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1 Definition and basic properties

Definition 1.1 Let p be a measure on [0,00). The Laplace transform Lu of u
is defined by

Lu(N) :/ e Mu(dz)  for A > oy,
[0,00)
where op = inf{\ € R : f[o ) e Mu(dr) < oo} .

Remark 1.2 (i) If p is a finite measure, then oy < 0.
(ii)) Assume that Lu(a) < oo for some a € R. Then

e*aZE

Ly(a)
defines a probability measure on [0, co) with the Laplace transform
_ 1 _ Lu(A+ a)
\x - (Ma)x -
e “Yv(dr) = / € u(ldr) = ————=.
/[o,oo) () Lp(a) Jjo,00) (d) Ly(a)

(iii) Some special cases:
(iiia) p(dr) = f(x)dz

v(dr) = p(dz)

£nn) = £50) = | e () da.

0

(iiib) let X be a non-negative random variable on a probability space
(Q, F,P) and denote by u the law of X; that is u(B) = P(X € B).
Then
Lu(\) =E[e™X]  for A>o0y.



1 Definition and basic properties

Example 1.3 (a) f(z)=2% a>0

(b) f(x) =€ aeR

> 1
LN = / e~ @tV gy —
0

a+ )\

oypg— —a.

(¢) f(z)=e"", oy = —00, since

o0
/ e M converges for any A € R.
0

2

(d) f(x)=¢€"", 09 = +00, since
o0 2
/ e M+ dr does not converge for any A € R.
0

Proposition 1.4 (Properties of LT) Let p be a measure on [0, 00) ans assume
that Lu is finite (0,00) (i.e. 09 <0).

(i) Then Lu € C*((0,00)) and for all n € N

(L) (A) = (1) /[ e ),

(ii)  has finite n-th moment if and only if (L£u)™ (0+) exists and it is finite.
In particular, u is finite if and only if L£u(0+) exists and it is finite.

(iii) If v :[0,00) — [0, 00) is defined by v(z) = az, a > 0, then
L(poy™)(A) = Lu(a)), X>0.
(iv) If v is a measure such that Lv(\) exists for A > 0, then
Lpxv)=LuLy,

where the convolution of measures p and v is defined by

(nxv)( //000 B(z + y)p(dz)v(dy)

for a Borel measurable set B C |0, oo) :



Proof. (i)

h h
Since . | ‘ o
e " -1 hx|e!™™® N N A
1T <L 2T fi < =
n | < \h\ < zeir' < ce or \h\ <7

for some constant ¢ > 0 depending only on A > 0, we can use dominated
convergence theorem to conclude that

ehr 1

(L) () = /[ e ) = - /[ e ).

For higher derivatives we proceed in a similar manner.
(ii) An application of monotone convergence theorem yields

()L™ (O0) = lim | a"eMu(de) = / " u(de)
A—0-+ [0700) [0,oo)

and the claim follows.
(iii)

=ax

~~
Lluor () = /[ o)) = /[ )e—WW)u(dw):zu(ax»

Lluxr)(A) = /[ ) ) = /[ | /[ i
= Lu(A) Lr(A) .

Definition 1.5 For a measure p on R its distribution function F : R — [0, 00)
is defined by
F(z) = p((—o0,2]), z€R.

We call = € R a continuity point of u (or F') if F' is continuous at x .



1 Definition and basic properties

Remark 1.6 Note that F'is always right continuous with left limits and non-
decreasing function and it has at most countable number of discontinuities. If y
is a measure on [0, 00), then F(z) =0 for x < 0 and F(z) = ([0, z]) for z > 0.

Proposition 1.7 Let p be a measure on [0, c0) with the distribution function

F. Then for any A > 0¢ V0 and = > 0 following integration by parts formula
holds

/[0 ]eAy,u(dy) — e M F(z) +/[0 ]Ae/\yF(y) dy .

