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Abstract

Our goal is to model and analyze a stationary and evolutionary ideal �uid �ow

through the junction of two pipes in the gravity �eld. Inside the 'vertical' pipe there

is a heavy piston which can freely move along the pipe. In the stationary case we

are interested in the equilibrium position of the piston in dependence on the geom-

etry of junction and in the evolutionary case we study motion of the piston also in

dependence on geometry. We formulate corresponding initial and boundary value

problems and prove an existence results. The problem is nonlinear because the do-

main is unknown. Furthermore we study some qualitative properties of the solutions

and compare them to the qualitative properties of a free piston problem for Newto-

nian �uid �ow. All theoretical results are illustrated with numerical experiments.

1 Introduction

In this paper we consider irrotational, incompressible ideal �uid �ow in a system of two
pipes with a piston inserted inside the vertical one. This is a �uid-rigid body interaction
problem, but also a free boundary problem. Motivation for considering this kind of problem
is multiple, for example blood clots in blood vessels or valves in the oil-pipes. This can
also be understood as a control problem with respect to geometry or mass of the piston.
Of course, the study of incompressible ideal �uid �ow is just a �rst step in analysis of
this kind of problems. It is also interesting for comparison with more realistic models and
better understanding of some noticed e�ects. For example we would like to understand
which e�ects are consequences of incompressibility of the �uid and which e�ects come from
the other properties (viscosity, compressibility, etc) of the �uid.

Problems of motion of the rigid body (and solids in general) in a �uid were intensively
studied in the last decade (see for example [2], [11], [4], [5], [8] and references within).
However in these papers the rigid body is fully immersed in a viscous �uid and there is
no contact between the body and the domain boundary. Recently rigid body-ideal �uid
interaction models were also studied in [20], [19] and [21]; rigid body is immersed into
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incompressible, ideal �uid �lling the whole space. Non-potential �uid �ow was considered
and existence as well as uniqueness of classical solutions has been proved. Houot and
Munnier in [13] proved the local existence result for the rigid bodies-ideal �uid interaction
system in either bounded or unbounded domain. They also showed that, unlike in the
viscous �uid case, collision with non zero relative velocity can occur; more recently, Houot,
San Martin and Tucsnak in [14] proved existence and uniqueness of local in time strong
solution in R3. In our case rigid body is part of the domain boundary and therefore
di�erent techniques should be applied in mathematical analysis.

Evolution free piston problem for gas dynamics in 1D case has been studied by Takeno
([22]) and D'Acunto and Rionero ([3]).

Stationary free piston problem for incompressible viscous �uid �ow and its numerical
analysis has been considered by authors ([16], [17]).

Goal of this paper is to give precise mathematical formulation of stationary and evolu-
tionary problem and prove corresponding existence results. Furthermore we will analyse
qualitative properties of the solutions and illustrate them with numerical examples. We
will also analyse these properties in dependence on geometry of the problem.

In the remaining part of introduction we will introduce some notations and precisely
describe considered geometry. In section two �rst we formulate the stationary problem.
Then by using similar techniques as in [16] we prove the existence theorem. We also prove
non-uniqueness of the solution and give a few numerical examples. The main results of
this paper are contained in section three. There we give formulation of the evolution
problem and then we prove the existence results. Existence of a solution local in time for
arbitrary data is proved by using Schauder's �xed point theorem. Then the solution for
arbitrary time interval (0, T ) is established for small data. Existence of global the solution
depends on the geometry of the problem. Finally, the stability of equilibrium of the piston
is analyzed. Theoretical results are illustrated with numerical examples.

1.1 Notation and geometry of the problem

First we will precisely describe geometry of the problem. We consider system of two
pipes of constant cross-section in the gravity �eld. The system is constituted by in�nite
horizontal pipe F1 and semi-in�nite "vertical" pipe F2. The angle between the horizontal
and the vertical pipe is denoted by α; by de�nition, α is the angle between direction
opposite to the gravity and vertical pipe. We consider only the control volume of pipe
F1 of length 2L with two arti�cial exits, Σp and Σk. Diameter of the cross-section of the
horizontal pipe F1 is d1 and diameter of cross-section of the "vertical" pipe F2 is d2 (see
Figure 1).

Inside the "vertical" pipe we have a heavy piston of constant cross section of diameter
d. The upper and lower face of the piston are horizontal, while its lateral surface aligns to
the pipe. Therefore d2 = d cosα.

Friction is neglected. Fluid is modeled as an ideal �uid and enters the "vertical" pipe
only up to a height of the lower face of the piston. The piston is modeled as a rigid body,
so its motion is given by Newton's second law.

Let us now introduce some notations and precise assumptions on the geometry of the
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Figure 1: Ωα
h

control volume. Coordinate frame is chosen in such a way that the lower end of the
"vertical" pipe Σ0 is a subset of x3 = 0 plane. The coordinate x1 is along the horizontal
pipe and x3 is in the opposite direction of the acceleration of gravity (x2 in the 2D case).
Let h be height of the piston in selected the coordinate frame. By Ωα

h ⊂ Rn, n = 2, 3 we
denote the domain occupied by the �uid. More precisely, let S1 be the cross-section of F1

and let
Ω1 = {(x1, x2, x3) ; −L ≤ x1 ≤ L, (x2, x3) ∈ S1}, S1 ⊂ R2.

Next, let s = sinαe1+cosαe3 be direction of the "vertical" pipe F2 and Σ ⊂ R2 the lower
face of the piston. Then Ωh,α

2 is a set having in non-orthogonal coordinate frame (e1, e2, s)
the form:

Ωh,α
2 = {(z1, z2, z3) ; 0 ≤ z3 ≤ h/ cosα, (z1, z2) ∈ Σ}, Σ ⊂ R2.

Now
Ωα

h = Ω1 ∪ Ω0 ∪ Ωh,α
2 .

Note that only the "vertical" pipe Ωh,α
2 depends on h and α. The lower face of the

piston Σh is a subset of the x3 = const plane. We assume that Σ0 is symmetric w.r.t. plane
perpendicular to the central axis of the horizontal pipe. Furthermore, we suppose that Ω0∪
Ω1 (domain without the "vertical" pipe) is also symmetric w.r.t. plane perpendicular to
the central axis of the horizontal pipe; this is a technical assumption and not a restriction.
Note that Ω0 is an extension of the vertical pipe up to the boundary of Ω1; its shape is
complicated in general in 3D case, in 2D case it is an empty set. In�ow and out�ow regions
are denoted by Σp and Σk respectively; they are arti�cial boundaries of �uid domain Ωα

h .
Γ = ∂Ωα

h \ (Σp ∪ Σk ∪ Σh) is rigid boundary. We will consider only the 3D case but
formulation of the problem in the 2D case is straightforward and all proven results are
also valid in the 2D case with analogous proofs.

