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@ Quasi-particle bases of principal subspaces for the affine Lie algebras
of types Bl(l) and C,(l), arXiv:1505.00450 [math.QA].
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@ Lepowsky and Primc: character formulas for all standard modules of affine
Lie algebra of type A(ll)

o B. L. Feigin and A. V. Stoyanovsky: introducing principal subspaces of
standard Agl)—modules; the principal subspace of level one standard module
of affine Lie algebra of type A(ll) has a combinatorial basis that satisfies the
difference-two condition;

o Rogers-Ramanujan identities:
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9 _ 1
Z (q)r B g (1 — q5i+1)(1 — q5,'+4)

r>0

q
= (q)r 1;[ q5’+2) 1-¢>3)

where (q), = (1 - q)(1—¢%)--(1-q")

o G. Georgiev: combinatorial bases of principal subspaces of standard
Ag,l)—modules (n > 1); character formulas for affine Lie algebras of
A — D — E types
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Modules of affine Lie algebra
Principal subspaces

Quasi-particle

© Principal subspace
@ Modules of affine Lie algebra
@ Principal subspaces
@ Quasi-particle

© Combinatorial bases
@ Combinatorial basis in the case of Bl(l), [ >2
@ Combinatorial basis in the case of C,(l), />2
@ Combinatorial basis for the pricipal subspace Wy

9 Character of the principal subspaces
@ Characters of the principal subspace W,
o Characters of the principal subspace Wy
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Modules of affine Lie algebra

g simple Lie algebra of type X

h the Cartan subalgebra
(-,-) the normalized symmetric invariant nondegenerate bilinear form
h= b

M= {aa,...,a;} simple roots

(a, ) =2, o € R long root
R=RLUR_

triangular decomposition:
g=n_Ohdn,

X, fixed root vectors

°
°
°
°
@ R the set of roots of g
°
°
°

w1, .- .,w; fundamental weights
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Modules of affine Lie algebra

§ = g®C[t, t ] @ Cc- associated affine Lie algebra

@ c canonical central element

o x(j)=x®t, xcg, jEL

o [x(1),y(2)] = [x,¥1 (1 + J2) + (x, ) b 4ip0c, [, x()] =0

o d degree operator [c,d] =0, [d,x(j)] =,jx())

e g=goCd

e h =h @ Cc® Cd the Cartan subalgebra

o N={ay,ay,...,a)} simple roots

@ Ag, A1, ..., \; fundamental weights

o L(MAg),L(A1),...,L(As) standard g-modules of level 1 with highest

weight vectors vp,, VA, - .., Vp,
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Modules of affine Lie algebra

keN

N(kMo) = U(8) ®u(g,) Cvn - generalized Verma module

© 850 =[],509®t" ® Cc - subalgebra of §
o 1 ® vy = vy - highest weight vector
e dvy =0

L(kNo) - standard (integrable highest weight) g-module of level k

@ v - a highest weight vector of L(k/A)

Combinatorial bases of principal subspaces, CSF, grant. 2634.



Modules of affine Lie algebra
Principal subspaces
Quasi-particle

@ k € N- fixed
o ny = @a€R+n0n n, = Cxq
o L(ny)=n; @C[t, t7}]

Principal subspace W, of L(k/Ao)

W, == U(L(n}))v,

Principal subspace Wy of N(kAg)

Wy = U(L(ny))v
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Principal subspaces

@ Feigin and Stoyanovsky: introduced quasi-particles of color 1,
charge 1 and energy -m, coefficients of formal Laurent series

Xa(2)" = xa(z1)%a(22) - - 'Xa(zf)|2221222:-~~:z, ;
energies satisfy the difference-two condition

o Georgiev: combinatorial bases of principal subspaces of standard
Agl)—modules (n > 1) are given in terms of quasi-particles of color i,
1<i<[,acharge r,1<r < kandenergy —m such that the
energies of the same color and charge satisfy certain difference

conditions;

O—0—--+—0
o az o]
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Principal subspaces

