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Abstract. There are 26 possibilities for the torsion group of elliptic curves
de�ned over quadratic number �elds. We present examples of high rank elliptic
curves with given torsion group which give the current records for most of the
torsion groups. In particular, we show that for each possible torsion group,
except maybe for Z/15Z, there exist an elliptic curve over some quadratic �eld
with this torsion group and with rank ≥ 2.

1. Introduction

Let K = Q(
√
d), d ∈ Z, be a quadratic number �eld and E an elliptic curve

de�ned over K. Then the torsion subgroup for E is one of:

Z/mZ, 1 ≤ m ≤ 18,m ̸= 17,

Z/2Z× Z/2mZ, 1 ≤ m ≤ 6,

Z/3Z× Z/3mZ, m = 1, 2, only possible for Q(
√
−3),

Z/4Z× Z/4Z, only possible for Q(
√
−1)

(see [10] and [11]). In [17], Rabarison gave a parametrization of the curves having
such torsion groups. His results together with recent results from [4] show that for
each possible torsion group there exist an elliptic curve over some quadratic �eld
with this torsion group and positive rank. In this paper, we present examples of
elliptic curves having high rank and given torsion group over a quadratic �eld. For
most of the torsion groups our results give the current records. In particular, our
results show that for each possible torsion group, except maybe for Z/15Z, there
exist an elliptic curve over some quadratic �eld with this torsion group and with
rank ≥ 2.

For elliptic curves over Q, by Mazur's theorem there are 15 possible torsion
groups. The current rank records and the data on corresponding curves can be
found in the table [6] (for previous records see e.g. [12]). It is known since 2003
that for each of these 15 torsion groups there exist a curve over Q with this torsion
group and with rank ≥ 3, and this is still the best known result of that type.
Namely, despite big e�orts in last 10 years, no elliptic curve over Q with torsion
Z/2Z× Z/8Z and rank ≥ 4 has been found so far.

2. Current records

We summarize the current records, including our results, in Table 1. For each
torsion group T from the above list, we de�ne B(T ) as the supremum of the ranks
of elliptic curves de�ned over any quadratic �eld and having torsion group T (for

2010 Mathematics Subject Classi�cation. 11G05, 14H52, 11R11.
A. D. was supported by the Ministry of Science, Education and Sports, Republic of Croatia,

grant 037-0372781-2821 and by the Croatian Science Foundation under the project no. 6422. J.
C. P. was supported by the UPV/EHU grant EHU 10/05.

1



2 J. AGUIRRE, A. DUJELLA, M. JUKI� BOKUN, AND J. C. PERAL

the trivial torsion group we put T = 0). The third column in Table 1 (l.b.) gives a
lower bound of B(T ) for T given in the �rst column, while the second column gives
the discriminant d of the corresponding quadratic number �eld K. Numbers 4.x
in the reference column correspond to the subsections of Section 4 of the present
paper, where the details of the corresponding curve appear. The marks ∗ in the
table refer to the curves obtained by an application of Mestre's general construction
which produces quadratic �elds with huge discriminants. In the case of torsion
Z/2Z× Z/2Z, the discriminant d2 is too large to �t in the table, but will be given
in Subsection 4.12. Values in boldface in the third column are conditional, assuming
the Parity Conjecture.

Table 1. Current records

T d l.b. Reference

0 ∗ 30 [6, 8, 13]
Z/2Z −1 28 4.1
Z/3Z ∗ 15 [6, 13]
Z/4Z −25689 15 4.2
Z/5Z ∗ 10 [6, 13]
Z/6Z 3521 11 4.3
Z/7Z ∗ 7 [6, 13]
Z/8Z −227 9 4.4
Z/9Z −155 6 4.5
Z/10Z −2495 7 4.6
Z/11Z −3239 2 4.7
Z/12Z 2014 7 4.8
Z/13Z 193 2 [17]
Z/14Z 265 2 4.9, [17]
Z/15Z −7 1 4.10, [4]
Z/16Z 1785 2 4.11
Z/18Z 26521 2 [4]