In particular,

=y _
e YF(y)dy :
/0 ) A

If 11 is a probability measure, then

(0.¢] 1_
/ e M(1—F(x))dx = #(A) forall A >0.
0

Proof. By Fubini theorem

Lo, =12 (w)

/[0 e Mu(dy) = /[0 / )1[%00)(2)‘)\6—Az dzpu(dy)

:/0 e ([0, 2 A 2]) dz
=e ([0, z]) + /Of e ([0, 2]) d=
— e MF(z) + /fﬁ e MF(2)dz.

0

Second claim follows by letting x+ — oo and using monotone convergence
theorem, since we can find € > 0 so that A — e > 0 V 0 and hence

00 > Lu(A—¢g) > /[ ]e(’\e)yu(dy) > e M (x)
0,x

yielding e ** F(z) — 0. The last claim follows directly from the previous. O

T—00



Proposition 1.8 (Uniqueness and inversion of LT) A finite measure p on
[0, 00) is uniquely determined by its Laplace transform. More precisely, for any
x > 0 we have

10,2 = gute)) = Jimy 3 (152w (L.1)
In particular, at every continuity point x > 0 of u we have
k
o BRI ING!
p([0,z]) = ggrolol;( ) (L) (n). (1.2)

Proof. By Proposition 1.4 (a), for any x > 0 and n € N,

nk n k
Z(_l)kg(ﬁﬂ)(m(}\) :/[0 | Z %e_"tu(dt).

k<nz k<nz

Note,

t k
Z (Z') e " =P(X < na),
k<nz )

where X has Poisson distribution with mean nt. First we consider case x = t.
Let {Y; : i > 1} be a sequence of independent Poisson random variables with
mean t. By the central limit theorem,

Yit.. +Y, —nt
]P’(Xgnt):IP’<1+ 1 ”go)

—>/0 L _ﬁd !
e 2 = _,
Vvnt n—oo [ \/2m Y 2

For x < t,

P(X <nzx)=Pn(t—z) <nt—X) <P(n(t—=z) <|X —nt|)

VarX t .0
“n2(t—x)2  n(t—a)? o

and, similarly, for x > t,

PIX<nz)=1-P(X —nt>n(z—1t) >1—-P(X —nt| >n(x—1))




1 Definition and basic properties

The last three displays show that

(nt)* _, 1
Z e " — i (t) + 51{:5}(75)

k! n—00
k<nz

and, thus by the dominated convergence theorem

i (<1 G0 0) = [ (Boaf0)+ 3109(0))

= ([0, 4]) — gu({z}).

Remark 1.9 If f : [0,00) — R is a continuous function such that for some
beR

sup e " f(z) < 00,
x>0

then the Post-Widder inversion formula holds

f@) = Tim S5 ()" o™y 2 >o0.

|
n—oo n:

10



2 Continuity theorem and applications

Theorem 2.1 (Continuity theorem) Let (u,) be a sequence of measures on
[0, 00) and denote by F), their distribution functions.

(i) If p is a measure on [0,00) with the distribution function F' such that
F, — F at continuity points of F' and if there is a > 0 such that

n—00
sup Luy(a) < oo, then

n>1

Li,(A) — Lu(A)  forall A >a.

n—oo

(ii) If there is a € R such that ¢(\) = lim Lu,(\) exists for all A > a, then
n—0o0

¢ is the Laplace transform of a measure p and if F' is its distribution
function, then F,, — F at all continuity points of F'.

n—oo

Proof. (i) Let A := sup Lu,(a) < oco. Using Proposition 1.7 and dominated
n>1
convergence theorem, for any A > a and point of continuity x > 0,

/[O ]ekyun(dy)z /0 Ae™VE,(y) ds + e Fy(z) — , ]eAyu(dy),

since F,(y) < e Lup(a) < Ae™ forall 0 <y < x.