In Section 2 we suppose that the domain is locally Lipschitzian and Σ0 is smooth (at
least C2). We also suppose that contacts between two pipes are smoothen. This is a
technical assumption because we use the regularity result that requires that all angles are
less than π. However, for technical reasons, in Section 3 we suppose that the whole domain
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is smooth, i.e. all angles are smoothen. We describe this modi�cation of domain more
precisely in that Section.

All numerical experiments are done in the 2D case for simplicity. Numerical experi-
ments are done using FreeFem++ 3.4. and the visualization is made by Mathematica 7.
Boundary value problems are solved using �nite elements method with piecewise quadratic
elements.

2 The stationary problem

2.1 Formulation of the problem

We model the �uid as an ideal �uid i.e. incompressible �uid with constant density ϱ and
constitutive equation T = −pI; here, T is the stress tensor and p the pressure. Moreover,
we assume that �uid the �ow is irrotational. Hence the total �uid force on the piston in
direction s of the "vertical" pipe at the height h is given by:

−
∫
Σh

Ts · n = cosα

∫
Σh

p,

where n in general denotes the unit outer normal; here n = e3. Since domain Ωα
h is simply

connected and �ow is irrotational, the �ow is potential. Let us denote potential of velocity
v by Φ, i. e. v = ∇Φ. Now we can give di�erential formulation of our problem:
�nd (Φ, h) ∈ H2(Ωα

h)× R+ such that

△Φ = 0 in Ωα
h ,

∂
∂n
Φ = 0 on Γ,

∂
∂n
Φ = Fl

|Σp| on Σp,

∂
∂n
Φ = − Fl

|Σk|
on Σk,

∂
∂n
Φ = 0 on Σh,∫

Σh
p = P0.

(1)

The equation (1)1 is the equation for potential of velocity of irrotational �ow of an ideal
�uid (see [10]). Conditions (1)2 and (1)5 are due to the fact that the rigid boundary Γ
and the piston are material boundaries and therefore velocity is tangential. Furthermore,
conditions (1)3 and (1)4 are in�ow and out�ow boundary conditions with prescribed �ux
Fl; it is assumed that the longitudinal component of velocity is constant at both arti�cial
boundaries. The equation (1)6 is the balance of forces on the piston, where constant P0 is
supposed to be given and takes into account the weight of the piston and outer forces.

Let us examine (1)6 more closely. There are three types of forces that act upon the
piston: gravity, contact force from the �uid and force that comes from outer pressure.
Hence the total force density on the piston is given by

−Te3 − (ϱkg + pV )e3, (2)
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where ϱk is constant area mass density of the piston, pV constant outer pressure, and g
the gravity constant. Since the piston can not rotate, relevant quantity is the total force
on the piston in the direction s:

cosα(

∫
Σh

p−mg − pV |Σh|), (3)

where m is the mass of the piston. Since the �uid is incompressible, pressure is determined
only up to a constant. However in (3) we have di�erence of pressures p and pV so the total
force is uniquely determined.

Since problem (1) is given in terms of potential Φ, we also need to express the function
of total force on piston F in terms of potential Φ. Let us now introduce the Bernoulli
function

B =
v2

2
+
p

ϱ
+ gx3.

It is well-known that B is constant function if �ow is irrotational and stationary ([10]).
Since we have not yet �xed pressure, we can take this constant to be 0. By �xing pressure
inside the pipe, we have also rede�ned constant pV . Therefore, we have

p = −ϱ(v
2

2
+ gx3) = pH − ϱ

2
|∇Φ|2,

where pH(x3) = −ϱgx3 denotes hydrostatic pressure. Finally we have the formula for total
contact force from �uid on the piston on height h:

Fα(h) :=

∫
Σh

p = −ϱgh|Σ0| −
ϱ

2

∫
Σh

|∇Φ|2. (4)

Now if we set P0 = mg + pV |Σh|, balance of forces (1)6 can be written as Fα(h) = P0.
Notice that Fα(h) < 0, h > 0 and P0 is greater for heavier piston and greater outer
pressure. At �rst sight Fα(h) < 0 may seem non-intuitive, but this comes from the fact
that we have �xed pressure in a such way that B = 0. Note that formula (4) makes sense
because we impose that Φ ∈ H2(Ωα

h) in problem (1).
At the end of this subsection let us note two symmetry properties of the considered

problem (1).

Remark 1. • Let α = 0, i. e. pipes are perpendicular and let h > 0 be �xed. Then
by direct computation we can verify that potential Φh, which is solution of problem
(1)1−5, satis�es symmetry property Φh(x1, x2, x3) = −Φh(−x1, x2, x3). Hence, we
have following symmetry properties for corresponding velocity:

v1(x1, x2, x3) = v1(−x1, x2, x3), vi(x1, x2, x3) = −vi(−x1, x2, x3), i = 2, 3.

• Let us now examine transformation (x1, x2, x3) 7→ (−x1, x2, x3) for general α in more
details. It maps Ωα

h on Ω−α
h . Furthermore, if Φα

h is solution of problem (1)1−5 in Ωα
h,

then it is easy to verify that Φ̃(x1, x2, x3) = −Φ(−x1, x2, x3) is solution of problem
(1)1−5 in Ω−α

h . From formula (4) we have equality Fα(h) = F−α(h), h ∈ R+, where
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Fα(h) is contact force from �uid on the piston in domain Ωα
h. Hence in case of

stationary �ow contact force from �uid on the piston is the same for angles α and
−α. On the contrary, in Newtonian �uid model we have signi�cant di�erence between
opposite angles (see [16], [17]).

2.2 The existence result

We will now prove existence of the solution of the problem (1). Since proof does not depend
on the angle α, in this section we will omit superscript α for simplicity of notation. Recall
that F denotes contact force from the �uid on the piston. Essential part of the proof of
existence is to estimate part of F that does not come from hydrostatic pressure. Since we
know hydrostatic pressure explicitly, then we know asymptotic behavior of F . We will get
necessary estimates by comparison of solution of problem (1)1−5 for h �xed with solution
of auxiliary problem in in�nite domain Ω∞ = ∪h>0Ωh:
�nd Φ ∈ H2

loc(Ω∞) such that:

△Φ = 0 in Ω∞,

∂
∂n
Φ = 0 on Γ,

∂
∂n
Φ = Fl

|Σp| on Σp,

∂
∂n
Φ = − Fl

|Σk|
on Σk,

∇Φ ∈ L2(Ω∞)

(5)

Condition (5)5, i.e. boundedness of the Dirichlet integral
∫
Ω∞

|∇Φ|2 is standard. Let

us now prove existence of the solution of the problem (5) and give precise description of
its behaviour at in�nity. Problem (5) can be viewed as analogue of Leray's problem for
the Navier-Stokes equations (see [7], [6]) and analogous results hold.

