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Regularity of certain vertex operator superalgebras

Drazen Adamovié

ABSTRACT. We present our results on representation theory of certain vertex
operator superalgebras. In particular, we consider vertex operator superal-
gebras associated to the minimal models for the Neveu-Schwarz algebra and
the N = 2 superconformal algebra. We present the results on the classifica-
tion of irreducible representation, regularity, rationality and fusion rules for
these vertex operator superalgebras. The connections with the theory of affine
Kac-Moody and Virasoro vertex operator algebras will be also discussed.

1. Introduction

The main problems in the theory of vertex operator (super)algebras are related
to the constructions and classification of rational vertex operator (super)algebras.
The rationality of certain well-known examples of vertex operator (super)algebras
was proved in papers [D], [DL], [Lil1], [FZ], [Wn], [A1], [A2], [A3].

In [DLM] was introduced the notion of regular vertex operator algebra, i.e.,
rational vertex operator algebra with the property that every weak module is com-
pletely reducible. So every regular vertex operator algebra has finitely many ir-
reducible modules, and every V-module is completely reducible. Further devel-
opment in theory of regular vertex operator algebras was made by H. Li in [Li2]
by proving that every regular vertex operator algebra satisfies Zhu’s Cao—finiteness
condition and that the fusion rules for irreducible modules are finite. Zhu’s Co—
finiteness condition is important for studying modular invariance of characters of
vertex operator algebras (see [Z]).

The paper [DLM] also gave the proof of regularity of lattice vertex opera-
tor algebras, vertex operator algebras associated to integrable representations of
affine Kac-Moody Lie algebras, and vertex operator algebras associated to minimal
models for the Virasoro algebra.
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2 DRAZEN ADAMOVIC

In this paper, as one of the main results, we will demonstrate the regularity of
vertex operator superalgebras associated to minimal models for the Neveu-Schwarz
algebra and for the N = 2 superconformal algebra.

Let us describe these results in more detail. Let LV (d, 4,0) be a minimal
Virasoro vertex operator algebra, and L™%(cp, q,0) a minimal Neveu-Schwarz vertex
operator superalgebra. Let M! be the vertex operator superalgebra LV"(%, 0)®
LVir(3, 1)(cf. [FRW]). Then we show that the vertex operator superalgebra M' ®
LP(cp 4,0) contains the minimal Virasoro vertex operator algebra LV (dp, 4,,0) ®
LY (dp, 4,,0) as a subalgebra, and find the decomposition of M! ® L*(c, 4,0)
as a LV (dp, 4,,0) ® LV (dp, 4,,0)-module. This fact implies that many results
obtained earlier in the framework of Virasoro vertex operator algebras can be used
in the study of Neveu-Schwarz vertex operator superalgebra. As a particular ap-
plication, we prove that the minimal Neveu-Schwarz vertex operator superalgebras
are regular. This result is new.

Next we consider vertex operator superalgebras associated to the minimal mod-
els for the N=2 superconformal algebra. These vertex operator superalgebras can
be constructed using the Kazama-Suzuki mapping (cf. [KS], [FST], [A2]). Let
m,k € Zsg. Let L(m,0) be the simple vertex operator algebra associated to the
affine Lie algebra sl;—module of level m, and F, the vertex operator (super)algebra
Fy, associated to the lattice VKZ. Set ¢, = ;n% Then the simple N = 2 vertex
operator superalgebra L. can be realized as a subalgebra of the vertex operator
superalgebra L(m,0)® F;. We present the results on the classification of irreducible
L., —modules, the regularity and the fusion rules from [A2] and [A3].

The construction of the N = 2 vertex operator superalgebra L, motivates us
to investigate a larger family of vertex operator superalgebras Dy, i, k € Zx¢, such
that Dy, 1 = L, . These vertex operator superalgebras are realized as subalgebras
of the vertex operator superalgebra L(m,0) ® Fj,. We present the regularity result
from [A4].

This paper is an expanded version of the talk I presented at the Ramanujan In-
ternational Symposium on Kac-Moody Lie Algebras and Applications, Ramanujan
Institute for Advanced Study in Mathematics, University of Madras, Chennai, Jan-
uary 28 - 31, 2002.. I wish to express many thanks to Professor N. Sthanumoorthy
for inviting me to the Symposium. Thanks go to the referee for his valuable remarks.