Z/2Z× Z/2Z d2 19 20 4.12
Z/2Z× Z/4Z −83201 13 4.13
Z/2Z× Z/6Z 624341 10 4.14
Z/2Z× Z/8Z 31230597 8 4.15
Z/2Z× Z/10Z 1065333545 4 5 4.16, [4]
Z/2Z× Z/12Z 2947271015 4 [4]
Z/3Z× Z/3Z −3 7 [9]
Z/3Z× Z/6Z −3 6 [9]
Z/4Z× Z/4Z −1 7 [7]

3. Methods of search

In the case of the 15 possible torsion groups of elliptic curves over Q (by Mazur's
theorem), we consider curves with rational coe�cients, and in order to determine

their rank over a quadratic �eld Q(
√
d) we use the formula ([2], see also [20] or [21,

Exercise 10.16])

(1) rank(E(Q(
√
d)) = rank(E(Q)) + rank(E(d)(Q)),

where E(d) denotes the d-quadratic twist of E. One way to get high rank curves
over quadratic �elds with one of these 15 torsion groups is to start with one of the
record curves with this torsion over Q (these curves are collected in the tables [6]),
then search for a twist of this curve with high rank, and �nally use (1). However, the
record curves usually have very large coe�cients, which makes it hard to compute
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the rank of its twist. Thus sometimes it is more pro�table to start with curves
of rank slightly smaller than the corresponding record (many such curves are also
available in [6]), and then use the full power of standard sieving methods for �nding
high rank curves in parametric families of elliptic curves. These methods include
computations of Mestre-Nagao sums (they are indicators of good candidates of
high rank, see e.g. [15]) and the Selmer rank (it gives an upper bound for the
rank which is sometimes sharp). In some cases the root number is used either
for reaching conditional results through the Parity Conjecture or as an additional
sieving parameter. We implemented these sieving procedures in Pari [16]. For
computing the rank we used Cremona's program mwrank [5].

For the curves with record rank over Q, we were usually able to compute the
rank of the twists only up to d < 104 or d < 105, so that gave the limitation for
our search. On the other hand, for starting curves with small coe�cients, we could
search for high-rank twists up to d < 108. In order to make this search practical,
we have chosen strong conditions for the Mestre-Nagao sum. As an illustration, we
can mention the 31230597-twist of rank 5 in the case of torsion group Z/2Z×Z/8Z
(for details see Subsection 4.15). Here the search procedure took around 10 days
of CPU time on an Intel Xeon E5430.

We should mention a general result due to Mestre [13] (see also [22]) who proved
that for any elliptic curve E over Q there exist in�nitely many quadratic twists with
rank ≥ 2. For some torsion groups of odd order (trivial, Z/3Z, Z/5Z, Z/7Z) the
largest known ranks were obtained by applying Mestre's result [13] to the record
curves over Q. Thus we will not give further details for these cases. We mention
also results announced by Mestre [14] and proved by Rubin and Silverberg [18, 19]
that if the torsion group of E is Z/2Z × Z/4Z, resp. Z/2Z × Z/8Z, then there
exist in�nitely many quadratic twists of E with rank ≥ 3, resp. ≥ 4. However, our
results for these two cases improve those obtained by direct application of results
from [18, 19] to the record curves over Q.

For the torsion groups of the form Z/2Z×Z/2mZ, we may take the record curve
with torsion Z/2mZ over Q, and then determine the quadratic �eld over which this
curve contains torsion Z/2Z× Z/2mZ.

Formula (1) can be also used for curves over a quadratic �eld, even if its torsion
group is not one of the 15 which are possible for curves over Q, when they admit a
model with rational coe�cients. Indeed, this was applied in [7, 9] for torsion groups
Z/4Z×Z/4Z, Z/3Z×Z/3Z and Z/3Z×Z/6Z. For the remaining torsion groups, we
use the parametrizations given in [17], and try to compute the rank (or at least to
get some information on it) for curves corresponding to small parameters by using
procedures available in Magma ([3]).

