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APPROXIMATION THEOREMS FOR FIELD S AND
COMMUTATIVE RINGS

M. Arapovic, Sarajevo

Abstract. We give another proof of the approximation theorems for incompa­
rable valuations. The proofs are shorter than the proofs in [5]. They can also be app­
lied to valuations in commutative rings which is not the case for the proofs in [5].

1. Introduction. Let (v, r) and (w, A) be two valuations on a
commutative ring R and w = ep o V where ep is an order homomorphism
of the group r onto the group A. Then we say that w dominates V

and denote w ;;. v. Valuations V and v' are called dependent if there
exists a valuation w with w ;;. V and w ;;. v' and w (R) =f {w (1), w (O)};
and they are called independent otherwise. Note that w ;;. V implies that
V- 1 (00) = w- 1 (00). It is easy to show that w ;;. V if and only if Av'=
'= A", and v-l (00) '= PW '= PV, where Av and Aw are valuation rings
and PV and Plo are positive ideals of V and w ([4], Proposition 4). Let
(R, P) be a Priifer valuation pair and let Rl be an overring of R, i. e.
let Rl be a ring with R '= Rl '= T (R) where T (R) is the total quo­
tient ring of R. Then there exists a prime ideal Pl of R such that
Pl '= P and (Rl, Pl) is a Priifer valuation pair ([1], Theorem 2.5).
Therefore, if v and w are Priifer valuations of the total quotient ring
T (R), then w ;;. v if and only if Aw ~ Av, where Av and Aw are va­
luation rings of v 'and w.

Let Vi' Vj be two incomparable valuations on a commutative
ring R, let Ai' Aj be corresponding valuation rings, let Pi' Pj be cor­
responding positive ideals and let ri, rj be corresponding value
groups. Let V~I ( (0) = V"'? (00) and let P be the maximal prime ideal
of Ai and Aj such that P '= Pi and P '= Pj' Certainly, P ~ VII (00) =
= vjl (00) and P = VII (00) = Vjl (00) if and only if the valu­
ations Vi and Vj are independent, i. e. the valuation Vi 1\ Vj is triviaI.
Since the valuations Vi and Vj are incomparable it follows that P =f Pi
and P =f Pj' Let L1ij' L1ji be the isolated subgroups of the groups
ri) rj respective1y corresponding to P. L1ij = ri, L1ji = rj if and
only if the valuations Vi and Vj are independent. If vII (00) =f vjl (00),
then the valuations Vi and Vj are independent and let again L1ij = ri,
L1ji = rj. Let eu: ri -+ r;jL1ij, eji: rj -+ r)L1ji be the natural
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homomorphisms. The groups F;/iJ il and FjjiJ ji are ordered isomorphic
with the value group of Vi A Vj, and consequently they can be iden­
tified.

A pair (ai' aj) E Fj X Fj is cal1ed compatible if, by the pre­
ceding identification, el} (aj) = eji (aj)' Let VI' ... , Vs (s> 2) be
pairwise incomparable valuations of R. (al' a2, ... , as) EFI >( F2 X
X ... X Fs is cal1ed compatible if and only if every pair (ai' aj) (i =I j)
is compatib1e. If ai = Vj (X), aj = Vj (x) (x ER), then the pair
(ai' aj) is compatible, since Vi (x) = W (x) = ~lj (x), where w = Vj /\ Vj,

Vi (X) = eu (Vj (x)), Vj (x) = eji (Vj (x)).

If the va1uations VI> V2' ... , Vs are pairwise independent, then
every (al' a2, ... , as) EFI X F2 X ... x Fs is compatible.

2. THEOREM 1. (Approximation theorem in the neighbour­
hood of zero). Let VI> V2, ... , Vn he noncomparable valuatio11S of the
field K, VI> V2, , Vn valUation rings, Ml' 1\12, ••• , 1\1n maximal
ideals and Fl, F2, , Fn value groups of these valuations respective(v
and let (al' a2' , an) EFI X F2 X ... x Fn be compatible. Then

there exists X E K such that Vi (X) = aj (i = 1, 2, .. " n).