Let A > a and € > 0. For any point of continuity z > 0 of F' satistying
Ae~A—9)7 < ¢ we have

/[ V) < L) <
0,z

< / e (dy) + e A / e~ pn(dy) < / e M (dy) + ¢ .
[0,2] (z,00) [0,2]

This implies

/[ ]e_Ay,u(dy) < liminf L, (A) < limsup Ly, (A) < /[ ]e_Ayu(dy) +e
0,z 0,z

n—0o0 n—00

11



2 Continuity theorem and applications

and, letting x — oo (along points of continuity of F') we obtain

Lu(A) <liminf Lu,(A) < limsup Lu,(N) < Lu(X) + €.
n— 00

n—oo

Since € > 0 was arbitrary we conclude that lim Lu, () exists and equals Lu(\)

n—oo

for any A > a.
(ii)) Take \g > a. By Remark 1.2 (ii),

6—)\01:
vp(dz) = mﬂn(dx)

are probability measures with the Laplace transforms

,C,Lbn()\o)

Denoting by G,, the distribution function of v, for n € N, we can apply Helly’s
selection theorem to obtain a right-continuous non-decreasing function G' and
a subsequence such that G,, — G at all continuity points of G. Let v be the

k—00
measure on [0, c0) corresponding to G (such that G is the distribution function

of v). Since Lv,(0) =1 for all n € N, we can apply (i) to conclude that

gb()\() + )\) ~ lim ,C,Lbnk(AO + )\)
¢(No) koo Lty (Ao)

for ne N.

= ,CV()\O + )\) .

In the same way, we obtain that any subsequence (G,,) of (G,) has a subse-
quence (Gnkl) converging to GG at all continuity points of G. This implies that

(G,,) converges to G at all continuity points of G(see !). Define u by
pldz) = ¢(No)e v (dx),

Note that it has the same continuity points as v since, by Proposition 1.7,

1([0, z]) = p(Xg) [eWG(a;) + / ' Moe ' G(1) dt] .

0

'Here we use the following reasoning from analysis. If (a,) is a sequence of real numbers such that every
sequence has a subsequence converging to some fixed number L € R, then (a,) converges to L as well. If
this were not true, we could find € > 0 and a subsequence (ay, ) such that

lan, — L| >¢e forall keN

which would lead to a contradiction, since we could not find any further subsequence of (ay, ) converging to
L.

12



2.1 Completely monotone functions

Also, for any A > A\

P(Ao + (A= N))
P(Ao)

Then for any continuity point x > 0 of the distribution function F' of u, by the
dominated convergence theorem and Proposition 1.7, it follows that

Li(3) = 6(N) /[ ) = 90 = 5().

Fu(z) = [ ]ﬁﬂn()\o)e/\oy%(dy) = Liin(Xo) e G(z)— [ ]ﬁﬂn()\o))\oeryGn(y) dy
0,z 0,
000G — [ MG = [ ot
— ([0, 4]) = F(x).
O

Corollary 2.2 Let (u,), be a sequence of probability measures such that

Liy(A) — ¢(N)  forall A>0.
n—0o0

If (0+) = 1, then there exists a probability measure p on [0, c0) such that

Liu=¢ and p,([0,2]) — p([0,z]) at continuity points z > 0 of p .

n—oo

Proof. Since sup L1,,(0) = sup p,,([0,00) = 1, Theorem 2.1 (ii) yiedls a measure

n>1 n>1

pon [0, 00) such that p, ([0, z]) — u([0, x]) at continuity points of u satisfying
n—00

Li(A) = op(N) forall A >0.

Using Proposition 1.4 (i) we get that 1 = ¢(0+) = u([0, 00)) . O

2.1 Completely monotone functions

In this section we explore range of the Laplace transform.

13



2 Continuity theorem and applications

Definition 2.3 A function f : (0,00) — (0, 00) is completely monotone function
if it has derivatives of all orders and satisfies

(=) f™(X\) >0 forall A>0 and neNU{0}.

Theorem 2.4 (Bernstein-Hausdorff-Widder) A function f: (0,00) — (0, o0)
is completely monotone if and only if there exists a measure p on [0, 00) such
that

fON) = Lu)) = / e Mu(dr)  forall A >0.