N(kAg) - a vertex operator algebra

@ vy - a vacuum vector

o Y(x(—=1)vwn,z) =x(2) =3 ;s x(j)z/~1 - vertex operator
associated with the vector x(—1)vy € N(kAo),

x€g=g(—1)vy C N(kAo)

@ an induced vertex operator algebra structure on L(k/Ag)

@ every irreducible module for the vertex operator algebra L(k/Ap) is a
standard g-module
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Modules of affine Lie
Principal subspaces
Quasi-particle

e «; €11,
ereN

Xrai(2) = Xai(2) -+ - Xai(2) = Y (%0, (=1))" viv, 2)
N———

r— factors

emeZ

Quasi-particle of color i, charge r and energy -m

Xra; (M) = Res, {2 x4, (2) }

Xrof(m) =" D Xay(mp) - xa;(m)
my,...,m€Z
my+--+my=m

® Xrq;(2) - represents the generating function for quasi-particles of
color i and charge r
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Quasi-particle

Quasi-particle monomial b(«;) is colored with color-type r;, if the sum of
all quasi-particle charges in monomial b(«;) is r;.
Partiton of a positive integer r;

r= (r.(l), r.(2), e r.(s)),

(1)>r(2)> 5)>0 Zr

Conjugate of (ri(l), r,.(2), e rl.(s))

(nri(l),i’ ) nl,i) ’

0< MW S S Z Nt =fj
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Quasi-particle

Quasi-particle monomial
b(ev) -+ blaz) =

Xn (1) /O"(mn(l)a’) o 'an,/a/(ml,/) T X 10‘1(mr1(1),1) Xy yaa (M11)
1 1

o color-type (r7,...,r1)
@ dual-charge-type (r,(l), e r,(s’); o rl(l), e r{sl))

Si
> > > >0, 3 =0 sen
t=1

° charge—type (nr(1) JERRER) n... nr(1) [IEEEE n171)
I [

(1)

r:
1
0<nr§1)i§...§n1,;, E Nej=r
i
t=1
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Quasi-particle

e Example:

Xop (Ma,2)X20, (M32)X30, (M2,2) X80, (M1,2) %20, (Ma,1)

X3a, (M3,1)Xaa, (M2,1)Xaa, (M1.1)

r2(4) r1(4)
r2(3) r1(3)
r2(2) r1(2)
I’2(1) rl(l)

Na2N32NM22N12 N4 1 N3,1NM2.1 N1
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the case of Bl(l), [ >2

@Q

O— O — ++»

a2

o n, =Cx,, acll
o L(ny) =1, ®C[t, t71]

Combinatorial ba
Combinatorial

{1
n the case of C; 'l

1
the case of B! ). 1>2
Combinatorial basis for the pricipal subspace |

Vy

—o0o=o0

-1 o

Principal subspace W, of L(kAo)

Wi = U(£ (1)) - - U(L (nay)) v
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Combinatorial basis in the case of B,‘l). 1>2

In the construction of quasi-particle basis:
@ we use relations

X(k41)o;(2) =0, 1<i<I=1, Xoks1)a,(2) =0

on L(kNg);
@ we obtain relations among quasi-particles which are true on every g-module:

o relations among quasi-particles of the same colors, that is expressions for the
products of the form

Xna(m)xn’a(m/)7
where a = aj, n,n" € N, n < n’ and m, m" € Z (the same as at Georgiev)

o relations among quasi-particles of different colors, that is expressions for the
products of the form

Xn;a,-(mi)xn;aj(mjl‘L

where i,j:1,2,...,/,i;«éjn,-,nj’-eNand mi,m: € Z
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. . 1
Combinatorial basis in the case of Bl(w)\' !
Combinatorial b: the case of C;”/, | > 2
Combinatorial bz for the pricipal subspace W),

different colors

Let n; € N, 1 </ </ be fixed. One has
)ml:n{zn’ﬂ’n’}x"/—lal—l(z/—l)xn/a/(z/) =
(z1 — Z/—l)mm{zm_l’m}xn/a/(Z/)Xn/710t/71(Z/—l)