Lemma 1. Problem (5) has a solution Φ∞ which is unique up to a constant. Constant
can be chosen is such way that there exist β > 0 such that Φ∞ exp(βx3) ∈ H2(Ω∞).

Proof.

First we will prove existence of a H1 solution. Let us de�ne function space

V = {φ ∈ L2(Ω∞) ; ∇φ ∈ L2(Ω∞)}.

It is immediate that V/R is a Hilbert space with scalar product

(φ, ψ) =

∫
Ω∞

∇φ · ∇ψ.

Now the existence of a weak solution Φ∞ ∈ V of problem (5) follows directly from Riesz
theorem on representation of linear functionals on Hilbert spaces. Since our domain is
regular we have Φ∞ ∈ H2

loc(Ω∞). Furthermore, we know that there exists β1 > 0 such that
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Φ∞ exp(β1x3) ∈ L2(Ω∞), see appendix in [15]. Using techniques from [8] and [7] we can
get analogous behavior at in�nity of derivatives. We will present main steps of the proof.
Let R > 0 and R1 > R2 > 0 and let

Ω(R) = {x ∈ Ω∞, x3 ≥ R},

ΩR1,R2 = Ω(R2) \ Ω(R1), ΩR = Ω∞ \ Ω(R).

By multiplying equation (5)1 with Φ∞ and integrating over ΩR1,R2 we get∫
ΩR1,R2

|∇Φ∞|2 =
∫
ΣR1

Φ∞
∂

∂x3
Φ∞ −

∫
ΣR2

Φ∞
∂

∂x3
Φ∞.

Then we can pass to limit as R1 → ∞; using already known asymptotic properties of Φ∞
we have

H(R) :=

∫
Ω(R)

|∇Φ∞|2 = −
∫
ΣR

Φ∞
∂

∂x3
Φ∞.

Now by using standard inequalities, for every λ > 0 we get

H(R) = ∥∇Φ∞∥2L2(Ω(R)) ≤ ∥Φ∞∥L2(ΣR)∥∇Φ∞∥L2(ΣR) ≤
1

λ2
∥Φ∞∥2L2(ΣR) + λ2∥∇Φ∞∥2L2(ΣR)

≤ C

λ2
(∥∇Φ∞∥2L2(Ω(R)) + ∥Φ∞∥2L2(ΩR)) + λ2∥∇Φ∞∥2L2(ΣR).

By taking λ large enough so that C/λ2 ≤ 1/2 and using the expression for derivative of
H, H ′(R) = −

∫
ΣR

∥∇Φ∞|2, we have proved that for every R > 0 the following inequality
holds

H(R) ≤ C1( exp(−β1R)−H ′(R)),

where C1 is positive constants. Hence, we have

H ′(R) ≤ C2( exp(−βR)−H(R)).

From the Gronwall inequality follows that �rst derivatives of Φ∞ decay to 0 exponentially
fast. Assertion of lemma now follows from analogue of lemma VI.1.2. from [6] for Poisson's
equation.

Now we can prove the existence theorem:

Theorem 1. There exists P < 0 such that for all P0 ≤ P problem (1) has at least one
solution.

Proof.

First we notice that F is a continuous function. Really, for every h ∈ R+ problem (1)1−5

has a unique solution Φh up to the constant. However, the de�nition of function F
involves only ∇Φh which is uniquely determined and therefore F is well de�ned. Now,
continuity of F follows from continuity of the trace operator and continuous dependence
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of the solution of the boundary value problem on change of a domain (see [18]). If we
prove that

∫
Σh

|∇Φh|2 is bounded in h, then from (4) we have

lim
h→∞

F (h) = −∞.

This equality and continuity of F gives assertion of the theorem. Hence, we just have to
prove the following lemma:

Lemma 2. Let Φh be solution of problem (1)1−5 in Ωh. Then

lim
h→∞

∫
Σh

|∇Φh|2 = 0.

Proof.

Let us de�ne φh = Φh − Φ∞. Then φh satis�es:

△φh = 0 in Ωh,

∂
∂n
φh = 0 on ∂Ωh \ Σh,

∂
∂n
φh = − ∂

∂n
Φ∞ on Σh.

Now we have

∥∇φh∥L2(Σh) ≤ C(h)∥φh∥H2(Ωh) ≤ C(h)∥ ∂
∂n

Φ∞∥
H

1
2 (Σh)

.

By change of variables (explicit formula is given in section 3.2, see also [16]) one can easily
show that C(h) depends on h at most polynomially. Therefore from exponential decay of
Φ∞ we get that ∥∇φh∥L2(Σh) → 0 as h→ ∞, thus ∥∇Φh∥L2(Σh) → 0.

Remark 2. 1. Restriction on P0 is physically expected since the �uid can not support
the piston if it is too heavy.

2. Solution of the problem (1) is not unique in general because F is not necessar-
ily monotone. From (4) and lemma 1. follow that F is asymptotically decreas-
ing. Furthermore, from lemma 1. follows that there exist 0 < h1 < h2 such that
−
∫
Σh1

|∇Φh1 |2 < −
∫
Σh2

|∇Φh2 |2. Now we notice that Φ depends linearly on given

�ux Fl. Therefore from previous observation and (4) we see that for �ux Fl large
enough function F is not monotone and in that case the original problem (1) does
not have a unique solution.

Using techniques from [16] it can be proved that non-uniqueness has a form of saddle-
point bifurcation or a fold. Furthermore the following result holds:

Proposition 1. F ∈ C∞(0,∞).
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Example 1. In this example we will numerically illustrate proved results and compare
function Fα for various α. Geometric parameters are l = 5, d1 = d = 1.6 and �xed data
are Fl = ϱ = 1 and g = 0. Condition g = 0 is not a restriction because we can compute
hydrostatic pressure pH by formula. First we �x α. Then we numerically evaluate function
Fα(h) for various h. Notice that for evaluation Fα(h) we need to solve the boundary value
problem (1)1−5 in Ωα

h. We want to emphasize that we do not solve full problem (1), but
only determine values of function Fα at various heights.