2. Preliminaries

In this section we recall the definition of vertex operator superalgebras, their
modules and intertwining operators (cf. [FHL], [FLM], K], [KWn], [Lil], [P}).

Let V = V9 & VI be any Zy—graded vector space. Then any element v € V?°
(resp. u € V1) is said to be even (resp. odd). We define |u| = 0 if  is even and
lu| =1 if u is odd. Elements in VO or V1 are called homogeneous. Whenever |u] is
written, it is understood that u is homogeneous.
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REGULARITY OF CERTAIN VERTEX OPERATOR SUPERALGEBRAS 3

DEFINITION 2.1. A vertex superalgebra is a quadruple (V,Y,1, D) where V is a
Zo-graded vector space, D is an endomorphism of V, 1 is a specified element called
the vacuum of V, and Y s a linear map

Y(,2): V — (Bnd V)|[[z, 27]);
ar—Y(a,z) = Z anz” "t € (End V)[[2,271]]
: n€zZ

satisfying the following conditions for a,b e V:

(V1) |anb| = |a| + b

(V2) anb =0 for n sufficiently large.

(V3) [D,Y(a,2)] = Y(D(a),2) = LY (a, z).

(V4) Y(1,2) = Iy (the identity operator on V).

(V5) Y(a,2)1 € (EndV)[[z]] and lim,0Y(a,2)1 =a.

(V6) The following Jacobi identity holds

o~ (———21 — Zz) Y(a,21)Y (b, z2)
20
~(=1)lzg 15 (22 ) ¥ ()Y a0 20)
40

=210 (%) Y (Y (a, 20)b, 22).

A vertex superalgebra V is called a vertex operator superalgebra if there

is a special element w € V (called the Virasoro element) whose vertex oper-
ator we write in the form Y (w,z) = cgwnz™ "t =3 7 L(n)z™" "2,
such that

(VT) [L(m), L(n)] = (m — n)L(m + n) + minoB52c, c=rankV €C.

(V8) L(-1)=D.

(V9) V= @neézv(") isa %Z—gmded so that VO = ®nezV(n), V= @ne%+zv(")’
L(0) lv(ny= 1l |v,,, dim V() < 00, and V() = 0 for n sufficiently small.

REMARK 2.1. If in the definition of vertex (operator) superalgebra the odd
subspace V! = 0 we get the usual definition of vertex (operator) algebra.

We will say that the vertex operator superalgebra V is generated by the set S

if
V = spanc{u}u u:lrl I ul,...,ur €S, ny,...,n. €Z,r € Zzo}
A subspace I C V is called an ideal in the vertex operator superalgebra V if
1,w ¢ I, and

apnl C I, for everya € V,n € Z.

A vertex operator superalgebra V is called simple if V doesn’t contain any proper
nontrivial ideal.
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4 DRAZEN ADAMOVIC

DEFINITION 2.2. Let V' be a vertex operator superalgebra. A weak V -module is
a pair (M,Yr), where M = MO M! is a Z —graded vector space, and Yy (-, 2) is
a linear map

Ya iV — End(M)([z,27Y)], a— Yr(a,2) = Z anz "7},
nez

satisfying the following conditions for a,b €V and v € M:

(M1) |apv| = |a| + |v] for anya € V.

(M2) Y (1,2) = Ip.

(M3) Yy (L(=1)a,z2) = %YM(a,z).

(M4) a,v =0 for n sufficiently large.

(M5) The following Jacobi identity holds

20_1(5<21 Z—o Z2)YM(a, 21)Yar(b, 22)

—(~1)lallbl; 15 (fﬁﬂ) Yar (b, 22)Yar(a, 21)

-2

_ 21 — 2
=26 ( ! - °> Yar (Y (a, 20)b, z2).

A weak V-module (M,Yr) is called a V-module if
(Mﬁ) M= HnEC M(n);
(M7) L(0)u = nu, u € M(n); dim M(n) < oo,
(M8) M(n) =0 for n sufficiently small.

Let M; (¢ = 1,2,3) be V-modules. Then an intertwining operator of type

( MM]:\SJ ) is defined [FHL] to be a linear map I(-, z) from M; to Home (M2, M3){z}
1M>
such that I(L(-1)u, z) = g%f(u, z) for uw € M and a suitably adjusted Jacobi iden-

tity holds. Denote by Iy the space of all intertwining operators of the

M;
My M,
indicated type. The dimension of this vector space is called the fusion rule of this
type.