° (Zi-l—l - Zf)ml:n{niﬂmi}x"iai(Zi)X"i+1Oéi+1 (Zi+1) =
(Zi-l-l - zi)mln{ni+1’ni}xn;+1ai+1(zi-i-l)xniot,'(zi); 1 S I S /_ 2

o (z1— 2z
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Combinatorial basis in the case of B!
Combinatorial basis in the case of C
Combinatorial basis for the pricipal sul)space Wy

{1)’

Basis for the principal subspace W/, of Bl(l)
By, = {b = b(a) - b(ar)vs

= X"'(l) Ial(m,,(l)J) T X"1,/0t/(m1,/) T an(n lal(m,{l)’l) T Xn1,10t1(m1,l)vl- :
) i

Mpi < —npi +Z m’”{"qr—h”p,r} Zp>p 02 min{np i, np i},
1<p<r 1<i<i-q;
Mpy1,j < mMpji— 2’7(pi’ ifnpy1i=npi, 1< p< r.(l) -1,1<i<I-1;
1
mp < —npj+ Z L min{2ng _1,np,} — ZP>P1>02 min{np;, ny 1}, 1< p < r( ).
M1 < mp)— 2np,/ ifnpy=npi1), 1<p<nr’—1

o charge-type: ("r{” oo Mmien IONEEEE ”I,I)
na,<...<m1<k ..., nw <...<nmp1<k ng, <...<n <2k
n’,1 -1 Ll
o dual-charge-type: (r{l), cee, rl(k); e r,(l), ceey r,(2k))

AWeo>d>o0 s> 20 V20

Combinatorial bases of principal subspaces, CSF,

nt. 2634.



o Example:

Combinatorial basis in the case of B

L) s
(o

the case of

X, (M4, 1)X20,(M3,1)X30, (M2,1) Xa, (M1,1)

X2cy_1 (Ma,1-1) X301 (M3,1-1)Xae,_, (M2,1-1)Xacy_; (M1,1-1)

Xoay_,(Ma,1-2)X30,_,(M3,1-2)Xacy,_,(M2,1—2)Xac,_, (M1, 1—2)viL

my
my
m3,
mg

ININININ

12;
3;
—2:
-3

my -1
my -1
m3, -1
m3 -1

ININININ

8; my 2 < —4
0; my;2 < =9
—4; m3; 2 < —15
—6; mg;_> < 3
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. . 5(1)
Combinatorial 1 the case of Hh)‘, / 2
Combinatorial basis in the case of C;/, | > 2
Combinatorial basis for the pricipal subspace W)y

the case of C,(l), [>2

O=>0—0—+-:+—0<=0

ap a1 ap o—1 oy

o gy =Cx,, acll
o L(ny) =n,®@C[t,t71]

Principal subspace W, of L(k/Ag)

Wi = U(£ (na)) - - U(L (na))) v
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Combinatorial 1 the case of #l‘ / 2
Combinatorial basis in the case of C,( 1> 2

Combinatorial basis for the pricipal subspace W)y

different colors

Let n; € N, 1 </ </ be fixed. One has
° (Z/ - Z/—l)ml:n{nlfhzn’}xn/_la/_l(z/—l)xn/a/(z/) =
(z1 — Z/—l)mm{m_hzm}xn/a/(Z/)Xn/710t/71(Z/—l)

° (Zi-l—l - Zf)ml:n{niﬂmi}x"iai(Zi)X"i+1Oéi+1 (Zi+1) =
(Zi-l-l - zi)mln{ni+1’ni}xn;+1ai+1(zi-i-l)xniot,'(zi); 1 S I S /_ 2
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Combinatorial basis in the case of F‘( o 1l
Combinatorial basis in the case of C;™’, | > 2
Combinatorial basis for the pricipal sul)space Wy

ace W, of C
Basis for the principal subspace W, of C,(’l)