Proof. We first show that there exists al E K such that VI (al) =
= O, Vi (al) < O (i = 2, 3, ... , n). We will prove this by induction on
n. Let n = 2. Take XI E VI "- V2. If XI E VI "-Ml' then VI (XI) =
= O, V2 (XI) < O. If XI E All' then for 1 + XI we have VJ cl + XI) =
= O, V2 (1 + XI) < O and so we may take al = 1 + XI' Let n > 2.
Suppose that there exist a~, a; E K such that VI (a~) = O, ~'i (a~) < O

(i = 2,3, ... , n-I); VI (a;) = O, Vi (a;) < O (i = 3, 4, ... , n) and
prove that there exists al E K such that VI (al) = O, Vj (al) < O

(i = 2, 3, ... , n). It is easy to conclude that for some positive integer
11l Vi (a~m) =I Vi (a;) (i = 2,3, ... , n). If VI (a~m + a;) = O, then for
al = a~m + a; we have VI (al) = O, Vj (al) < O (z'= 2, 3, ... , n).

If 'l'l (a~ m + a;) > O, then for al = 1 + (a~ m + a;) we have VI (al) =
= O, Vi (al) < O (z' = 2,3, ... , n). Therefore, there exists al E K such

that VI (a(l)l=)O, Vj (al) <O (i = 2,3, ... , n), For :1 we have V[ (all) ==0, Vi ~ >0(z'=2,3, ...,n).

Let P2, ••• , Pn be prime ideals of V2, ••• , V" respective1y such
that Pi $Ml (i = 2, 3, ... , n). Va1uation rings VI' (Vi) Pi are incom­
parab1e (i = 2,3, ... , n), therefore there exists al E K such that VI (al) =
= O, (vihl (al) > O (z' = 2,3, ... , n); and since Pi is the maxima1
ideal of (Vi)pJ (i = 2, 3, ... , n) it fo11ows that al E (VI'" AId n"
n ( n Pi)'

;=2

Let (al' ... , an) EFI X '" X Fn, al = O, az > O, a3 > O, ...

... , an > O, be compatib1e. Take Xj E Vj such that 'Vi (Xi) = ai and
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let Pi be the minima1 prime ideal of Vi that contains Xi' (i = 2, 3, ... , n).
n

Then Pi $ Ml (i = 2,3, ... , n). Take al E (VI'" Ml) ('\ ( n Pi)' For
;=2

some positive integer m we have VI (a~) = 0, Vi (d:) >ai (i = 2, 3, ,." n).
Let (al' ... , an) E TI X ... X Tn be compatible. Take Xi E K

such that Vi (Xi) = ai (i = 1,2, ... , n). Take a, E K (i = 1,2, ... , n)
such that Vi (aJ = 0, Vj (ai) > aj - Vj (Xi) (i,j = 1,2, ... , n; i i= j).
For X = XI al + Xz a2 + ...+ Xn all we have Vi (x) = ai (i = 1,2, ... , n).

THEOREM 2. (General approximation theorem). Let VI' V2, ..•

... , Vn be pairwise incomparable valuations of the field K, let (al' a2, ...

... , all) E TI X ... X Tn be compatible and let bI' b2, ••• , bn E K. Then
there exists x E K such that Vi (x - bi) = ai (i = 1,2, ... , n), il and
only il

(1)

Proof. Suppose that (1) is satisfied. Let VJ> V2, ... , Vn be va-
n

luation rings of VI> V2, ... , Vn respectively, and let D = n Vi' From
;=1

Theorem 1 it follows that Vi = DMP where A1; is the center of VI

on D (i = 1,2, ... , n) and if M is a maximal ideal of D, then Ai =
= Mi for some i. Suppose first that bi ED (i = 1,2, ... , n). We will
first prove that there exists b E K such that VI (b - bi) :> ai (i = 1,2, ...
... , n). Let Qi = {b EDI Vi (b) :> aJ, (i = 1,2, ... , n) and let i,j E
E {l, 2, , n}, i i= j. We will show that bi - bj E (Qi + 2j) Vk (k =
= 1, 2, , n). Since Vi (bi - bk) < ai => ai - Vi (bi - bk) E Llik it fol-
lows easily that bi - bk E Qi Vk s; (Qi + Qj) Vk, and since Vj (bj ­
- bk) < aj => aj - Vj (bj - bk) E L1jk it follows that bj - bk E Qj Vk S;

S; (Qi + Qj) Vk, (k = 1,2, ... , n). Therefore bi - bj = (bi - bk) +
+ (bk - bj) E (Qi + Qj) Vk, (k = 1, 2, ... , n). Therefore, bi - bj E Qi +
+ Qj (i,j = 1,2, ... , n) and by Chinese remainJer theorem there
exists b ED such that bi - b E Qi (i = 1, 2, ... , n). Clearly,
Vi (b - bi) :> ai (i = 1,2, ... , n).

