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APPROXIMATION THEOREMS FOR FIELDS AND
COMMUTATIVE RINGS

M. Arapovié, Sarajevo

Abstract. We give another proof of the approximation theorems for incompa-
rable valuations. The proofs are shorter than the proofs in [5]). They can also be app-
lied to valuations in commutative rings which is not the case for the proofs in [S].

1. Imroduction. Let (v, I') and (w, A) be two valuations on a
commutative ring R and @ = ¢ ov where ¢ is an order homomorphism
of the group I onto the group 4. Then we say that w dominates v
and denote = > v. Valuations v and o' are called dependent if there
exists a valuation w with @ > » and w > v’ and w (R) # {w (1), w (0)};
and they are called independent otherwise. Note that @ > v implies that
2”1 (00) =w" ! (o). It is easy to show that @ > » if and only if 4,<
c A,, and 27! (0) € P, € P,, where A, and 4,, are valuation rings
and P, and P,, are positive ideals of » and @ ([4}, Proposition 4). Let
(R, P) be a Priifer valuation pair and let R; be an overring of R, i. e.
let R, be a ring with R < R; = T (R) where T (R) is the total quo-
tient ring of R. Then there exists a prime ideal P; of R such that
P, € P and (Ry, P;) is a Priifer valuation pair ([1], Theorem 2.5).
Therefore, if v and w are Priifer valuations of the total quotient ring
T (R), then w > v if and only if 4,, 2 A4,, where 4, and A4,, are va-
luation rings of v and w.

Let 9, v; be two incomparable valuations on a commutative
ring R, let A;, A; be corresponding valuation rings, let P;, P; be cor-
responding positive ideals and let I, I'; be corresponding value
groups. Let 7' (00) = 7'(0) and let P be the maximal prime ideal
of A; and 4; such that P < P; and P < P;. Certainly, P 2 2]' () =
= ;' () and P =o' () =0;'(c0) if and only if the valu-
ations v, and v, are independent, i. e. the valuation v; A v; is trivial.
Since the valuations v; and o, are incomparable it follows that P # P;
and P # P;. Let 4;;,4; be the isolated subgroups of the groups
I', I'; respectively corresponding to P. A;; =1, 4;, =T if and
only if the valuations v; and v; are independent. If 2]’ () # 2]’ (0),
then the valuations v; and v; are independent and let again 4;; = I,
Ay=1, Let O : I > 1'jA4,, 6, : I, > I'}/d;,, be the natural
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homomorphisms. The groups I';/4;; and I';/4;; are ordered isomorphic
with the value group of v; A v;, and consequently they can be iden-
tified.

A pair (a;, a)) eIy X I'; is called compatible if, by the pre-
ceding identification, O;; (a;) = @;; (a;). Let v, ..,7v, (s »2) be
pairwise incomparable valuations of R. (ay, a3, ..., a) €4 X I, X
¥ ... X Iy is called compatible if and only if every pair (a;, a;) ¢ # 7)
is compatible. If a; =9, (x)_,_ a; =1v;(x)(x €R), then the pair
(a;5 a;) is compatible, since v; (x) = w (x) = v, (x), where w = v; A v},
v; () = Oy (v; (%)), 25 (x) = Oy (v; ().

If the valuations w2, v,, ..., v, are pairwise independent, then
every (as, @z, ..,a) €'y X I'; x ... x I'y is compatible.

2. THEOREM 1. (Approximation theorem in the neighbour-
hood of zero). Let v;,v,,...,v, be noncomparable valuations of the
field K, Vy, Vi ..., V. waluation rings, M,, M,, ..., M, maximal
ideals and I'y, I'y, ..., I', value groups of these valuations respectively
and let (a;, 03 ..o0)el’y X I'y X ... X I, be compatible. Then
there exists x € K such that v, (x) =a; 1 = 1,2, ..., n).