[0,00)

Proof. By Proposition 1.4 (i), for any n € N and A > 0 we have
(00 = [ e e 0.
[0,00)

Let f be a completely monotone function such that f(0+) < oco. Since
(—1)"f™ is nonincreasing for any n € N, we have

A
(—1)r ) < 2 / (1) f) () dy < 2 (1) ().

2
— Ao A
[terating this inequality we obtain

n(n+1) n(n+1)
2 2

2 2
f(3) <

RO
(=" (y) < o o

f(0+), y>0.

Having this inequality we can use integration by parts and change of variable
y =7 to get

FN) — floo) = / " Py dy = / Ty - () dy
I N
S e A ARl

OO n n—l(_l)nf(n)(%) ndt
/W(‘ A (n—1) ¢

n!

~

14



2.1 Completely monotone functions

Define
(=) f () ()

n!

dt .

fin(dt) =

By monotone convergence theorem

A—0-+ n

p([0,50)) = lim m@—ﬁ)_mmmewﬁmﬂ—mm
0

for all n € N and so we may use Helly’s selection principle to obtain a nonde-
creasing right continuous function F' and a subsequence (ii,,) such that

pini (10, 7]) — F(z)

k—o00

at continuity points x of F'. Let u be the measure corresponding to . By the
continuity theorem (Theorem 2.1),

Liing(A) — Lu(A)

k—o0

It can be shown that

n—1
(1 — £> Ljgn(z) — e ™ uniformly in = >0,
n

hence,
% A
Lrn = [ (1-20) Yo Othanldt) — 0
0
implying that
FA) = f(o0) = Luo(A).

Therefore, in this case it is enough to put

= pio + f(00)do,

where Jy is point mass at 0. In general case we set f,(A\) := f(a+ A) for a >0
and note that f, is also a completely monotone function such that f,(0+) < oo
and so there is a measure pu, such that f, = Lu,. Since it is possible do this
for any a > 0, uniqueness theorem for the Laplace transform (Proposition 1.8)
implies that for 0 < a < b from

Lupy(N) = fla+(A+b—a)) = / e Me A=)y (dx)

[0,00)

15



2 Continuity theorem and applications

we deduce that ey, (dx) = " uy(dr). Hence, for any a > 0 we may consis-
tently define measure

p(dz) = e* pq(de) .
Then for A > 0 and a = 2 we get

_ A A — f%:r _ —\z
PO = £+ /[ et /[ ),

Proposition 2.5 Let f be a completely monotone function.
(a) If g is a completely monotone function, then fg is also completely monotone.

(b) If h: (0,00) — (0, 0) is such that A’ is completely monotone, then f o h
is also completely monotone.

Proof. (a) By Theorem 2.4, there exist measures p and v such that f = Ly and
g = Lv. Then Proposition 1.4 (iv) implies that fg = LuLlyv = L(pu*v). Now it
is enough to observe that L(u * /) is completely monotone by Theorem 2.4.
(b) We prove this by mathematical induction. First,

Y] /
(hof) =(foh) A <O0.
< =20

Assume that for some n € N

(=D (foh)® >0 forall ke{l,...,n} (2.1)

and all functions f,h : (0,00) — (0,00) such that 7’ and f are completely
monotone. Since —f’ and A’ are completely monotone, by Leibniz formula for
higher derivatives and (2.1),

(=) (ko f)H) = (=1)" [((=f) o h) -

O
<:> o

TL

o

I
N
VRS
N
(—~
I
—_
v
/—\
—~
I
N>
v
//\
v
/—\
N
i
o
v
O

16



2.2 Tauberian theorems

2.2 Tauberian theorems

We have seen that continuity theorem enables us to deduce convergence of
distribution functions from the convergence of the Laplace transforms of the
corresponding measures. In this section we will see that under certain conditions
behavior of the Laplace transform around the origin determines the behavior
of the distribution function near the infinity. Such type of relation, describing
behavior of measure p in terms of transform Ly is often called Tauberian.
Reverse relation is known as Abelian.