0.5 1.0 1.5
h

-1.5

-1.0

-0.5

FI HhL

Figure 2: Graphs of functions F 0, F π/4, F π/3 and F 1.4

Figure 2 shows graphs of functions F 0 (shortest dashes), F π/4, F π/3 and F 1.4 (longest
dashes). One can see that all functions have the same qualitative behavior.

3 The evolutionary problem

3.1 Formulation of the problem

In the evolutionary case, like in the stationary, we consider irrotational �ow of an ideal
�uid, so a scalar function Φ exists (velocity potential) such that v(t,x) = ∇xΦ(t,x). In
the sequel we write only ∇ instead of ∇x. Motion of the piston is given by Newton's
second law. Let vP = h′s/ cosα denote the velocity of the piston.

In this section we will suppose that Ωα
h is smooth domain for every h > 0. We get

smooth domain by smoothing angles in the domain that is described in the introduction.
Changed parts of the domain are subsets of Σh, Σp and Σk. Now whole lower face of the
piston Σh is not �at anymore (i.e. is not subset of x3 = const plane), so term height
of the piston h is now referring to the height of the �at part of the lower face of the
piston. Furthermore, we suppose that smoothing of the domain is done in the same way
for all α and h. More precisely, Σh1 is translation of Σh2 in direction s, h1, h2 > 0 and
transformation (x1, x2, x3) 7→ (−x1, x2, x3) maps Ωα

h onto Ω−α
h .

Hence, formal di�erential formulation of considered problem is:
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�nd (Φ, h) such that

△Φ(t, .) = 0 in Ωα
h(t),

∂
∂n
Φ = 0 on Γ,

∂
∂n
Φ = e1 · n(Fl(t)/F lb) on Σp,

∂
∂n
Φ = e1 · n(Fl(t)/F lb + h′(t)Flp/(cosαFlb)) on Σk,

∂
∂n
Φ = (h′(t)/ cosα)s · n on Σh(t),∫

Σp
Φ(t, .)dx = 0,

mh′′(t)/ cosα = Fα
V (t),

h(0) = h0, h
′(0) = h′0,

(6)

where Fl(t) is a given function of �ux on in�ow part of boundary Σp and Flb =
∫
Σp

e1 ·n =

−
∫
Σk

e1 ·n. Furthermore, h0 and h′0 are initial height and x3 component of velocity of the
piston, respectively. Condition (6)5 is equality of the normal components of �uid and piston
velocities, i.e. v · n = vP · n. Unlike the stationary case, in the evolution case movement
of the piston generates non-trivial �ux in the vertical pipe. Since �uid is incompressible,
�ux that "enters" on Σh must "exit" somewhere and therefore we have an additional term
h′(t)Flp/(cosαFlb) in boundary conditions (6)4, where Flp =

∫
Σ0

s·n is unit �ux generated
by the piston. Notice that problem (6)1−5 for Φ is the Neumann problem and does not
have time derivative of Φ. Therefore we need an additional condition (6)6 to have unique
Φ. Of course we can �x potential in di�erent ways, but it will be important that potential
is �xed on part of boundary that does not depend on h(t) and where all data are given.
Finally, (6)7 is second Newton's law which determines motion of the piston, where Fα

V (t)
is total force on the piston in direction s at time t and h′′/ cosα acceleration of the piston
in direction s. Analogously as in stationary case, we have

Fα
V (t) =

∫
Σh

(p− pV (t))n · s−mg cosα, (7)

where pV (t) is outer pressure, which is now a function of time.
Like in the stationary case we express total �uid force on piston F in terms of potential

Φ. We de�ne Bernoulli's function

B(t,x) =
1

2
|v(t,x)|2 + p(t,x)

ϱ
+ gx3.

It is well-known that (see [10])

∂

∂t
Φ(t, .) +B(t, .) = α(t).

Now we can rede�ne pressure in such a way that α ≡ 0 (for example �x
∫
Σp
p). Of course

that means that we have also rede�ned outer pressure pV (t), which we will still denote by
pV (t). Since this rede�nition is done on the part of the boundary where data are given,
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pV does not depend on h. Notice that p− pV and therefore Fα
V (t) remains the same after

these rede�nitions.
We denote total outer force on the piston in direction −s at time t by Pα

0 (t) and we
have:

Pα
0 (t) = cosαmg + pV (t)

∫
Σh(t)

n · s.

Hence on piston Σh(t) we have

p = −ϱ(1
2
(|vτ |2+ v2n)+ gx3+

∂

∂t
Φ(t, .)) = −ϱ(h

′(t)2(n · s)2

2 cos2 α
+ gx3+

|vτ |2

2
+
∂

∂t
Φ(t, .)), (8)

where vn and vτ are normal and tangential component of velocity, respectively. We shorten
the notations by introducing an auxiliary function B(α) =

∫
Σh
(s · n)3/ cos2 α. The initial

value problem (6)7,8 can be written as

mh′′(t)/ cosα+ ϱ(
h′(t)2

2
B(α) + g

∫
Σh(t)

x3s · n) + Pα
0 (t) = −ϱ

∫
Σh(t)

(
v2τ
2

+
∂

∂t
Φ)n · sdx′.

h(0) = h0, h
′(0) = h′0,

(9)

3.2 Existence of the solution local in time

Let us now assume that motion of the piston is given by some �xed function h ∈ H2(R+)
such that 0 < hmin < h(t) < hmax, t ∈ R+. In this section we omit superscript α
for simplicity of notation, since proofs and results do not depend on α. All boundary
value problems considered in this section have an additional condition

∫
Σp
r = 0 to ensure

uniqueness of the solution, where r is unknown of the given problem.
Our �rst goal is to obtain estimates of total �uid force on the piston. We begin with

analysis of
∫
Σh
∂tΦn · s term. From lemma 5. and (6) we get that Θ = ∂tΦ is solution of

the following boundary value problem

△Θ(t, .) = 0 in Ωh(t),

∂
∂n
Θ = 0 on Γ,

∂
∂n
Θ = e1 · nFl′(t)/F lb on Σp,

∂
∂n
Θ = e1 · n(Fl′(t)/F lb + h′′(t)Flp/(cosαFlb)) on Σk,

∂
∂n
Θ = h′′(t)s · n/ cosα− (∇v)vP · n, on Σh(t).

(10)

We see that Θ depends on h′′(t). Now let us analyze this dependence more closely. Fol-
lowing idea from [14] we de�ne auxiliary function χh which satis�es:

△χh(t, .) = 0 in Ωh(t),

∂
∂n
χh = 0 on Γ,

∂
∂n
χh = 0 on Σp,

∂
∂n
χh = e1 · n(Flp/F lb) on Σk,

∂
∂n
χh = s · n on Σh(t),

(11)
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We set Θ1 = h′′(t)χh/ cosα. Now we have∫
Σh

Θ1(s · n) =
h′′(t)

cosα

∫
Σh

χh ∂

∂n
χh =

h′′(t)

cosα
(

∫
Ω(t)

|∇χh|2 + Flp
|Σp|

∫
Σk

χh).