%WL = {b = b(al) . ~b(0¢/)VL

= an(l) lal(mr{l),l) o ‘Xn1,1a1(m1,1) o 'an(l) /a/(m’l(l)”) oo 'anw,a,(m1,l)VL
10 i

1
My < —=Npj = Yo prs0 2 min{npp, my i}, 1< Izl)< ( b
mp+1/<mp/—2np,lf(l)r,,,:an,,1<p<r 1;
Mpj1 < —np 1+ Zq:l min{2nq,j, np, -1} — Zp>p'>0 2 min{np,/, np i},
1<p<if
. 1
Mpi1-1 < mp, 1= 2np -1 ifnpr1-1=npj-1, 1< p< f( ) =1;
Mp,i S —Np,i + Zq 1 min{ngit1,npit =3 ps o2 min{npi, ny it
1<p<i1<i<i-2

Mp1,i < Mpi —2np if npya;=npiy 1< p<r® -1, 1<i</—2

o charge-type: ("r(” P ML @) e nl_,l)
[ 10
n,{1)1§u.§n11,§2k, nm S Smia <2k, nr/u,lg...gnl,lgk
s = §
1 K 1 2k
o dual-charge-type: (r/( ),“A,r,( )?-~~?’1( )7~~~~,”1( )

N o APPSO )




Combinatorial basis in the case of Cl(l). 1>2

the case of

o Example:
X205 (Ma,1-2)X30,_, (M3,1-2)Xaa,_,(M2,1-2) X4, (M1,1-2)
X201 (Ma,1-1)X30y_ (M3 1-1)Xaay_; (M2,1-1)Xa0,_, (M1,1-1)
Xa (Ma, 1) X2, (M3,1) X380, (M2,1) X0 (M) Vi
my— < 9 my—p <12 my < =4
my2 <2 my 1 <4 my; < =9;
my 2 < =2 my1 < =3; m3; < —15;
my—2 < =3 my1 <0 my; <3

Combinatorial bases of principal subspaces, CSF, grant. 2634.



Combinatorial basis in the case of F“Ul‘, / 2
Combinatorial basis in the case of C,( ). 1 >2

Combinatorial basis for the pricipal subspace W)y

The idea of the proof of linear independence of the set By, :
@ we prove by an induction on the linear lexicographic ordering “<"
on quasi-particle monomials

@ assume that we have

Z Cabaanyl(ml,l)VL = 07
acA
with baxp, ,(m1,1)ve € By, having the same color-type
@ Let b be the smallest monomial in the linear order of charge-type N/
and dual-charge type R such that c; # 0 and my 1 > —j, where j is
energy of quasi-particle x,; ,o(j) of monomial b
@ we use a projection 7wy to distribute factors of b, along v,ﬁ%k:
Z caﬂmbaxnlvl(ml,l)vl_ =0
acA

Combinatorial bases of principal subspaces, CSF, grant. 2634.



)

Combinatorial basis in the case of Cl(l

>2

@ we act repeatedly by a coefficient of a certain intertwining operator
and a simple current operator e,

€y - L(/\o) — L(/\l)

to raise the energies of all quasi-particles of charge ny; to maximal
value

/ /
E :Caﬂ-%baxnl,l(ml,l)vL =0,
acA

with Blxn, ,(my 1)vi € By,

Combinatorial bases of principal subspaces, CSF, grant. 2634.



Combinatorial basis in the case of Cl(l). /

>2

o we use the “Weyl group translation” operator e,
€ay - L(/\o) — L(/\o)

to get to

E camrbllvy =0,
acA

with bYxp, ,(my 1)vi € By,

0 c,;,=0

Combinatorial bases of principal subspaces, CSF, grant. 2634.