Now let bi E K (i = 1, 2, ... , n). Take b;, dED such that bi =
= bd;(t' = 1,2, ... , n), and let b' ED be such that Vi (b' - b;) :> ai +

b' ,

+ Vi (d). Then for b = d we have Vi (b - bi) :> ai (t = 1, 2, ... , n).

Take {Ji En Llli, {Ji > ° (i = 1,2, ... , n) and a; = ai + {Ji (i =Hi
= 1,2, , n). Then there exists b E K such that Vi (b - b;) :> a; (i =
= 1,2, , n). Now, by the approximation theorem in the neighbour-
hood of zero, there exists a E K such that Vi (a) = ai (i = 1, 2, ... , n).
For X = a + b we have Vi (X - bi) = ai (i = 1,2, ... , n).

Conversely, suppose that there exists X E K such that Vi (x ­
- bi) = ai (i = 1,2, ... , n). It is easy to check that then (1) ho1ds
([5], Theorem 3, page 136).
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Remark. It is easy to conclude that

(VI (bi - bj) < ai => ai - VI (bi - bj) EJij) <o> (VI (bi - bj) < ai'

Vj (bj - bi) < aj => al - VI (bi - bj) EJlj)'

THEOREM 3. Let Vl> V2, , Vn be pairwise incomparable va-

luations of the field K, let (al' , an) E TI X ... X Tn be compatible

and let bI' ... , bn E K be such that Vi (bi) < al => ai - Vi (bi) E n Ji}.
j#i

Then there exim b E K such that VI (b - bi) = ai (i = 1,2, ... , n).

Proof. By the preceding theorem and by the preceding remark
it is sufficient to show that

Vi (bi - bj) < ai' Vj (bj - bi) < aj => ai - Vi (bi - bj) EJij,
(i,j = 1, 2, ... , n; i 1= j). Suppose that Vi (bi - bj) < ai' Vj (bj - bi) <
< aj'

1) If Vi (bi) .;; Vi (bj), then Vi (bi) < ai and consequent1y ai­
- Vi (bi) E Jij, therefore especially al - Vi (bi - bj) E Jij.

2) If Vj (bj) .;; Vj (bi)' then we similarly conclude that aj­

-vj(bj-bl)EJjl, i. e. aj-vj(bj-b;)=O, sothatal-vi(bl-bj)=O,

and therefore ai - Vi (bi - bj) EJIj'

3) If VI (bi) > Vi (bj) and Vj (bj) > Vj (bi)' then Vi (bi) :> Vi (bj) =
= Vj (bj) :> Vj (bi)' i. e. Vi (bi) = Vi (bj), and therefore ai - VI (bi ­

- bj) E Ji}.

3. Let R be a Priifer ring, i. e. a ring in which each finite1y ge­
nerated regular ideal is invertible, let {MA} be the set of maximaI
ideals and let {PA} be the set of prime ideals of R. It is well known
that R is a Priifer ring if and only if (R[MAl' [MA] R[MA]) is a valuation
pair for every MA E {AfA}. Also, (R[PAl' [PA]R[PA]) is a valuation pair
for every Pi. E {Pi.}. Converse1y, if Vis a valuation overring of R, then

V = R[PAl for some PA E {PA} ([3], Chapter X).

Let {VA} be the set of valuation overrings of R and let {VA} be
the corresponding valuations. It is easy to see that Theorems 1, 2,
and 3 can be applied to valuations {VA}.