Proof. We first show that there exists a; € K such that v; (a;) =
=0, v;(a;) <0 (@ =2,3,..,n). We will prove this by induction on
n. Let n = 2. Take Xy € Vl \ V2. If Xy € V1 \M19 then D4 (xl) ==
=0, v, (x,) <O0. If x;, e M;, then for 1 + x; we have v, (I - x,) =
=0, v; (1 + %) <0 and so we may take q; = 1 + x,. Let n > 2.
Suppose that there exist aj, a; € K such that v, (a}) = 0, 7; (a]) <0
(=23.,n—1); v,(a;)=0, v;(a)) <0(=3,4,...,n and
prove that there exists q, € K such that %, (a,) =0, v;(a;) <0
(f=12,3,...,n). It is easy to conclude that for some positive integer
m v (a™ # v (a]) 1 =2,3,..,n). If v,(a}™+ a}) =0, then for
a, =a;"+af we have v,(a;)=0, v;(a;) <0E=273,...,n).
Ifo, (@™ + a7) > 0, then for a; = 1 + (a;™ + ay) we have v, (a;) =
=0, v;(ay) <0({ =2,3,...,n). Therefore, there exists a, € K such

that v, (a;) =0, v; (a;) <0(@F =2, 3, ..., n). For ai we have v, (ai) =
1 1
=0, o (-1—) >00G@=2,3,...,n).
ai

Let P,, ..., P, be prime ideals of V,, ..., V, respectively such
that P; £ M, (1=2, 3, ..., n). Valuation rings V;, (V,)p, are incom-
parable (¢ = 2, 3, ..., n), therefore there exists a, € K such that v, (a;) =
=0, (v)p,(ay) >0(GF=2,3,...,n); and since P; is the maximal
ideal of (V)p, (@ =2,3,...,n) it follows that a, €(V, \ M) N

N ﬁ Py).
i=2

Let (ay ..a)ely X ... x T a; =0, a >0, a3 >0, ...
...> ay >0, be compatible. Take x; € V; such that o; (x;) = a; and
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let P; be the minimal prime ideal of V; that contains x;, ({ = 2, 3, ..., n).
Then P, & M, (i = 2,3, ..., n). Take a, € (V, \.M,) " ( A P,). For

=2
some positive integer m we have v; (a7) =0, v;(@™) >a; (1 =2, 3, ..., n).
Let (ay, ...,a,) € I'y X ... X I, be compatible. Take x; e K
such that o, (x;)) =a;({=1,2,...,n). Take q, e K (i=1,2,...,7n)
such that 2;(a;)) =0, v;(a;) >a; —2;(x) (7= 1,2, ...,m; i #7).
For x=x;a;, +x:a,+ ... -x,a, we have 0;,(x) =a, (= 1,2, ..., n).

THEOREM 2. (General approximation theorem). Ler vy, v, ...

...» Up be pairwise incomparable valuations of the field K, let (a4, a,, ...

coan el X ... X I, be compatible and let b, b,, ..., b, € K. Then

there exists x € K such that v;(x — b)=0a;(=1,2,...,n), if and
only if

v (b — b)) < a;=a;, — v, (b — b)) ey, ey

Proof. Suppose that (1) is satisfied. Let V,, V,, ..., V, be va-

[uation rings of v;, v,, ..., v, respectively, and let D = | V;. From
i=1

Theorem 1 it follows that V; = Dy, where M; is the center of ¢,
on D(i=1,2,..,n) and if M is a maximal ideal of D, then M =
= M, for some ¢. Suppose first that b,e D(I= 1,2, ...,n). We will
first prove that there exists b € Ksuch thatz; (4 — b)) > a; 1 = 1,2, ...
on). Let Q;={beD|v;(d)>a}, ¢ =1,2,..,n) and let 4,j¢
€{l1,2,...,n},i#j. We will show that b; — b;€(Q; + 2)) Vi (k=
=1,2,...,n). Since v; (b; — b;) < a; => a; — v; (b; — by) € 4;; it fol-
lows easily that b, — b, €0, V, = (Q; + O)) V,, and since v;(b; —
—b)y<a; = a;—v;(b;—b,) ey, it follows that b;—b,cQ; V, =
S (0;+ 0) Vi (k= 1,2, ..., n). Therefore b —b; = (b; — by) +
+ b —b)e(Q;+0) Vi (k=1,2,...,n). Theretore, b, — b, Q, +
+ Q;(#,7=1,2,...,n) and by Chinese remainder theorem there
exists beD such that b, — b e Q;(7 = 1, 2, ..., n). Clearly,
2, (b —8)>a;(T=12,..,n).