EXAMPLE 2.1. Let g be the Lie algebra sly with generators e, f, h and relations
le, f] = h, [h, €] = 2e, [h, f] = —2f. Let § = g®C[t,t " ]®CK be the corresponding
affine Lie algebra of type Agl). As usual we write z(n) for z @ t" where z € g and
n € Z. Let Ag, A1 denote the fundamental weights for §. For any complex numbers
m, j, let L(m,j) = L((m—3)Ao+jA1) be the irreducible highest weight sly—module
with the highest weight (m — 7)Ao + jA;. Then L(m,0) has a natural structure
of a simple vertex operator algebra. Let 1,, denote the vacuum vector in L(m, 0).
Then L(m,0) is generated by e(—1)1,,, f(=1)1,, and h(—1)1,,.

If m € Z~g, then L(m,0) has m + 1 irreducible modules L(m,j), j =0,...,m.
Let 0 < j1,72,733 < m. Then (cf. [FZ)])

. L(m, j3) =
dim IL(m,O) ( L(m’ JI)L(m’J2) =1
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REGULARITY OF CERTAIN VERTEX OPERATOR SUPERALGEBRAS 5

if j1 +j2 + Jjs € 2Z and
l71 — Je| < j3 < min{jy + j2,2m — j1 — ja},

and zero otherwise.

We recall the definition of regular vertex operator algebra introduced by C.
Dong, H. Li and G. Mason in [DLM].

DEFINITION 2.3. The vertex operator superalgebra V is called reqular if every
weak V -module is completely reducible.

If vertex operator superalgebra V is regular, then V is also a rational vertex
operator superalgebra, meaning that V has only finitely many irreducible modules
and that every V-module is completely reducible. It was also conjectured in [DLM]
that every rational vertex operator algebra is regular.

Further development in the theory of regular vertex operator algebras was made
by H. Li in [Li2] by proving that every regular vertex operator algebra satisfies Zhu'’s
Cy-finiteness condition and that the fusion rules for irreducible modules are finite.
Familiar examples of regular vertex operator algebras are vertex operator algebras
associated to the (vacuum) integrable highest weight representations of affine Lie
algebras of positive integer level m (Wess-Zumino-Novikov-Witten models), vertex
operator (super)algebra V, associated to the positive definite lattice L, vertex oper-
ator algebras associated to minimal models for the Virasoro algebra. In particular,
the Moonshine module is a regular vertex operator algebra.

3. Virasoro vertex operator algebras

In this section we recall some results on vertex operator algebras associated to
minimal models for Virasoro algebra. Rationality of these vertex operator algebras
was proved by W. Wang in [Wn|, and regularity by C. Dong, H. Li and G. Mason
in [DLM].

Let Vir = ®,czCL(n) ® CC be the Virasoro algebra. For any (c,h) € C? let
LV (c, h) be the irreducible highest weight Vir-module with central charge c and
highest weight h (cf. [FZ], [Wn], [DMZ], [H]). Then LV*"(c,0) is a simple vertex
operator algebra. Set

¢P=9  mn_ (w—ma)?—(p—q)*
pg =PI 4pq

Whenever we mention d, , again, we always assume that p and g are relatively

dp,q =1-

prime positive integers larger than 1. Define
Syir={k®|0<m<p, 0<n<g}

THEOREM 3.1. (Wn], [DLM] The vertez operator algebra LV (d, 4,0) is reg-

ular, and the set

(LY (dyq, ) | b€ SYir

pq
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6 DRAZEN ADAMOVIC

provides all irreducible LV (d, 4,0)-modules.
LV (dp, 4,,0) ® -+ ® LV (dp, 4..,0) is also a regular vertex operator algebra.

In this paper we shall use the properties of vertex operator superalgebra M! =

LVir(1,0) @ LVir(1, 1), which can be constructed using a neutral fermion. So let

us first recall the fermionic construction of the vertex operator superalgebra MY
(see [FFR], [KWn] and [Lil)).