Theorem 2.6 Let p > 0 and let 1 be a measure on [0, 00) such that its Laplace
transform Ly is defined on (0, 00) . The following claims are equivalent

Lou(2
(i) E'uifi — A7 forall A>0,
e —00
(i) & (([?’t;])) —a forall 7> 0.
u((0,4]) t-0

Moreover, if the relations above hold, then

Loz)
o S T, (2.2)

Proof. | (i) = (ii) | (Tauberian theorem) By Proposition 1.4 (iii) with v(y) = 4,
for any A > 0 and ¢ > 0 we obtain

Lu(s) . (por
Zud) - < (D )

Hence,

-1 —)\yy d 0
£<N071 ><A>—>M Jo o
L) =00 Lo(N), p=20

and so, by the continuity theorem (Theorem 2.1), we conclude that

Ty pdy, > 0 p
M([O’tlx]) > ( Y P Y for any x > 0. (2.3)
Lu(g) 1o f[o,x] do(dy), p=0 T(1+p)

17



2 Continuity theorem and applications

In particular, taking x = 1 in (2.3) we get (2.2) and then

(0.2 _ ‘it

a i = ﬁu% s P

W(0.4) o o forany @>0.
Lu(7)

(ii) = (i) | (Abelian theorem) Similarly as before, by Proposition 1.4 (iii) with

-1 r A

E(uo'y )()\): i) for A\, t>0.
p([0,]) p([0,])

In order to apply continuity theorem first we are going to prove that for some

to >0
- Ly(7)
t>to ([0, 1])
From (ii) it follows that there is ty > 0 such that

< 0

1([0,2t]) <2-2°u([0,t]) for every t > ty. (2.4)

Then for any a > 0

L(%) < u([0, 1)) +Z/

yielding together with multiple application of (2.4)

EM( ) a2 1#([0 —a2" 1on(14p)
<mm“+z ([0, 1+Z 2

Therefore, we may use continuity theorem (Theorem 2.1) to conclude that

A _ oo _
ﬁu@>::£(MOW1><»-—+ Jo e eyt Ty, p>0 T +p)
1([0,¢]) 1([0,¢]) too | LIp(A), p=0 AP

for all A > a, implying that the convergence actually holds for all A > 0, since

a > 0 was arbitrary. As in the first part of the proof, by taking A = 1 we obtain
(2.2) and then

dwﬂmt+Z*WMMW)

Lp(3)
Lu(3 t
'u(f) = u([O,f]) » A7 forall A>0.
Lu(h) ~ L) 5w

18



2.2 Tauberian theorems

Example 2.7 By (2.2),
1([0,8]) ~Int as t w00 <= Lu(A)~Injas A —=0+.

Definition 2.8 A function g: (0,00) — (0, 00) wvaries regularly at infinity with
index p € R if
lim g(t)
t—00 g(t)
If £: (0,00) = (0, 00) varies regluarly with index p = 0, then it is said to vary
slowly at infinity, i.e.

=t forall z>0.

lim fix)

00 =1 forall z>0.

Using this terminology we can restate Theorem 2.6 as follows.

Theorem 2.9 Let p be a measure on [0,00), £: (0,00) — (0,00) a slowly
varying function at infinity and p > 0. The following relations are equivalent:

(i) LX) ~APU(5), A— 0+

(i (04D ~ T

UL, t— 0.
p) Q

Proof. If (i) holds, then
()

L2 L
M(i) ~NATPAL NP as t— oo,
Lp(t) (1)

which is (i) in Theorem 2.6. Hence, from (2.2) we deduce

1 1
0,8]) ~ =——Lu(3) ~ =———t"L(t) as t— o0o.
(04) ~ 57 ~ )
In the other case we proceed similarly:. O

19



2 Continuity theorem and applications

Proposition 2.10 (Monotone density theorem) Let p be a measure on
[0, 00) such that