Combinatorial s in the case of #\1 o
Combinatorial is in the case of C; ) 1> 2
Combinatorial basis for the pricipal subspace W)y,

ipal subspace Wy

Principal subspace Wy of N(kAo)

Wi = U(L (nq,)) - - - U(L (o)) v

@ we use set of relations which hold among quasi-particles of the same
and different colors;
@ the proof of linear independence of By, :

Wii(kno) ———— Wi(kno) ——— Wiikao)

K+ k

K>0
Winikno) = U(L(n+))vnkag) € N (KNo)
Wikne) = U(L(n+))vi(kng) € L(KNo)

Combinatorial bases of principal subspaces, CSF, grant. 2634.



Basis for the principal subspace Wy of Bl(l)

‘BWN = {b = b(a/) e b(Otl)VN

= Xn’}uvlal(m,l(l)y,) o 'Xm,lou(ml,l) o ‘X"V{I)Jal(m’{l)»l) o 'Xn1,1a1(m1,1)VN :

)
lieh o .
mpi < —npi+ Zq:i min{ng;1,np i} — Ep>p1>0 2 min{np i, ny i},
1<p<i1<i<i-y
Mpy1i <mp;—2n,; ifnp1i=npi, 1<p< ,’ﬁl) -1, 1<i<I-1;
1)

N . 1
mp < —np+ Zq:l min {2”q,l—17 "p,l} - Ep>p’1>02 m’"{"p,l: np’,l}a 1<p< f/( )3
Mp41, < Mp = 2np if np = npy1y, 1<p < ’/( -1
o charge-type: (n @) gseees ML i N 1) yeeny /)
V1 ) el ,
(1)

I?
n,l(l),l. <...<m any,- =1
p=1

o dual-charge-type: (r{l), . rl(s‘); ;r,(l), . r,(s’))

s
A s > rfs’) >0, Zr,(t) =r, seN
=1

P2




Basis for the principal subspace Wy of

Bw, = {b = b(az) - b(as)vn

= X0y joa (M0 1) - Xoy o (M12) X0 ) (M0 1) Xy o (1) v -
. .

1
Mp,| < —Npj — Zp>p s02 min{ny . ny i}, 1< p<n ( )

1
Mpy10 < Mp = 2np) if Mpy = Npi1y, 1< p < ’l( )1,
It}
o .
Mp i1 < =p i1+ gy min{2ng., np i1} = X ps 02 min{np r, npr i},
1<p<r®
) 1
Mpy11 < mpj1—2mp 1 ifnpiy 1 =npq, 1<p< ’,(,)1 =1
Mp,i < —Npjj + Eq':]l min{ng,it1,npi} =3 ps 02 min{np i ny i},
1<p<fV 1<i<i-2
Mp1,i S Mo = 2051 if Mgy = np, 1< p<r®) —1,1<i< /-2

o charge-type: (n W
I

o dual-charge-type: (

L),

LY, Z Npi = i

r,(l)..,..rl(s‘);”.;r,“).”‘,rl(s’))

pal subspaces, CSF,



The space N(kAg) has certain gradings:
@ the action of the operator —d: weight grading
o the action of the Cartan subalgebra h: color-type grading

We restrict these gradings to the principal subspaces W, and Wjy.

Combinatorial bases of principal subspaces, CSF, grant. 2634.




Characters of the principal subspace W,
Characters of the principal subspace W)y

Definition of the character of the principal subspace W,

Ch W[_ — Z dim WL(m,rl,...,r/)qmyfl U y/”?

m,ry,...,1 >0

@ g, y1,...Yy are formal variables

© Wiimn,...) = Wi_ms+nar+..4na, is the b-weight subspace of
weight —md + nag + ... + nay.

Combinatorial bases of principal subspaces, CSF, grant. 2634.