’Now let b, e K(i=1,2,...,n). Take b;,d e D such that b, =

= %(i =1,2,...,n), and let ¥' € D be such that 2; ()’ — b)) > «;, +
+ 9; (d). Then for b = —bz we have 0, (b—58) > a;(=1,2,...,n).

Take ﬁi EO.A‘” ﬂi > O(i - 1, 2, vaey 71) and a: = a; “,— ﬂi (i =

+i

— 1,2, ..., n). Then there exists b € K such that v, (b — b)) > a’ (i =
=1, 2, ...,n). Now, by the approximation theorem in the neighbour-
hood of zero, there exists a € K such that v; (a) =a; =1, 2, ..., n).
For x=a+b we have v, (x — b)) =a;({=1,2, ...,m).

Conversely, suppose that there exists x € K such that o; (x —
—b)=a;(¢=1,2,..,n). It is easy to check that then (1) holds
({51, Theorem 3, page 136).
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Remark. It is easy to conclude that
(2 (by — b)) < a; = a; — v, (b — b)) €d;)) < (v, (b; — b)) < @y,
V; (b_, — bl) < a; = 0 — Uy (b, — bj) EA”).

THEOREM 3. Let v;,95,...,7, be pairwise incomparable va-
luations of the field K, let (ay, ...,a,) €'y X ... X I', be compatible
and let by, ..., b, € Kbe such that v; (b)) < ey =a; —v;(b;) e N 4y

H

”
Then there exists be K such that v,(b—b) = a,G=1,2, ..., n).

Proof. By the preceding theorem and by the preceding remark
it is sufficient to show that

V; (bi b bJ) < ;s 7)_,' (b_, —_ b,) << a_,- = a; —Y; (bl _— bj) EAU,
(t,j=1,2, ...,n;1 # j). Suppose that v; (b; — b;) <a;, v; (b; — b;) <
<< aj.

1) If U (b,) < V; (bj), then Dy (bl) << a; and Consequently a; —
— v; (b)) €4, therefore especially a; — v; (b; — b)) €4,

2) If v;(d;) < v;(by), then we similarly conclude that a; —
—v;(b; —b) el i e. @y —v;(b; — b)) =0, so that @; — v; (b, — b,) =0,
and therefore a; — v; (b; — b)) €4,;.

3) If Vg (bl) > D; (bj) and ’Uj (b_,) > 'Uj (bi), then Uy (bl) > Uy (bj) ==
=2; (b)) > v;(b), i. e v, () =v; (b;), and therefore a; — v, (b; —
- bj) EAif'

3. Let R be a Priifer ring, i. e. a ring in which each finitely ge-
nerated regular ideal is invertible, let {M;} be the set of maximal
ideals and let {P;} be the set of prime ideals of R. It is well known
that R is a Priifer ring if and only if (R;ar,;, [Ma] R;a;) is a valuation
pair for every M, e {Ma}. Also, (R;p,;> [Pi]l R p,y) is a valuation pair
for every P; € {P;}. Conversely, if V is a valuation overring of R, then
V = Ry, for some P; € {P;} ([3], Chapter X).

Let {V,} be the set of valuation overrings of R and let {v;} be

the corresponding valuations. It is easy to see that Theorems 1, 2,
and 3 can be applied to valuations {v3}.

