, since 5(li) ><I g is irreducible, the assertion follows from Corollary 3.1. Since

n(YI, ... , Ym, g) = 5(lm,+I) x '" x o(Ym)><I3i,

in the corresponding Grothendieck group, we can finish the proof as in the case when
S = 0. The proof of (i) is finished.

The part of (ii) refering to existence follows from the following discussion.
First, the following result is proved in ([MuD.

LEMMA4.1 ([Mu], Theorem 5.1). Assume that 01, ... , OkE Irr are essentially
square integrable representations such that e( 51) :? ... :? e( 15k) > 0, and g is a
tempered generic representation ofG",. Then the standard induced representation

81 x .. · X Ok ><I g
reduces if and only if the Langlands quotient L( 511 ... ,15k; g) is not generic.

Since, in the case of symplectic and odd-orthogonal groups every tempered
representation is fully induced from a elliptic tempered representation ([HeD, the
existence in (ii) follows from the Langlands classification, using Lemma 4.1.

To prove (ii), it remains to consider equivalence among representations de
fined by (4.1). Let us assume that we have an isomorphism of induced irreducible
representations

n(YI, ... , Ym, g) ~ n(Y;, ... , Y:"/, g'). (4.4)

Let S' ~ {I, ... , mIl be the set of all isuch that i E S' :::::}e(Y;) = 0. As in the proof
of (i), we can assume

e(Ym) :? ... :? e(Yml+l) > e(Ym,) = ... = e(YI) = °
and

Let

(4.5)
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where

G. MUle

5' y 8(L~) x ... x 8(L;,)~5d, (4.6)

where L~, ... , L;, are mutually different balanced segments, and 5d is square inte
grable. As in the proof of part (i), !Yj' is irreducible. Now, the isomorphism given
in (4.4) is in fact an isomorphism of the standard representations

8(Y",) x '" x 8(Y",I+I)~.9i ~ 8(Y~,,) x .. · x 8(Y' '+I)~!Yj'."'I

Then, by Lemma 1.1 (ii), m' - m~ = m - m\, !Yj' ~ .9i, and, up to a permutation,

Yi+",I = Y~+ " i = 1, ... , m - mi, It remains to consider !Yj' ~ .9i. (See (4.2),
I nil

(4.3), (4.5), and (4.6).) This implies that the induced representations

8 (YI) X ... x 8 (YIIII) x 8 (LI) X •.. x 8 (LI) ~ 50

and 8(YD x· .. x 8(Y' ,) x 8(L~) x .. · x 8(L;,)~5d
111,

have a common irreducible subquotient. Now, Lemma 3.1 implies 1Il~+ l' = m] + I
and 50 ~ 5d. Furthermore, we can assume the following equality of multi sets

{Y\, ... , YIIII' LI, ... , LI} = {Y~, ... ,y' " L~, ... ,L;,}."'I

Let us call A the set obtained from these segments. Then we can characterize the

sets {LI, ... ,LI} and {L~, ... ,L;,} as maximal subsets of A, such that the induced
representations 8 (L;) ~ 50 and 8 (L;) ~ 50 are reducible for all i. Now, it is clear

{LI, ... , LI} = {L;, ... ,L;,}. In particular, I = I' and 5' ~ 5. (Xil-generic
representations !). Furthermore, 1Il~ = Ill\, and we have the equality of multisets
{YI, ... , Y",I} = {Y;, ... , Y' , }. This means that the sequence YI, ... , Y",I is, up to"'I
a permutation, the sequence Y~, ... , Y' ,. The proof of (ii) is finished. 0

mJ
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