GLASNIK MATEMATICKI
Vol. 18 (38) (1983), 87-90.

COMPLETION OF ADDITIVE SET FUNCTIONS WITH
VALUES IN A UNIFORM SEMIGROUP

Z, Lipecki, Wroctaw, Poland

Abstract. We establish two theorems on a Peano-Jordan-type completion of
additive set functions with values in an Abelian uniform semigroup with neutral
element which improve earlier results by the author and D. Butkovié.

Let G be an Abelian semigroup with neutral element 0 equipped
with a (Hausdorff) uniformity U under which the addition - is uni-
formly continuous as a mapping from G X G into G ([3], p. 75, and
[6], p. 2). G is further termed an Abelian uniform semigroup with 0.
The letters W and V always denote arbitrary elements of U which are
called entourages. Qur terminology and notation concerning uniform
spaces follows, in principle, {2], Chapter 8.

Throughout the paper M denotes a ring of subsets of a set X.
Following [5], p. 20, we associate with every set function 4 : M - G
the family M, of all E < X for which to every V there exist M, N e
€ M such that

(x) McEc N and (u(5),0)eV providled N\ M> SeM.

PROPOSITION 1 (cf. [5], Proposition 1 and Remark 3). Let
u: M — G be additive and u (8) = 0. Then

(a) My is a ring of sets containing M.

b) Giwen EeM,, to every W there exist M, Ne M such that
McEcN and (u(S), u(S") e W provided M < §', S" < N and
Sy, 8" e M.

Proof. (a) If M, < E; < N; for i =1, 2, then
M UM, €« E;UE, ©N;UN,, M\ N, <E\E, <N \M;

(N1 UN) N\ (M U M), (Ny \M) N\ My \Ny) <
< (N \ M) U (N, \ M)
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Hence the additivity of x and the uniform continuity of + imply
that M, is a ring. That M < M, follows from the assumption that
u(8)=0.

(b) Fix W and take V so that (x,, y,), (x5, v,) € V implies (x, +
4+ %391 +y2) €W. Let E, V and M, N satisfy (*). Then for §’,
S"eM with Mc S, §” © N we have '\ §", "\ S € N\
N\ M whence (4 (8" S, 0), (8" S), 0) V. Since, clearly,
WS NS u(§"NS")eV, it follows from the additivity of u
that (u (S"), p(S") e2W.

If G is a group, the condition given in (b) characterizes M, (cf.
[5], Remark 3). In general, this is not so as shown by the following
simple

Example. Let X = {a,b,c} be a three-element set. Put M =
=10, X, {a}, {b, c}} and u(8)=0, u(X)=pu({a})= o and
u(b,c}) =1. Then u:M - [0, 0] is additive. Moreover, when
[0, 0] is equipped with the discrete uniformity, the condition given
in (b) holds for E = {a, b} while M, = M. Note that in our situation
this condition does not determine a ring of sets.

A set function g : M — G is called K-zight (K being a subfamily
of M) if to every M € M and V there exists K € K such that

K< M and (u(S5),0) eV provided M\ K> SeM (cf. [4],
Definition 2). In case u is additive, this condition is seen to imply that
to every M € M and W there exists K € K such that

KcM and (u(M), u(M)eW if KcMcM McM
(cf. [5], Definition 2). If, moreover, G is a group, then the converse
also holds.

The following result is a common generalization of Theorem 1
and the essential part of Theorem 2 in [5].

THEOREM 1. If (G, U) is complete, then every additive set
SJunction y : M — G with u (8) = 0 has a unique extension to an M-
~tight additive set function v : M, - G. Moreover, (M,)), = M,.

Proof. According to Proposition 1(a), M, is a ring and M <
< M,. In view of part (b) of the same proposition, for every E € M,
the net {u (M) : E > M € M}, where the index set is directed by <,
satisfies the Cauchy condition. Put

v(E) =lim{u(M):E> MeM)}.

Clearly, v extends u.

To prove that » is additive (cf. [5], Lemma 2 (iii)), take E, E, €
e M, with E, "E, =60. Then E=E, UE, is in M, too. Fix V
and take a closed W such that (xi,y,), (x2, ¥,) € W implies (x; +
+ x5y, +y2)eV. Let M, NeM, E and W be as in Proposition
1 (b). Also, let M;, N; € M, E; and W be chosen according to Propo-
sition 1(b) for = 1, 2. Put
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My =M, UM\ M,;) " N,) and M, = (N, 0 N)\ M,.

