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NEWTON’S METHOD AND ROUND-OFF ERRORS

B. Guljas, Zagreb

Abstract. In this paper we deal with the Newton’s method perturbed by
the rounding off error. Using the majorization technique, we give an upper bound
— ¥
for lim sup ”—v;x - “x I
n i
a solution of equation F (x) = 0. This upper bound is expressed in terms of com-
puting accuracy, condition number K (F’(x*)), dimension of the problem and
relative error bounds in computing F (x) and F’ (x).

» where (xs)ne~ is perturbed Newton’s sequence and x* is

1. Introduction

Due to evident practical interest, in many papers dealing with
Newton'’s iterative method, the analysis of convergence of perturbed
sequences plays a great role. We find very elegant semilocal analysis
of convergence in J. Rockne [4], for perturbed Newton’s method,
and in G. J. Miel [2], for perturbed Newton-type methods. The only
computational disadvantage of these analyses is that error bounds in
hypotheses and bounds in convergence results are expressed in abso-
lute form. This is to say, in almost every computer the floating point
aritmetics is used, and the natural way of expressing computing error
is relative error bound.

From the computational point of view, an interesting analysis of
Newton-type methods is given in J. C. P. Bus [1]. This author treats
a class of numerically consistent methods and gives a local covergence
result, which is actually based on perturbed contraction technic (see
Ortega and Rheinboldt [3]; 12.2.3.). The linearity of this technique
seems to be the main difficulty in determination of relatistic final
relative error bound for iterative sequence.

In the present paper we shall avoid this difficulty by restricting
our consideration to the pure Newton's method, using all the advan-
tages of quadratic convergence property.

In the second section we treat a perturbed Newton's iterative
method in an arbitrary Banach space, and in the third section this
result is applied to the numerical Newton’'s method in R™, giving to
all the parameters clear computational meaning.
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2. General perturbed iterative method

In this section X is a Banach space with an arbitrary norm | [,
D is an open convex subset of X and F: D - X is Fréchet differenti-
able on D such that

|F'(x) = F' ()] < K|x — ] for all x,yeD. (1)

We define Newton's method iterative function G as G(x} = x —
— [F' (x)~*] F (x) whenever F’ (x) is nonsingular. The object of our
interest is an iterative method defined by iterative function H such
that inequality

1H(x) =G| <alx] +8]G @ —«| 2

holds for some nonnegative constants « and fg.

Convergence analysis of the method of this type is based on
majorization technique described in the next lemma.

LEMMA. Let y: [0,1) - R be of the form

ﬂ+-§—<1~ﬁ>s)
I—s s

p(s) = aa + (a—l—

and (Yu—1)nen @ sequence such that |y, <y (y.—i]),n e N.

If
>0, 20,a>0,a+ <1 (3a)

aa < (2 — a) (1 — (1 — (1%%:_‘9)2)”2) (3b)

and |yo| < s0€1[0,9), then |y,]| < s, neN, and limsup|y,] < &

where s, =W (s,-1,n €N, and 0< e <y < % are the roots of the

equation

(%—a—-%ﬂ)sz—(l—a—ﬂ+aa)s+aa=0. @)

Furthermore, if |yo| > & then for A, = |y,| — ¢ the following ine-
quality

by< 2By +od,, )

holds, where v < a + 98 + 6¢.
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Proof. Function o is strictly isotone for s e (0, 1).. Condition (3)
ensures existence of the roots of equation (4) such that 0 < e <y <
2
<3 and p (&) = &, v (y) =y. Convergence of the sequence (s,_)nen
and lim s, = ¢ is ensured by the condition s, €0, ), because s << (s)

for s e (0, &) and p (s) < s for s € (¢, ). Istonity of o and the induction
argument ensure |y,| < s, ne N, and 11m sup [y < e. Estimate (5)
can be obtained from

ﬂ+(1—ﬁ)(1—%s)
PO —e =9 =9 = ot — ) =9
i
Fa=pH
—}————1—_;—(8-—8).

In what follows, the open ball {x : |x — x,| < r} is denoted by
S (%0, ) and its closure by S (xq, 7).

THEOREM 1. Assume that there exists an x*€ D such that

7 fary = 1]] 1
F(x*) =0 and |F' (x*)~ Y < B* Leat So= S (x*, @) be a subset

of D, and H : Sq - X such that estimate (2) holds for xe S, =
_ 2 )
— *
gS(x 3B’
If the condition (3) of lemma holds for a = KB*|x*|, and 0 <
<e<y< % are the roots of equation (4), then for xo€ S, =S (x*, 7(%‘)
the sequence (X,_1)nen defined by the iterative method x, = H(x,_,),

n € N, is contained in S, and hm sup %, — **| < ey KB*

Furthermore, for d, = |x, — x*| — % with dy > 0 the estimate

<  tod, @<atopt6s 0)

holds.