Characters of the principal subspace W,
Characters of the principal subspace W)y,

_cipal subspace W, in the case of B,1

° (q)r=(1-q)(1-¢*)---(1—9q")

Characters of the principal subspace W, of B,(l)

@? (k)?
rp et
ch W, = Z q—y{1

3505 (q)rl(l)—rfz) ... (q)rfk)

2 2
AV o 8 00 (80 (6)

>4 5

=950 (‘7),2(1>7r2<2) T (Q),zu)

1)2 W2 (1) @ K) (k
O ot P

r,
q -1 1— 1 f_1
Yi—1

()
05 S50 (@),0 @ - (a)n

2 2
qu(l) +'~+r,(2k) 7r,(i)1(r,(l)+r,(2))74»-7r,(f)1(r,(2k71)+rl(2k))

v/
(@),m_, - (a),e0 !

D> > >0
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Characters of the principal subspace W,
Characters of the principal subspace W)y,

_cipal subspace W, in the case of C,1

Characters of the principal subspace W, of C,(l)

ch W, = >

D> >rP>0

(1)2 (k)2
q" 1 n

Y Pt 41
(@), _,@ - (a) 0

2 2
r2(1) +m+r2(2k) 741),2(1)7“_r1(zk)r2(zk)
iz
(@), _,@ () 0
r2(1)2.4.2r2(2k)20 5= o]
1)2 262 (1) (1 2k) (2K
qu(—)1+”'+rl(—1) *"/(—)2"/(—)1*'“*’/(—2)’/(—1) i
Y1

1 2) * ¢ 2k
Pammse Doy

>

rl(l)ZMZrl(k)ZO

2 2
gt e =2 =T )
1

7

(@),m_, - (a),®
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Characters of the principal subspace W,

o Example: for k =1 and one color i =1
Xal(mr) e Xa1(m1)v/\o € WL(m,O,...,O,r)v
color-type (0,...,0, r)

weight m= —m, — —m

m< =1 m<m-2 ... m<m_;—2
q”

Z dim WL(/\o)(m,r,o)qmyr = Z (@) v

m,r>0 r>0 q)r

o Rogers-Ramanujan identities
ORI, | (R
o~ (Q)r 5 (1= g5 )1 — g5 %)

H(l_ 51+2)(1_ 51+3)

r>0 (q)r i>0

Combinatorial bases of principal subspaces, CSF, grant. 2634.



Characters of the principal subspace W,
Characters of the principal subspace W)y,

Definition of the character of the principal subspace Wy

ch WN - Z dim WN(m,rl,...,r,)qm.y]'_‘1 T }//rlv

m,ry,...,1 >0

@ g, y1,...Yy are formal variables

© Wimn....) = WN—ms+nai+..+na, IS the h-weight subspace of
weight —md + nag + ... + nay.

Combinatorial bases of principal subspaces, CSF, grant. 2634.



Characters of the principal subspace W,

Characters of the principal subspace W)y,

cipal subspace Wy in the case of B,

Characters of the principal subspace Wy

ch Wy
2 2
qrfl) +“*+r{ul) .
n
1 2) "t u;

D35 )5 (Q),{ )2 (Cl),{ 1)

u1>0
{1)r2(1), ,,{Uz)rz(uz)

(1) 4 Jrr(ﬂz)

T
2
(@),w_@ - (9) g

V> > >0

>0
(1)2 -1 @ () (uy—1) (u—1)
Lo T L R T A T
> 7
1 2) " up_
05 S, (@0 (@) w
uj— 120

2 2 —
At D) oy
d

Y-

(‘7),,(1>_,I(2) T (q),lth/)

,1(1)2_'_2,}%/)20
u>0

inatorial bases of principal subspaces, CS




Characters of the principal subspace W,
Characters of the principal subspace W)y,

_incipal subspace Wy in the case of C,1

Characters of the principal subspace Wy

. A0 o) )
e 2 (@),0_,@ (9 e )yll

u

r1(1)2”2,£2u1)20 n—n ™

u1>0
2
q(1) e (2up) (1),2(1)7.“7r1(2u2)r2(2u2) .
(@).0_,@ - (a) cn e
rz(l)zmzrz(Zuz)ZO n=r ry
>0

,/(1)1Jr +((iw 12 ’/(1)2’/@1*'“*f/(ilg_”n(zw_l)
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