We have M; < M, < N; for i = 1,2 and M < M, U M, = N and
M, nM,=8. Hence (v(E),u(M)eW and (v(E),u (M,

U M,)) e W. It follows that (v (E,) + » (E,), 7 (M, U Mz)) €V, and
so (v (E), v (Ey) + v (Ep) €2V.

To prove that v is M-tight, given E € M, and W, choose M, N €
€ M so that (%) holds. Let F e M, and F < E\ M. Then there is
TeMwith T< Fand (v(F), u(T)eW. Since Tec N\ M, we
have (u (T), 0) € W. It follows that (» (F), 0) € 2W.

The uniqueness assertion is clear while the equality (M,), = M,
is a consequence of the following

PROPOSITION 2. Let u: M - G be additive and pu (8) = 0.
If v: M, - G is an extension of u, then (M,), = M,

Proof (cf. [5], the last part of the proof of Theorem 1). Suppose
F e (M,),, fix W and choose V such that (x, ¥,), (%2, y2), (X35, v3) €V
implies (x; + x3 + x3, y1 + 2 +¥3) € W. There are E,, E, €
with E; ©« F < E, and (¢ (S), 0) e V whenever E, \ E; » SeM.
Take M;, N; € M such that M; < E; < N; and (¢ (S), 0) € V whe-
never N\ M; 2 SeM, i=1,2. We have M; ©« F < N,, and

NN M € (NN M) U(E;, \ED) V(N \ M).

Hence, by the additivity of x and our choice of V, (u(S), 0) € W whe-
never N\ M; ® SeM. Thus FeM,.

Remark. In case the uniformity U has a countable base and M
is a o-ring, Theorem 1 holds without the completeness assumption on
U. Indeed, then E € M, if and only if there exist M, N € M such that

M < Ec< N and u(S) =0 provided N\ M> SeM (cf. [5],
Proposition 2). Hence it is enough to apply Theorem 1 to G equipped
with the discrete uniformity. In the latter case the resulting set fun-
ction v is called the Lebesgue (or null) completion of w (cf. {11, p. 34).

In view of what we have just said, the following result generalizes
{1}, Theorem 1.1 and Proposition 1.2.

THEOREM 2. Let {G,:iel} be a family of Abelian uniform
semigroups with O and let p, be the projection of H G; onto Gy. If
M~ II G; is additive and p(0) =0, then M ﬂ M, ..
If the G; s a1{e, moreover, complete, then p; o v (E) = v, (E) for all Ee€

€M, and ie I, where v and v; are the uniqgue M-tight additive extensions

of u and py o u on M, and My, ., respectively, given by Theorem 1.
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Proof. As p; is uniformly continuous, we have M, < M, .

and so M, = ﬂ M,, , ». To prove the other inclusion, fix an entou-
rage V in II G, and choose entourages V;, in G, for k=1, 7]
so that ({xi}, (y,}) € V whenever (x;,y,) €V, for every k. Given
Ee N M, ., take My, N, e M with M, < E< N, and (p; >
ol (‘f‘)], 0) € V,, whenever N;, \ M;, @ SeM. It follows that for
V and M =k(31 M, and N = kﬁxN‘* (+) holds.

Clearly, p; o ¥ is an additive extension of p; - u. Since p, is uni-
formly continuous, p; o ¥ is, moreover, M-tight. It follows that p, -
and »; coincide on M,.
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UPOTPUNJENJE ADITIVNIH SKUPOVNIH FUNKCIJA S VRIJEDNOSTI-
MA U UNIFORMNIM POLUGRUPAMA

Z. Lipecki, Wroclav, Poljska

Sadrzaj

Dokazuju se dva teorema o upotpunjenju Peano-Jordanovog tipa
aditivnih skupovnih funkcija s vrijednostima u Abelovim uniformnim
polugrupama s neutralnim elementom. Teoremi poboljSavaju ranije
rezultate koje su postigli autor i D. Butkovic.