We set D(h)(t) =
∫
Ω(t)

|∇χh|2 + Flp
|Σp|

∫
Σk
χh. Notice that D is continuous function.

Now let us estimate the remaining part of
∫
Σh
∂tΦn ·s term. Let Θh

2 and χ
h
1 be solutions

of the following boundary value problems:
△Θh

2(t, .) = 0 in Ωh(t),

∂
∂n
Θh

2 = −(∇v)s · n, on Σh(t),

∂
∂n
Θh

2 = 0, on Σk/p,

∂
∂n
Θh

2 = 0, on Γ,

(12)


△χh

1(t, .) = 0 in Ωh(t),
∂
∂n
χh
1 = 0 on Γ,

∂
∂n
χh
1 = e1 · n on Σp/k,

∂
∂n
χh
1 = 0 on Σh(t).

(13)

Straightforward calculation yields Θ = Θ1 + h′(t)Θ2/ cosα + χh
1Fl

′(t)/F lb. Now we use
lemma 5. and classical regularity result for elliptic equations (see [9]) to obtain the following
estimate

D1(h(t)) =

∫
Σh(t)

(Θ−Θh
1)n · s =

∫
Σh(t)

(h′(t)Θ2/ cosα+ χh
1Fl

′(t)/F lb)n · s

≤ C(hmin, hmax)(∥∇v∥L2(Σh)|h
′(t)|+ |Fl′(t)|) ≤ C(hmin, hmax)(∥v∥H1(Σh)|h

′(t)|+ |Fl′(t)|)

≤ C(hmin, hmax)(∥Φ∥H3(Ωh(t))|h
′(t)|+ |Fl′(t)|) ≤ C(hmin, hmax)(|h′(t)|2 + |Fl(t)|2 + |Fl′(t)|).

Analogously we estimate tangential velocity term

G(h(t)) :=

∫
Σh(t)

v2τ
2
n · s ≤ C(hmin, hmax)∥Φ∥2H2(Ωh(t))

≤ C(hmin, hmax)(|h′(t)|2 + |Fl(t)|2).

Finally, let B1(h)(t) =
∫
Σh(t)

x3s ·n. It is immediate that B1(h(t)) = B1(α)h(t). With this

notation, Newton's equation (9) can be rewritten as:

(m+ ϱD(h))h′′/ cosα+ ϱ(
h′2

2
B(α) + gB1(α)h) + Pα

0 = −ϱ(D1(h, h
′) +G(h, h′)). (14)

Now we have all necessary estimates needed to prove the following theorem:

Theorem 2. Let m, h0 > 0 be such that ϱD(h0) + m ̸= 0, and let α ∈ (−π
2
, π
2
), Fl ∈

H2
loc(R), P0 ∈ H1

loc(R) and h′0 ∈ R. Then there exists T > 0 such that problem (6) has
a solution (Φ, h), where h ∈ H3(0, T ) and Φ(t, .) ∈ C∞(Ωα

h(t)). Furthermore, if Fl, P0 ∈
Hm(0, T ), then h ∈ Hm+2(0, T ). Specially, if Fl, P0 ∈ C∞[0, T ], then h ∈ C∞[0, T ].
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Proof.

Since D is a continuous function and ϱD(h0) +m ̸= 0, we take 0 < hmin < h0 < hmax

such that ϱD(h0)+m ̸= 0 on [hmin, hmax]. Because hmin and hmax are now �xed, for brevity
of notation we will denote by C a generic positive constant that does not depend on h
(instead of C(hmin, hmax)).

We will carry out the proof of existence of a local solution by decoupling the original
problem (6) into two problems; boundary value problem (6)1−6 with given function of
motion of the piston h and problem (6)7,8 with given total �uid force on the piston

∫
Σh(t)

p.
Then we will complete the proof by using Schauder's �xed point theorem.

First we de�ne function H0(t) = h0+h
′
0t which homogenizes initial conditions (6)7 and

introduce the function space

A(0, T ) = {f ∈ H2(0, T ); f(0) = f ′(0) = 0}, T > 0.

Let K(0, R) ⊂ A(0, T ) be a closed ball such that for function h in K(0, R) it holds
0 < hmin < H0(t) + h(t) < hmax, t ∈ [0, T ), i. e. H0 + h is a function that gives allowed
motion of the piston. We can �nd such R and T because of the inequalities:

∥f∥L∞(0,T ) ≤
√
T∥f ′∥L2(0,T ), ∥f∥L2(0,T ) ≤ T∥f ′∥L2(0,T ). (15)

Hence, A(0, T ) is the Hilbert space with scalar product < f, g >=

∫ T

0

f ′′g′′.

Let us now take h ∈ K(0, R) and consider the problem (6)1−6 with motion of the piston
given by h+H0, denote the corresponding pressure with ph+H0 . We de�ne the operator S
on K(0, R) by

S(h)(t) = −ϱ
(
D1(h(t) +H0(t), h

′(t) + h′0) +G(h(t) +H0(t), h
′(t) + h′0)+

+
(h′(t) + h′0)

2

2
B +B1g(h(t) +H0(t))− P0(t).

Let N(h) be solution of the Cauchy problem:

(m+ ϱD(h+H0))((N(h))′′ = cosαS(h), N(h)(0) = 0, (N(h))′(0) = 0. (16)

Notice that S(h)(t) is exactly the total force on the piston without term that depends
on h′′(t) (−ϱD(h+H0)h

′′/ cosα). Therefore we reduce problem (6) to a problem of �nding
a �xed point of operator N . Really, let us suppose that operator N has a �xed point hf .
Then it is immediate that (Φhf+H0 , hf +H0) is the solution of the problem (6).

From lemma 5. follows that the regularity of function S(h) is fully determined by the
regularity of h. Since de�nition of S involves only h, h′ and because h ∈ H2(0, T ), we have
S(h) ∈ H1(0, T ). Therefore it is immediate that N(h) ∈ H3(0, T ). We have proved that
ImN ⊂ H3(0, T ), so because of the compactness of embedding H3(0, T ) ↪→ H2(0, T ) the
set ImN is relatively compact set in H2(0, T ). Let us now prove that for T small enough,
N(K(0, R)) ⊂ K(0, R). From estimates for G(h, h′), lemma 5. and the trace theorem we
get

|S(h)(t)| ≤ C
(
|h′(t)|2+|Fl′(t)|+|Fl(t)|2+|h′0|2+|h′0|t+|h0|+|h(t)|+|P0(t)|

)
, h ∈ K(0, R).