Let N be a positive integer. The Clifford algebra C'Ly is an associative algebra
generated by {e‘(n), i=1,...,N;n € Z}U {1} and relations

{e'(n), e’ (m)} = 20; j0n,—m, m,ME % +Z, i,5€{1,...,N}.
Let MY be the CLy—module generated by the vector 1 such that
e'(n)1 =0, n>0.
Then the fields

4 . . 1
Y(e'(-D1,2)=¢(z)= Y. €(n)z""2, (i=1,...,N)
nE%+Z
generate the unique vertex operator superalgebra structure on M. The vector

N

1 : .
N
W = 22 =D
i=1
is a Virasoro element of central charge % Moreover, M" is a rational vertex
operator superalgebra, and M¥ is the unique irreducible M~ -module (see [FFR],

[KWn], [Lil)).

REMARK 3.1. Let Ly be the following lattice Ly = S, Zat, (z?,29) =
(N) (™) i=1
d;,;. Using a boson fermion correspondence, one can see that the lattice vertex oper-

ator superalgebra VL, is isomorphic to the fermionic vertex operator superalgebra
M?N (see [Fr], [Fe], [K], [T]).

We will now consider some special cases. Let N = 1. Then the vertex oper-
ator superalgebra M! is isomorphic to the Virasoro vertex operator superalgebra
LVr(2,00® LV (L, 1) (cf. [FRW]).

Let N = 3. The vertex operator superalgebra M? is isomorphic to the sly
vertex operator superalgebra L(2,0) & L(2,2) (cf. [GKO], [KWn]).

Finally, let N = 4. Clearly M* = M! @ M3. Using Remark 3.1, we see that
M* =V, . Set L = L. Forie {0,1}, let
L'={we L| {w,w) €i+2Z}.
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REGULARITY OF CERTAIN VERTEX OPERATOR SUPERALGEBRAS 7

Then we have Vi, = V5o & Vi1, and Vpo is a vertex operator algebra, which is a

subalgebra of Vz, and V1 is a Vyo—module. In our case we have that

o1 + o
2

Now the results from Chapter 13 of [DL] imply that Vio is isomorphic to the

vertex operator algebra associated to the §ly—module L(1,0) ® L(1,0), and Vi1 =

L(1,1) ® L(1,1). Thus, we have obtained the following lemma.

2

L = Zay + Zay, L' = +L0, where o3 =z1+x2, ag =zt — 2°.

LEMMA 3.1. On the L(1,0)®L(1,0)-module L(1,0)®L(1,0) P L(1,1)®L(1,1),
there exists a natural structure of a vertex operator superalgebra isomorphic to M*.

4. Neveu-Schwarz vertex operator superalgebras

In this section we recall the result on vertex operator superalgebras associated
to the minimal models for the Neveu-Schwarz algebra from [A1].
The Neveu-Schwarz algebra is the Lie superalgebra

ns = @(CL(n) @ @ CG(m) @CC
neZ meliz

with commutation relations (m,n € Z):
3

[L(m), L{n)) = (m = n)L(m +n) + dmn0"—5C,
[G(m + %),L(n)] = (m+ % - g)G(m+n + %),
{G(m + %),G(n - %)} =2L(m+n) + %m(m + 1)0m+n,0C,

[L(m), €] =0, [G(m+3),C] =0

For any (c, h) € C? let L™ (c, h) be the corresponding irreducible highest weight
ns-module with central charge ¢ and highest weight h (cf. [KWn)], [Lil], [A1]).
L™$(c,0) is a simple vertex operator superalgebra.

Set )
3 2(p~q)
Cpg = 51— ——),
2 Pq
RTS — (Sp - Tq)2 - (p — Q)2 ]
p,q 8pq

Whenever we mention ¢, 4 again, we always assume that p,q € {2,3,4,--- },p—q €
2Z, and that (p — q)/2 and q are relatively prime to each other. Set

Spa =1{hpq | 0<r<p0<s<gr—sec2Z}.
THEOREM 4.1. [A1] The vertex operator superalgebra L™(cp q,0) is rational.

The set
{L"(cp,q:h), h € S;f]}

provides all irreducible modules for the verter operator superalgebra L™(cp q,0).
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8 DRAZEN ADAMOVIC

REMARK 4.1. The rationality of minimal Neveu-Schwarz vertex operator super-
algebras was conjectured by V. Kac and W. Wang in [KWn|, and their conjecture
was proved in [A1].