Let us mention that for torsion groups Z/13Z and Z/18Z, the current records
with rank 2 might be very hard to improve, since it was recently proved in [4] that
all such curves over quadratic �elds have even rank.

4. Examples

4.1. Torsion Z/2Z. B(Z/2Z) ≥ 28. For this torsion group the highest rank known
over Q is an example of a curve with rank 19 found by Elkies (see [6]). For our
purpose, it is more interesting to use an example due to Watkins (see [1, 6]), who
found a curve with rank 14 and j-invariant 1728, namely

y2 = x3 − 402599774387690701016910427272483x.

It is isomorphic to its (−1)-twist. Hence, the rank of the (−1)-twist of this elliptic
curve is also 14, and now it follows from (1) that this curve has rank 28 over
Q(

√
−1).
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4.2. Torsion Z/4Z. B(Z/4Z) ≥ 15. The curve with the highest known rank over
Q having this torsion group is an example with rank 12 found by Elkies in 2006
(see [6]). Since its coe�cients are very large, we have considered also curves with
rank 9, 10 and 11 from [6]. In that way, we found several curves with rank 14 over
certain quadratic �elds, and one example with rank 15. This example was found
starting with the rank 9 curve:

y2 = x3 − x2 − 63101137631999143241257265x

+ 191341468112384598938400129107933347137

found by Eroshkin in 2008. Its twist by d = −25689 has rank 6, so an application
of (1) gives that B(Z/4Z) ≥ 15.

4.3. Torsion Z/6Z. B(Z/6Z) ≥ 11. In this case the highest known rank over Q
known for this torsion group is 8 (Dujella, Eroshkin, Elkies (2008), see [6]). We
got the best result starting with a rank 7 curve, found by Dujella in 2001, which is
given by

y2 + x y = x3 − x2 − 45123702275641081919424x+ 936989213947498862436000.

Its 3521-twist has rank at least 4 so the result follows again by (1).

4.4. Torsion Z/8Z. B(Z/8Z) ≥ 9. For this torsion group the curve with highest
known rank was found by Elkies in 2006 (see [6]) and has rank 6. For our search we
use the curve with rank 5, found by Dujella & Lecacheux in 2002, which is given
by

y2 = x3 + x2 − 11849634571550798667743047864720x

+ 15613761915399875450490670165233536220551598068.

Since its twist by d = −227 has rank 4, the result follows.

4.5. Torsion Z/9Z. B(Z/9Z) ≥ 6. Fisher found in 2009 a curve with torsion Z/9Z
and rank 4 over Q (see [6]). By applying the general result by Mestre, we get a
curve of rank 6 over a quadratic �eld. However, this �eld has a huge discriminant,
and an example of rank 6 with much smaller discriminant can be obtained starting
with the elliptic curve

y2 + x y + y = x3 − x2 − 41368267697099x+ 102411668493915101147,

of rank 3 over Q (Dujella 2001), and noting that its twist by d = −155 also has
rank 3 over Q. Thus it has rank 6 over Q(

√
−155) by (1).

4.6. Torsion Z/10Z. B(Z/10Z) ≥ 7. We use the curve with rank 4 and torsion
Z/10Z which is the rank record for this torsion group (Dujella 2004, see [6]). The
curve is

y2 + x y = x3 − 127381738643041574974581021420318985x

+ 17495594046612039766866496413577998621609407092547225.

Its twist by d = −2495 has rank equal to 3, so the result follows from (1).
Another examples with rank 7 and torsion Z/10Z over a quadratic �eld can be

obtained by starting with curves with smaller rank. E.g. the curve

y2 + x y = x3 − 5313234280x+ 149068288642400
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(Womack 2000, see [23]) has torsion Z/10Z, rank 2 over Q and its 318855485-twist
has rank 5, while the curve

y2 + x y = x3 − 4281263352573652971565x

+ 107821663654697042219512111579217

(Dujella 2001, see [6]) has torsion Z/10Z, rank 3 over Q and its 3007-twist has rank
4.