(17)
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Therefore by using (15) we get

∥S(h)∥L2(0,T )

≤ C(T 3/2R2 + ∥Fl∥H2(0,T )(T + T 5/2) + T∥P0∥H1(0,T ) +RT 2 + T + T 3/2), h ∈ K(0, R).(18)

Now, for T small enough the following inequality holds:

∥N(h)∥A(0,T ) ≤
1

mint∈[0,T ] |ϱD(h(t) +H0(t)) +m|
∥S(h)∥L2(0,T ) ≤ R.

Hence, we have provedN(KA(0,T )(0, R)) ⊂ KA(0,T )(0, R). It remains to prove the continuity
of operator N . Let us take a convergent sequence (hn)n ⊂ A(0, T ) and denote its limit by
h. Furthermore, let us denote corresponding solutions of the problem (6)1−6 by Φhn , Φh.
Convergence of sequence hn in A(0, T ) gives also convergence of sequences hn and h′n in
L∞(0, T ) and therefore from lemma 3. we have S(hn) → S(h) strongly in L∞(0, T ).

Now from the de�nition of operator N it is immediate that N(hn) → N(h) in A(0, T )
and therefore the proof of continuity of operator N is proved.

From the Schauder �xed point theorem (see [23]) we conclude that N has a �xed point
hf . Since hf ∈ ImN we have hf ∈ H3(0, T ). For smooth Fl we can iterate this procedure
and conclude that hf ∈ C∞[0, T ].

Now it only remains to prove the following lemma

Lemma 3. Let hn → h in C1(0, T ). Then S(hn) → S(h) strongly in L∞(0, T ).

Proof.

This is variant of results on smooth dependence of solution of boundary value problem on
smooth change of the domain and boundary data. Therefore we only present the main
idea of the proof (for similar results see for example [13], [18]).

The main idea is to rewrite boundary value problems for Φhn on some �xed domain
and then use the classical result for elliptic equations. Therefore we de�ne a family of
mappings βh(hn, .) : Ωh → Ωhn :

βh(hn, x1, x2, x3) =

{
(x1, x2, x3),

(x1 − x3 tanα(1− hn

h
), x2, x3

hn

h
).

Now for every t ∈ [0, T ], we de�ne Φ(hn)(t, .) := Φhn ◦ βh(t)(hn(t), .) which satis�es the
following variational equality∫

Ωh(t)
∇h(t),hn(t)∇Φ(hn)(t, .) · ∇h(t),hn(t)φ =

∫
Σp

Fl(t)
Flb

e1 · nφ+

+
∫
Σk

e1 · n(Fl(t)
Flb

+ h′n(t)
Flp

cosαFlb
)φ+

∫
Σh(t)

h′
n(t)

cosα
s · nφ, φ ∈ Wh,

(19)

where W = {φ ∈ H1(Ωh);
∫
Σp
φ = 0} and

∇h,hn =


∇ x3 < 0,

hn

h

(
∇x′

( h
hn

− 1) tanα∂x1 +
h
hn
∂x3

)
x3 > 0.
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We know that hn(t) → h(t) and h′n(t) → h′(t) uniformly on (0, T ). By taking Φ(hn(t, .))
for the test function in (19) we conclude that set {Φ(hn)(t, .)), n ∈ N} is bounded in Wh(t).
Now we can subtract (19) for Φ(hn) and Φ(h), and by using previous two observations get
Φ(hn)(t, .) → Φ(h)(t, .) in Wh(t) uniformly on (0, T ).

Now let us take 0 < hc < hmin and θ ∈ C∞(Ωhmax) such that supp(θ) ∈ Ωhmax \ Ωhc

and θ ≡ 1 on Ωhmax \ Ωhmin
. Now we can use the standard local regularity result for the

Laplace equations on Ωh(t) to get θΦ(hn)(t, .) → θΦ(h)(t, .) in Hm(Ωh(t)) uniformly on
(0, T ), m ∈ N. Assertion of the lemma follows from de�nition of S and θ and continuity
of trace operator.

Remark 3. Convergence from previous lemma is not local, i.e. one could also prove
Φ(hn)(t, .) → Φ(h)(t, .) in Hm(Ωh(t)). Proof is analogous but one needs to construct smooth
β. Since we need only local convergence we decided to prove lemma 3. with simplest possible
β which is because of its simplicity most convenient for numerical computations.

Remark 4. Condition ϱD(h0)+m ̸= 0 is necessary, i.e. is not always satis�ed. Numerical
experiments show that this condition depends on geometry, more precisely on the ratio
between diameters of vertical and horizontal pipe.

Example 2. In this example we numerically solve problem (6) for α = π/4, l = 5,
d = d1 = 1.6, Fl(t) = 1.5 cos(t), g = 9.81, m = ϱ = 1, h0 = 1.1, h′0 = 0.3 and
P0 = −15 + 1.5 cos(t). We use the same decoupling method as in proof of theorem 2.
For solving boundary value problem (6)1−5 in �xed domain Ωα

h(t) we use �nite elements

method and for solving Cauchy problem (6)6,7 we use explicit Euler method with time step
dt = 0.01.

10 20 30 40 50
t

0.6

0.8

1.0

1.2

1.4

1.6

hHtL

Figure 3: Evolution of the piston height h(t)

Figure 3 shows evolution of the piston height h(t). Using obtained estimates we can prove
the existence of a solution on (0, T ) for an arbitrary T if the data are small.

Corollary 1. Let T > 0, Fl ∈ H2(0, T ), h′0 ∈ R, h0 > 0 and P0 ∈ H1(0, T ) be such that
quantities ∥Fl∥H2(0,T ), |h′0| and ∥ − ϱgB1h0 − P0∥H1(0,T ) are small enough. If the mass of
the piston m is great enough, then there exists solution (Φ, h) of the problem (6) such that
Φ(t, .) ∈ C∞(Ωα

h(t)), t ∈ [0, T ] and h ∈ H3(0, T ).
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Proof.

Directly from the estimates (17), (18) and de�nitions of operator N from proof of Theorem
2. we see that we can choose R such that N(KA(0,T )(0, R)) ⊂ KA(0,T )(0, R). Then we can
proceed exactly as in proof of Theorem 2. to get assertion of Corollary.