,LL([O,t]):/O m(s)ds, t>0,

where m : (0,00) — (0,00) is wltimately monotone, i.e. there exists tg > 0
such that m is monotone on (ty, o). If there exist p € R and a slowly varying
function ¢ : (0,00) — (0, 00) such that

p([0,t]) ~ tPe(t), as t— oo, (2.5)

then
m(t) ~ pt’1(t), as t— 0. (2.6)

Proof. Let us assume that m is eventualy nondecreasing and let 0 < a < b.
Then for ¢ > 0 large enough,

(b — a)tm(at) < w((at, bt]) < (b — a)tm(bt) (2.7)
tre(t) tPe(t) tre(t)
Since { varies slowly at infinity we have
pllat b)) p(0.60) 000 pl(0.0t) lat)
tPl(t) (bt)re(bt)  L(t)  (at)rl(at)  L(t) t—oo
Therefore, it follows from (2.7) that
i s m(at) b’ — a’
im
e () = b —a
and by taking a = 1 and letting b — 1+ we get
i s m(t) O b’ —1
im im =p.
e tr=(t) ~ =1 b—1 P
Similarly,
—a’
lim inf m(t) > lim L—a =
t—00 tp_lf(t) a—l— 1 —a
showing that
. m(t)
}?ﬁ;tplg(t)'—
U

20



2.2 Tauberian theorems

Remark 2.11 It can be proved that (2.5) and (2.6) in Proposition 2.10 are
equivalent when p > 0. The direction that we have not proved is known as
Karamata theorem (see [1, Proposition 1.5.8]).

Example 2.12 Let p be a probability measure on [0, co) with the distribution
function. Then, by Proposition 1.7,

/ooe_)‘x[l—F(x)]dJ::%M, A>0.
0

Since 1— F is monotone, Theorem 2.9 and Proposition 2.10 and previous remark
imply that for a slowly varying function ¢ and p > 0 the following relations are
equivalent

1—Lu(A) ~A7P03), A= 0+ and 1—F(t) ~ t"1(t), t — o0.

(2.8)

Example 2.13 (Stable distributions) Let a € (0,1) and ¢(\) = ¢ *". Then
¢ is a completely monotone function by Proposition 2.5 (b) as a composition
of a completely monotone function and a function with a completely monotone
derivative. Moreover, since ¢(0) = 1, by Theorem 2.4 ¢ is the Laplace transform
of a probability measure pu.

Let (X,,) be a sequence of independent random variables on a probability space

(Q, F,P) with law pu. Then the Laplace transform of the random variable
XlJ;.l.);an iS
7)\X1+~--+Xn

E [ 5] = om0y = 6(0),

showing by the uniqueness of the Laplace transform (Proposition 1.8) that the

law of £1E22a s again p. Note that

1—LpN)=1—e ~ A A= 0+ .
If X has the law pu, then (2.8) with p =1 — « yields

1 t“
P(X >t)~ g0l o,
X>8~ =) rl—a)y @ %

21



2 Continuity theorem and applications

2.3 Further developments

If we consider example of the gamma distribution

xa—l .
v(dx) = F(a)e dr (a>0),
then ) - )
E )\ - —(1+)\)$ a—1 d -
O =gy e e =

implying that oy = —1. It can be proved that the tail of the measure u(t, co) =

ftoo ‘ffz;; e " dx satisfies

In pu(t, 00)

lim =—1=o0y.
t—00

More generally, we have the following result.

Theorem 2.14 Let f : (0,00) — (0,00) be a completely monotone function
and let p be the measure such that f = Lu (see Theorem 2.4) . Assume that

2
liiri)%lip)\ln f(oo+A) =0 and hiiﬁp% <1. (2.9)
Then )
tli)rglo —In pu(t, 00) = 0y .
Proof. See [3, Theorem 1.2]. O

Remark 2.15 Condition (2.9) is satisfied if function A — f(og + A) varies
regularly at 0 with index p < 0.
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