THEOREM 4. Let R be a Prufer ring, Vl> V2, ... , Vn pairwise
incomparable valuation overrings of R, let VI' V2, ... , Vn be the corres­
ponding valuations, TI' ..., Tn the corresponding value groups, and let
(al> ... , an) E TI X ... X Tn be compatible. Then there exists X E T(R)
such that Vi (X) = ai (i = 1,2, ... , n), where T (R) is the total quotient
ring of R.
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(I)

Proof. First let (a!) a2, ... , an) ErI X •.• X rn be compatible
and such that al = O, ac > O(i = 2, 3, ... , n). Then there exists
X ER such that VI (X) = O, Vc (x) > ar (i = 2, 3, , .., n). Namely,
take x, E T (R) such that 'li, (XI) = al (i = 2, 3, .. " n) and let Pi be
the minimal prime ideal of V, that contains XI (i = 2, 3, ... , n). Take

ti

X E (VI'" Ml) () (n Pi) () R, where Ml is the positive ideal of VI'
i=2

Then for some positive integer In we have VI (xnl) = O,VI (x) > a,
ef = 2, 3, ... , n).

Let (al' a2, "0' an) E l\ x ... x rn be compatible. Take Xi'
ar E T (R) such that Vi (XI) = ai (i = 1,2, ... , n), Vi (ai) = O, VJ (ai) >
> aj - Vj (Xi) (i,j = 1,2, ... , n;, z·=I- .1). For X = XJ aj + X2 a2 + ..,
+ ...+ Xn an we have Vi (X) = al (i =. 1,2, ... , n).

THEORE.M. 5. Let R be a Prufel' ring, VJ, V2, ••• , Vn pairwise
incomparable valuation overrings of R, let 'li!) ... , 'linbe the correspondz'l1g
valuatz'ons, r!) ... , rn the corresponding value groups, and let bJ' b2, •••

... , bn E T (R), where T (R) is the total quotient ring of R. Then there
exists X ET (R) such that 'li, (x - bi) = al (i = 1,2, ... , n), ii and
only ii

ti

Proof. Let D = n VI' Sipce R ~ D, D is a Priifer ring, and
\ 1=1

V, = DeM,]' where .NIi is the center of VI on D (i = 1,2, ... , n). .Mo­
reover, il' M is a max:imal ideal of D, then At = M, for some i. Sup­
pose first that b, ED (i = 1,2, ... , n). \Ve will show that there exists
X E T(R) such that 'Vi (X - bi) ;> ai (i = 1,2, ... , n). Let Qi = {b E
EDI 'li, (b) ;> ai}, (i = 1,2, ... , n), and let i,j E {l, 2, ... , n}, i =1-.1. \Ve
will prove that bi - bj E Q, + Qj. Since Qi + Qj is a regula1' ideal
of D it is sufficient to show that bi - bj E (Qi + Qj) VI< for every
k E {1, 2, ... , n}. Since (1) holds and since an ideal of a Prtifer valuation
ring V is 'li-closed il' and only il' it is a regular ideal of V, it folJows
that bi - bk E Qi Vk ~ (Qi + Qj) VI< and bj - bk E Qj Vk ~ (QI +
+ Qj) Vk (k = 1, 2, ... , n). Therefore, bi - bj = (bi - bk) + (bk ­
~ bj) E (Q, + Qj) Vk (k = 1,2, ... , n), i. e. b, - bj E Q, + Qj. Since
b, - bj E Qi + Qj (i, .1 = 1,2, ... , n), by Chinese remain der theorem
there exists b ED such that b - bi E QI (i = 1,2, ... , n). Clearly,
'li, (b - be) ;;. at (i = 1,2, ... , n). The rest of the proof is the same
as in Theorem 2.

THEOREM 6. Let R be a Prafer ring, V!) •.. , Vn pairwise incom­
parable valuatz'on overrt'ngs of R, VIJ ••• , 'lin the corresponding valuatt'ons,
let (al' .. ,' an) E rl x ... x rn be compatzObleand let bIJ •.. , bn E T(R)
be such that Vt (bi) < al ~ at - 'li, (bt) E n L1 ij' Then there exzsts

j"#i
bET (R) such that Vt (b - bi) = at (i = 1,2, ... , n).

Proof. Theorem 6 can be proved from Theorem 5 in the same
way as Theorem 3 from Theorem 2.
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TEOREME O APROKSIMACIJI ZA POLJA I KOMUTATIVNE PRSTENE

M. Arapovic, Sarajevo

Sadržaj

U ovom radu dajemo drugi dokaz teorema o aproksimaciji za neu­
poredive valuacije. Dokazi su kraci od dokaza u [5], a mogu se primije­
niti i na valuacije u komutativnim prstenima što nije slucaj za dokaze
u [5]