3.3 Global solutions and stability of the equilibrium point of the

piston

In this section we consider autonomous case, i. e. the case when in�ow �ux is constant,
Fl(t) = Fl and for simplicity we suppose that Flb = 1. We can do that without loss of
generality because we can just rede�ne Fl as Fl/F lb. Furthermore we suppose that outer
pressure pV is also constant. Because of these assumptions we have Pα

0 (t) = P α
0 is also a

constant. For subsequent analysis we will have to express all unknowns and parameters
in (9) as explicitly as possible.

Recall that χh, χh
1 and Θh

2 are solutions of auxiliary boundary value problems (11),
(13) and (12) respectively. It follows that Φ(t, .) = Fl(t)χh

1 + h′(t)χh/ cosα. Let

G1(h)(t) =
∫
Σh(t)

|∇χh
1 |2n · s, G2(h)(t) =

∫
Σh(t)

|∇χh|2n · s,
G3(h)(t) = 2

∫
Σh(t)

∇χh
1 · ∇χhn · s.

(20)

Then we have

G0(h)(t) =

∫
Σh(t)

|∇Φ|2n · s =
∫
Σh(t)

(Fl2(t)|∇χh
1 |2 + h′(t)2|∇χh|2+

+Fl(t)h′(t)∇χh
1 · ∇χh) = Fl(t)2G1(h(t)) + h′(t)2G2(h(t)) + Fl(t)h′(t)G3(h(t)),

Furthermore, we know asymptotic behavior of G1, G2 and G3,

lim
s→∞

G2(s) = Flp, lim
s→∞

G1(s) = lim
s→∞

G3(s) = 0.

Both assertions follow now from lemma 1.. First one directly, while for the second one we
apply lemma 1. to function Φ2(., x1, x2, x3) + cosαx3 + sinαx1. Moreover, we have

D1(h(t), h
′(t)) = Fl′(t)

∫
Σh(t)

χh
1 +

h′(t)

cosα

∫
Σh(t)

Θh
2 = h′(t)D2(h(t), h

′(t)).

Now Newton's equation (9) can be written as a system of �rst order ODEs:(
h
v

)′

=

(
v

cosα
m+ϱD(h)

(
− P0 − ϱgB1h− ϱ(Fl2G1(h) + v2G2(h) + v(FlG3(h) +D2(h, v)))

) )
,(

h(0)
v(0)

)
=

(
h0
h′0

)
.

(21)
We will consider linearization around a stationary point. Right-hand side of (21) is denoted
by W (h, v). We look for a stationary point of the system (21), i. e. (hc, vc) such that
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W (hc, vc) = 0. It is immediate that vc = 0. Therefore the determination of the stationary
point is reduced to solving the equation:

−B1ϱgh− |Fl|2G1(h) = P0. (22)

Equation (22) is just a balance of forces in the stationary problem (1)6. From Theorem
1. we know that there exists a solution which we denote by hc. Stability of the stationary
point and asymptotic behavior of the solution depends on the derivative DW (hc, 0) (see
[12]). Let us now calculate DW (hc, 0):

DW (hc, 0) =

(
0 1

ϱ cosα
m+ϱD(hc)

(−B1g − Fl2G′
1(hc))

ϱ cosα
m+ϱD(hc)

(−FlC3(hc)−D2(hc, 0))

)
.

Eigenvalues λ1,2 of WG(hc, 0) are

λ1,2 = (−FlG3(hc)−D2(hc, 0))
ϱ cosα

m+ ϱD(hc)
±

±
√

ϱ cosα

m+ ϱD(h)

( ϱ cosα

m+ ϱD(h)
(D2(hc, 0) + FlG3(h))− 4(B1g + Fl2G1(h))

)
If stationary state hc is far from the junction we can use asymptotic properties of Φ to
describe conditions for stability more precisely. We know that χh ≈ C + sinαx1 + cosαx3
for large x3. Therefore D(hc) > 0 for hc large enough. Furthermore, since all terms under
the square root, besides −4B1g, are asymptotically small, the expression under the square
root is negative. Hence,

Re(λ1,2) = (−FlG3(hc)−D2(hc, 0))
ϱ cosα

m+ ϱD(h)

and stability depends on sign of Re(λ1,2).

Lemma 4. D2(hc, 0) depends linearly on Fl, i.e. D2(hc, 0) = FlD3(hc).

Proof.

Since h′(t) = 0, v = ∇Φ = Fl∇χ1. From (12) we see that Θ2 depends linearly on v and
therefore also linearly on Fl.

Therefore we have proved the following theorem

Theorem 3. Let h′0 be small enough, Fl(t) = Fl and let P0 be such that there exist
corresponding stationary state hc which is far enough from the junction and such that
m+ ϱD(hc) ̸= 0 and G3(hc) +D3(hc) ̸= 0.

If

Fl
G3(hc) +D3(hc)

m+ ϱD(hc)
> 0,

then hc is asymptotically stable stationary state. If Fl has opposite sign, then hc is unstable
stationary state.
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Remark 5. Dependence of stability of stationary states on α

Furthermore, by using transformation from remark 1. straightforward calculation yields
Gα

1 = G−α
1 , thus hαc = h−α

c . By using the same transformation and the fact that asymp-
totically ∇χh ≈ s, we get Gα

3 (hc) ≈ −G−α
3 (hc) for large hc, i.e. Gα

3 (hc) and G−α
3 (hc)

have di�erent signs. Is is also easy to see that (∇vα)nα · s = −(∇v−α)n−α · s. These
observations together with the numerical experiments strongly suggest the dependence of
stability of stationary states on the angle α.

Example 3. In this example we will illustrate Theorem 3.. We take l = 5, d = d1 = 1.6,
Fl = 3, g = 9.81, m = ϱ = 1, h0 = 0.94, h′0 = 0.02 and P0 = −15. Then we numerically
solve system (6) for α1 = π/4 and α2 = −π/4 using method described in Example 2..
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0.98

1.00

hHtL

Figure 4: Evolution of the piston height h(t) for α1 = π/4 and α2 = −π/4

Figure 4 shows evolution of the piston height h(t) for α1 = π/4 (full line) and α2 =
−π/4 (dashed). We see that for exactly the same data, there exists a global solution for
α = π/4 and for α = −π/4 the solution exists only on some �nite time-interval.

Remark 6. In remark 1. we saw that this model in stationary case does not "see" the dif-
ference between angles α and −α. However, Example 4 shows us that even the equilibrium
height is the same in both cases, in one case we have a stable equilibrium and in another
we have not. Therefore in the evolutionary case this model can "see" di�erences between
angles α and −α.