Proof. For x € S, using (1) we have

1

’ " (x* X —x 1 TS
|F' (x) — F' (x¥)] < K| H< ” Fon- 1



182 B. Guljas

and perturbation lemma (see [3}; 2.3.2.) gives the existence of F' (x)~!
and

[ (-1 B
— K|[[F (x*)= 1] x — x*| ~1=KB"* e — )

1F G~ <5
We have
G) —x*=—F () ' [F(x) — F@*) — F(x)(x — 2]
and by (7) and mean-value theorem (see [3], 3.2.12.) it follows
1 % KB*||x — x*|
16G) =5 <5 KIF (& fx —21* < ey ®

Also, we have

| — 5 KB*[x — x|

1G@) — =l <z — = +]G () —=*] <

2],

)

= KB*[x — x*
Now, for x € S, because of (2), it follows
[H@) -2 < [H(x) - G| + |G (x) —** <
<ald +B[GE) —x] +[G @) —x¥ <
<alx*] +aflx — x| + B|Gx) — x| +[G(x) —x¥. (10)
Using (8) and (9) in (10) we have

B3l — F) KB* |x— "
1H @) — x| < ale] + \a + —F—5s S iz — x|
(1)

Multiplying (11) with KB*, putting x = x,_; and H (x,_,) = Xp
we see that the conditions of Lemma are fulfilled, implying that
= KB*|x, — x*| and a = KB*|x¥|.

Remark. One can easily notice that the smaller root of equation (4)
is bounded by

aaq

s ~(a+ﬂ+1_a?a ) "
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3. Numerical Newton’s method

Each step of Newton’s method, in actual computing process,
can be separated into two parts. The first part is determination of
the solution of the system of linear equations F'(x) h = — F (x),
and the second one is the correction G (x) = x + h. Therefore we
can write the numerical Newton's iterative function H as

H(x) = fla (fla (G () — %) + x) (13)

where «a is the precision of computation used in the numerical process
and fl, (-) means that an expression inside the brackets is calculated
in floating point aritmetics with the precision a (see J. C. P. Bus {1]).
It is important to notice that the inequality

[fla(x) — x| < afjx], xeR™, (14)

holds for all standard norms in R™. Before stating our final result we
have to analyse the computational solution of linear system Ax = b,
where A is m X m matrix and x, b are m dimensional vectors. This
solution behaves as the exact solution of the system (4 + E; + E;) (x +
-+ h) = b+ k, where E, and k are errors in computing A4 and b,
respectively, and E; is a consequence of the use of particular system
solving method. For Gaussian method we have the estimate |E,| <
< ag (m)| 4|, where g depends on dimension of the system, and its
form depends on | -| and pivoting strategy (see Wilkinson [5]).

For the relative error the inequality

1Ed] + [E2] | %]
oy e (BB R
B _ 4] I8 ] 04—t
'}x{} = 1 —.}f(A) HEIH‘_‘_ HEZH > '%/(A) ”A h HAH: (15)
4]
holds.

Now, we have the following theorem for numerical Newton's
method:

THEOREM 2. Let X =R™(meN) and let the function F
be as in Theorem 1. Further, assume that for x € S,

Ifla (F (2)) — F()] < (16)
ifla (F' (%)) — F' (®)]| < an | F' (x)] a7
and denote by A™* = A (F (x*) = |F' (x*)~ | |F' (x®)||, g = g (m),

BA*+2)(0+n+g)
—a(3A*+2)(n+g)

E=1+0+a); (18)
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F O AD0+8 <o 1+E<— and

et <2 (1= (1~ (52459)))

then for the numerical iterative function H, defined by (13), all conditions
of Theorem 1 are valid, assuming constants a and f§ = aé.

Proof. For x € S,

e EEELE o

and from (15), using (16), (17) and (19), we get

A (F'(x)a(d+n+eg)
l—aX (F(x)(n+g

a@BA*+2)(6+7n+¢)
1 —a@BA™*+2)(n+g)

Now, using (14), (18) and (20) we obtain
15 () — G @) < [[fla (1a(G () — %) + %) — fla (G (x) — =) | +
+ [fla (G (x) — %) — (G(x) — )| <
< afla(G(®) — %) + x| + [fla (G (x) — x) — (G (x) — )]
<alx] +aGE) —x] + 1+ ) [fla(G(x) —2) — (G — )
<alx] +aé |G — .

[£1.(G () — 0 — (G @ — )] < 16 @) —

1G () — . (20)

Combining results of Theorem 2 and estimate (12) we get, in
computational sense, very acceptable error bound:

; [l — x| a
ER I BT
where
B 2KB* ||
R ey (R g Py

It is evident that the influence of condition number 2%, relative error
bounds in computing F and F’, and other constants included in C
is very weak, because in actual computing process the precision is
very high, so aC < < 1. This is justified by the experience.
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NEWTONOVA METODA I GRESKE ZAOKRUZIVANJA
B. Gulja$, Zagreb

Sadrzaj

U ovom ¢lanku se proucava konvergencija Newtonove metode uz
utjecaj greSke zaokruzivanja. Tehnikom majorizacije dobije se gornja
meda za lim sup [[x, — x¥| /||x*], gdje je (xu)nen perturbirani New-
tonov niz, :1 x* je rjeSenje jednadzbe F (x) = 0. Ta je meda izraZena po-

modu Konstante stroja, uvjetovanosti A (F' (x*)), dimenzije sistema i
relativnih gre$aka kod rac¢unanja F (x) i F' (x).