4.7. Torsion Z/11Z. B(Z/11Z) ≥ 2. This torsion cannot appear over Q. Rabari-
son [17] showed the existence of curves with torsion group Z/11Z and rank at

least 1 over Q(
√
d) for d = −3239,−599,−47, 6, 7, 22, 73 and 193. The curve over

Q(
√
−3239) is

y2 +
5
√
−3239− 796

9
x y + (45

√
−3239 + 855)y = x3 + (45

√
−3239 + 855)x2.

Rabarison stated that its rank over Q(
√
−3239) is 1. Since it has a point of in�nite

order ([1 −
√
−3239, 2

√
−3239 − 1082]) and root number equal to 1, the Parity

Conjecture implies that its rank should be at least 2. Unfortunately, we were not
able to �nd the second independent point. We have also an example over Q(

√
1129)

with conditional rank ≥ 2. However, we were able to �nd one example with torsion
Z/11Z and rank ≥ 2 over Q(

√
561), unconditionally. Namely, the curve

y2 +
−10

√
561 + 893

1008
x y +

−35
√
561 + 210

10368
y = x3 +

−35
√
561 + 210

10368
x2

has the torsion group Z/11Z overQ(
√
561) and the following two independent points

of in�nite order:
[
−
√
561−869
6912 , 1709

√
561+147421

6967296

]
and

[
5
√
561−65
1344 , −1285

√
561+32385

2032128

]
.

4.8. Torsion Z/12Z. B(Z/12Z) ≥ 7. Although the highest known rank for this
torsion is 4 (Fisher 2008, see [6]), we apply our procedure to several curves with
rank 2 and 3. For the curve with rank 3 and torsion Z/12Z found by Rathbun in
2003 (see [6]) given by

y2 + x y + y = x3 − x2 − 42403753582533569425032932x

+ 106274144228004532427905140464314177031,

we �nd that its twist by d = −106071 has rank 4. Another curve with rank 3 and
torsion Z/12Z is

y2 + x y = x3 − 544753256053055692212823356675x

+ 154756127532691562955214620687209364995464257,

found by Dujella in 2005. We �nd that its 2905-twist has rank 4. Finally, we
consider a curve with rank 2:

y2 + x y = x3 − x2 − 136659485377389900024x

+ 612767297917647098548240331268,

which has 2014-twist with rank 5. Again, an application of (1) gives the announced
result.
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4.9. Torsion Z/14Z. B(Z/14Z) ≥ 2. In [17], Rabarison gave examples of elliptic
curves with torsion group Z/14Z and rank ≥ 1 over the quadratic �elds Q(

√
−23)

and Q(
√
265). The curve over Q(

√
265) is

y2 +
−18

√
265 + 283

145
x y +

726
√
265− 12990

21025
y = x3 +

726
√
265− 12990

21025
x2.

Using Magma [3], we �nd that this curve has rank equal to 2, with independent
points with x-coordinates

−133118
√
265 + 4584710

36395145
and

−246
√
265 + 4902

4205
.

4.10. Torsion Z/15Z. B(Z/15Z) ≥ 1. In [4], an example with torsion group

Z/15Z and positive rank is given over Q(
√
345). Here we give such an example over

Q(
√
−7). This is the curve

y2 + (−2
√
−7 + 15)x y + (26

√
−7− 14)y = x3 + (26

√
−7− 14)x2,

obtained by inserting

t = (−
√
−7− 5)/8, s = (

√
−7− 11)/16

in the general parametrization of curves with torsion Z/15Z given in [17]. This
curve has a point of in�nite order [6

√
−7− 98, 136

√
−7 + 1064] over Q(

√
−7).