THEOREM 4. Let R be a Priifer ring, Vi, Va, ..., V, pairwise
incomparable valuation overrings of R, let vy, v, ..., v, be the corres-
ponding valuations, I'y, ..., I, the corresponding wvalue groups, and let
(@ys ..o ay) €'y X ... X I’y be compatible. Then there exists x € T (R)
such that v;(x) = a; (i = 1,2, ..., n), where T (R) is the total quotient
ring of R.
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Proof. First let (a;, @35 ..y a) €ly X ... X I, be compatible
and such that a; =0, a; >0(=2,3,...,n). Then there exists
x€R such that v, (x) =0, v, (%) > a; (z =2,3,...,,n). Namely,
take x, € T (R) such that »,(x) =a; ((=2,3,. ,n) and let P; be
the minimal prime ideal of V, that contains x, (z =2,3,..,n). Take

xe(Vy;\ M) n (n P)) n R, where M, is the positive idéal of V.
i=2

Then for some positive integer 1 we have v, (x™ =0, v,(x) > ¢,
=2,3..,n).

Let (aj, a5 ..5a,) €l X ... X I, be compatible. Take x,
a; € T(R) SuCh that v; (x;) = a; (i = 1, 2, eey n), v; (a,') = O, ‘DJ (ai) >
>a;—v; ()67 =12..,n5i%)). For x==x,a, +x,a;, + ...
+ ..+ x,a, we have 0, (x) =a¢;(( =1, 2,...,n).

THEOREM 5. Let R be a Priifer ring, Vi, Vi, ..., V,, pairwise
incomparable valuation overrings of R, let vy, ..., v, be the corresponding
valuations, Iy, ..., Iy the corresponding value groups, and let by, by, ...

s by € T(R), where T (R) is the total quotient ring of R, Then there
exzsts xeT(R) such that v,(x —b)=a,(i=12,...,n), if and
only zf

v,(b,-—-bj)<a;=>a;—v,(b,—b_,)€[]u. (])

Proof. Let D= V. Since R = D, D is a Prifer ring, and

i=1

V,‘= D 11y where M, is the center of v; on D ({ =1, 2, ..., ). Mo~
reover, if M is a maximal ideal of D, then M = M, for some 7. Sup-
pose first that b, e D (i = 1, 2, ..., n). We will show that there exists
xe€T(R) such that v;,(x —b)> ;¢ =1,2,...,n). Let Q;={be
eD|v,B)>a}, (=1,2,..,n),and let 5,7 €{1,2, ...,n},i # 7. We
will prove that b; — b; € Q, 4 Q;. Since Q; -+ Q; is a regular ideal
of D it is sufficient to show that b, — b; € (Q; + Q;) V; for every
ke{l,2, ..., n}. Since (1) holds and since an ideal of a Priifer valuation
ring V is v-closed if and only if it is a regular ideal of V, it follows
that b, — 5, € Qi V< (Q;+0) Vy and b, —b,€Q; V, < (Q: +
+ Q) Vilk=1, 2, ..., m). Therefore, b, — b; = (b; — bi) + (bx —
—b)e @+ Q) Vi(k=12,..,m), i e b —b;€Q, + Q;. Since
by—b,€eQ0;4+0,0G,7=1,2,...,n), by Chinese remainder theorem
there exists beD such that b —5,€Q,(=1,2,...,n). Clearly,
(b —b)>a (F=12..,n). The rest of the proof is the same
as in Theorem 2.

THEOREM 6. Let R be a Priifer ring, Vi, ..., V,, patrwise incom-
parable valuation overrz’ngs of R, vy, ..., U, the corresponding valuations,
let (ayy ...oayel’y X ... X Iy be compatible and let by, ..., b, € T(R)
be such that v, (b;) < ag=>a—v,0)¢c n A,, Then there exists

beT(R) such that 'vi(b—-b)—ai(z—-l 2,. o h).

Proof. Theorem 6 can be proved from Theorem 5 in the same
way as Theorem 3 from Theorem 2.
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TEOREME O APROKSIMACIJI ZA POLJA I KOMUTATIVNE PRSTENE
M. Arapovié, Sarajevo

Sadrzaj

U ovom radu dajemo drugi dokaz teorema o aproksimaciji za neu-
poredive valuacije, Dokazi su kraéi od dokaza u [5], a mogu se primije-
niti i na valuacije u komutativnim prstenima §to nije slu¢aj za dokaze
u [5]