3.3.1 Non-autonomous case

In this subsection we will prove the global existence theorem for problem (6). As we have
seen, problem (6) does not have a global solution in general, but if we take data close to
the stationary solution and consider a stable case, then a global solution exists. We state
slight modi�cation of theorem 2.77 from [1] and therefore we only present the main steps
of the proof.
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Theorem 4. Let α ̸= 0 and let hc be stable equilibrium height of the piston for �ux Fls
and pressure Ps on Σp. Furthermore, let Fl(t) and P0(t) be small perturbations of Fls and
Ps, respectively, i.e.

Fl(t) = Fls + f(t), P0(t) = Ps + g(t) with lim
t→∞

f(t) = 0 and lim
t→∞

g(t) = 0.

Moreover, let (h0, h
′
0) be close enough to (hc, 0). Then if ∥f∥L∞ and ∥g∥L∞ are small

enough, then a global solution (Φ, h) of the problem (6) exists.

Proof.

Let us introduce notations

h(t) =

(
h(t)− hc
h′(t)

)
, h0 =

(
h0 − hc
h′0

)
and W̃ (h, v) = W (h+ hc, v).

Now the Cauchy problem (9) can be written as

h′(t) = G̃(h(t), t), h(0) = h0;

here G̃(h(t), t) = Ah(t) +B(t)h(t) + g(h(t), t), where

A =

(
0 1

ϱ cosα
m+ϱD(hc)

(−B1g − Fl2sG
′
1(hc))

ϱ cosα
m+ϱD(hc)

(−FlsC3(hc)−D2(hc, 0))

)
,

B(t) =

(
0 1

−ϱ cosα
m+ϱD(hc)

(f(t)2G′
1(hc))

−ϱ cosα
m+ϱD(hc)

(f(t)C3(hc) + f(t)D3(hc))

)
.

It is immediate that ∥B(t)∥ → 0 as t → ∞. Since DhG̃(h, t) = A + B(t), we have that
g(h, t) = G̃(0, t)+o(|h|2). Note that ∥G̃(0, t)∥ → 0 as t→ ∞ because hc is the equilibrium
height of the corresponding stationary problem. Let us now take 0 < δ < hc and maximal
T > 0 such that the solution of problem (6) exists on (0, T ) and ∥h(t)∥ ≤ δ, t ∈ (0, T ).
The solution is given by variation of parameters formula, (see [1]),:

h(t) = h0e
tA + etA

∫ t

0

e−sA(B(s)h(s) + g(h(s), s) +P0(s))ds.

Since all eigenvalues of A have negative real parts, there exists λ > 0 and C > 1 such that
∥etA∥ ≤ Ce−λt. Now we can get the following estimate:

∥h(t)∥ ≤ ∥h0∥e−λt + e−λt

∫ t

0

eλs(∥B(t)∥δ + ∥G̃(0, s)∥+ Cδ2 + ∥P0(t)∥).

Assertion of the theorem follows from the fact that

lim
t→∞

e−λt

∫ t

0

eλs|f(s)|ds = −1

λ
lim
t→∞

|f(t)| = 0

and smallness of f and g.

The following example illustrates theorem 4.
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Example 4. We take l = 5, d = d1 = 1.6, Fl(t) = 3 − 1
10(1+t)

, g = 9.81, m = ϱ = 1,

h0 = 0.94, h′0 = 0.02 and P0(t) = −15+ 1
10(1+t)

. Then we numerically solve system (6) for
α = π

4
using the method described in Example 2. Figure 5 shows evolution of the piston

height h(t).

10 20 30 40 50
t

0.945

0.950

0.955

0.960

hHtL

Figure 5: Evolution of the piston height h(t).

4 Appendix

Throughout Section 3 we used results on Neumann's problem for Laplace's equations.
Since our domain Ωh(t) is variable, we need some nonstandard versions of the classical
existence and regularity results. However, these results follow from the classical ones
directly with obvious modi�cations. Therefore we just state the following lemma with a
sketch of its proof.

Lemma 5. Let h ∈ H2(0, T ) be such that 0 < hmin < h(t) < hmax for t ∈ [0, T ]. Moreover,
let gi ∈ H1((0, T );H3/2(∂Ωh(t))), i = 1, 2, 3 be such that

∫
Σp
g1 +

∫
Σk
g2 +

∫
Σh(t)

g3 = 0 and

vP is de�ned in Section 3. Then the problem

△u(t, .) = 0 in Ωh(t),

∂
∂n
u = 0 on Γ,

∂
∂n
u = g1 on Σp,

∂
∂n
u = g2 on Σk,

∂
∂n
u = g3 on Σh(t),∫
Σp
u(t, .)dx = 0,

(23)

has a unique solution u ∈ L∞((0, T );H3(Ωh(t))) such that for every t ∈ [0, T ],

∥u(t.)∥H3(Ωh(t)) ≤ C(hmin, hmax)
3∑

i=1

∥g(t, .)∥H3/2(∂Ωh(t)) (24)
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Furthermore, z = ∂tu ∈ L2((0, T );H2(Ωh(t))) is a unique solution of the boundary value
problem

△z(t, .) = 0 in Ωh(t),

∂
∂n
z = 0 on Γ,

∂
∂n
z = g′1 on Σp,

∂
∂n
z = g′2 on Σk,

∂
∂n
z = −∇(∇u)n · vP + g′3 +∇g3 · vP on Σh(t),∫

Σp
z(t, .)dx = 0.

(25)

Moreover, we have the estimate∫ T

0

∥∂tu(t, .)∥2H2(Ωh(t))
≤ C(hmin, hmax)

( 3∑
i=1

∥g′i(t, .)∥2H1/2(∂Ωh(t))

+∥h′∥2L∞(0,T )

3∑
i=1

∥gi(t, .)∥2H3/2(∂Ωh(t))
)
.

Proof.

Existence of the solution of problem (23) is standard (see for example [9]). Classical results
also give estimate (24), but with constant C(Ωh(t)) depending on h(t). Nevertheless, by
transforming domain Ωh(t) onto some �xed domain and calculating the corresponding
norms, after long but straightforward calculation we get that C(Ωh(t)) ≤ C(hmin, hmax).

The only non-trivial part of the second part of lemma is to get condition (25)5. We
obtain it by formally taking the derivative of condition (23)5 w.r.t. t and using the fact
that normal n does not depend on h(t). More precisely, let β(h., .) : Ω1 → Ωh be a family
of di�eomorphisms.

Notice that n(t, β(h(t),x)) = n(x). Therefore we have

∂t(∇u(t, β(h(t),x)) · n(x)) =
(
∂t∇u(t, β(h(t),x)) + ((∇(∇u))vP )(t, β(h(t),x))

)
· n(x)

Now the assertion of the lemma follows from results of the �rst part of the lemma.
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