4.11. Torsion Z/16Z. B(Z/16Z) ≥ 2. In [17], Rabarison gave an example of

elliptic curve with torsion Z/16Z and rank ≥ 1 over Q(
√
10). We improve this result

by �nding an example with torsion Z/16Z and rank equal to 2 over Q(
√
1785). The

curve is

y2 +
−247

√
1785 + 80605

71680
x y +

−203
√
1785− 11271

917504
y = x3 +

−203
√
1785− 11271

917504
x2.

Using Magma [3], we �nd that this curve has rank 2 overQ(
√
1785), with independent

points with x-coordinates

10763581607
√
1785 + 456934229139

894936283136
and

11
√
1785 + 663

50540
.

4.12. Torsion Z/2Z × Z/2Z. B(Z/2Z × Z/2Z) ≥ 19. In this case the argument
is di�erent: we start with a curve having torsion Z/2Z over Q and rank 19. This
curve has the record rank for this torsion group and was found by Elkies in 2009
(see [6]). We write it in the form

y2 = (x+ 655364911965298267755181)g(x),

where g is a monic polynomial of degree 2 with integer coe�cients whose discrimi-
nant is

d2 = −3901785498412536920668361993073821511.

The curve has two additional 2-torsion points over Q(
√
d2) and its torsion group

over this �eld is Z/2Z × Z/2Z. The rank is at least 19 over Q(
√
d2). Since the

root number for the d2-twist of the curve is −1, assuming the Parity Conjecture,
we have that the rank should be at least 20.
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4.13. Torsion Z/2Z× Z/4Z. B(Z/2Z× Z/4Z) ≥ 13. The record rank over Q for
this torsion is 8, due to Elkies (2005), Eroshkin (2008), Dujella & Eroshkin (2008)
(see [6]). One of the known rank-record curves, found by Eroshkin, is given by

y2 = x3 + x2 − 23686061832482481624168232900x

+ 1401294826072670363740983663536729053022048.

Its twists by d = −83201 and d = 109499 both have rank 5, so the result follows.
Another example is given by the curve

y2 = x3 − x2 − 866893152450363503763740085700x

+ 61220734062068506723288644020689511073795652,

found by Dujella & Eroshkin. It has rank 8, while its 117589-twist has rank 5.

4.14. Torsion Z/2Z × Z/6Z. B(Z/2Z × Z/6Z) ≥ 10. Although the record rank
over Q for this torsion is 6 (Elkies, 2006), we use a curve having this torsion group
and rank 5, found by Dujella & Lecacheux in 2002 (see [6]). The curve is given by

y2 + x y = x3 − 2353799432200918732090882185x

+ 39989567111692230080439457690563434811225.

The result follows from the fact that its 624341-twist has rank 5 over Q.

4.15. Torsion Z/2Z×Z/8Z. B(Z/2Z×Z/8Z) ≥ 8. The highest known rank over
Q for curves with this torsion is 3. In total, there are 27 such curves known, found
by many authors (see [6]). We use the curve with rank 3, found independently by
Connell and Dujella in 2000:

y2 + x y = x3 − 15745932530829089880x+ 24028219957095969426339278400.

The result is a consequence of the fact that its twist by d = 31230597 has rank 5.

4.16. Torsion Z/2Z × Z/10Z. B(Z/2Z × Z/10Z) ≥ 4. This torsion group does
not appear over Q, so we apply an argument similar to the one used in Subsection
4.12. We start from a curve with rank 4 over Q and torsion Z/10Z and we look for
twists with additional torsion points. The starting curve is

y2 + x y = x3 − 186734461375182851611482374885236743900x

+ 979124235576847382684597033191041431087287234552438410000,

found by Dujella in 2008 (see [6]). We �nd that it has torsion Z/2Z× Z/10Z over

the quadratic �eld Q(
√
1065333545), so the result follows. Let us mention that a

curve of rank ≥ 4 and torsion Z/2Z × Z/10Z over Q(
√
55325286553) was found

in [4] by the same method. However, here the corresponding twist has the root
number −1, so assuming the Parity Conjecture, this curve has rank ≥ 5.
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