The results from [A1] and [KWn] give that Zhu’s algebra (cf. [Z]) is

Clz]
([hespe (€ =)

In particular, it is semisimple and finite-dimensional.

A(Lns(cpm ) =

5. Connections between Neveu-Schwarz and Virasoro vertex operator
superalgebras

In this section, we shall investigate the vertex operator superalgebra M' ®
L™%(cp,q,0). This structure from the physics point of view was studied in [La]. We
will show that M1®L"$(c,, 4, 0) contains a minimal Virasoro algebra LV (d,, 4,,0)®
LY (dy, 4,,0) as a subalgebra. We shall also discuss some applications of this re-
sult. In particular, we will prove the regularity of the vertex operator superalgebras
M ® L™ (cp,q,0) and L™$(cp q,0)

Let Y be the vertex operator defining the vertex operator superalgebra struc-
ture on M ® L™5(cpq,0).

Define
(5.1) p1=1%, =6 p2=p @="00

2
Set m = 227, and dpm, = 1 — Gamysy- Then dm = dp, ¢, and dmy1 = dp, -
Let w{,,, be the Virasoro element in L"®(cp,q,0), and let w® be the Virasoro
element in M'. Motivated by formulae (16) in [La], we define the vectors w(m),

W(m+1) as follows:

1 1m+4
= - ——uWel1+:"10u
wim) 2m+3 Bl st Orm
m+)m+d) ,, 1 3
e(=2)1® G-,
Am+3 ¢ ted)
1m+6 (1) m+2 s
— 1451
Wim+1) sm+3” Cl1Tamr3t @m
(m+2)(m+4) 1
(—-)1®G(—-)

V8(m + 3) 2

The following proposition can be proved by a straightforward calculation.

PROPOSITION 5.1. We have:

(1) wem) 18 a Virasoro element in the vertez operator superalgebra M* ® L (cp q,0)
and the components of the fields Y (w(my, 2) provide a representation of the Virasoro
algebra with central charge d,

(2) Wim+1) s a Virasoro element in the vertex operator superalgebra M'QL"S(cp q,0)
and the components of the fields Y (w(m+1), 2) provide a representation of the Vira-
soro algebra with central charge dp,+1-
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REGULARITY OF CERTAIN VERTEX OPERATOR SUPERALGEBRAS 9

(3) The Virasoro actions in (1) and (2) commute.
4 1® w(sm) +wP 1= W(im) + Wim+1)-

The next result gives that the subalgebra of the vertex operator superalgebra
M! ® L™(cp 4,0) generated by the vectors W(m) and W(m41) is isomorphic to the
minimal Virasoro vertex operator algebra LV (d,, 4,,0) ® LV (dp, 4,,0).

THEOREM 5.1.

(i) The vertex operator superalgebra M*' ® L™8(cp 4,0) has a verter subalgebra (with
the same Virasoro element) isomorphic to the vertex operator algebra LV (dp, 4,,0)®
LV (dpy 42, 0)-

(ii) As a LV (dp, 4;,0) ® LY (dp, g5, 0) -module M* ® LS(cp 4,0) has the following
decomposition:

1 ns ~ Vir n'+1,1 Vir 1,n' +1
M ®L (Cp,q’ 0) - @ L (dmm ’ kpmh ) ®L (dPMZ’ kpz»fh )
0<n’<p1-2

Proof of Theorem 5.1 will be given in Section 6.

REMARK 5.1. The vertex operator superalgebra M* ® L"(c, 4,0) has the same
representation theory ( = classification of irreducible modules, semisimplicity of cer-
tain categories of representations and tensor product theory) as the vertex operator
superalgebra L™%(cp 4, 0).

REMARK 5.2. It was shown in [H], [HM] that the irreducible representations
of LV (d, 4,0) and L™(cp 4,0) can be organized in a general structure called in-
tertwining operator (super)algebra.

Theorem 5.1 has the following generalization.

COROLLARY 5.1. Let n be a positive integer, and (p',q*), i = 1,...,n, n pairs

of integers larger than 1 such that p* — ¢* € 2Z, and pl;qz and ¢* are relatively

prime to each other. Define

pi=~2—, =95 py=0" ¢=

Then the vertex operator superalgebra

M™ Q@ L™ (cp1 q1,0) ® - - - ® L™ (cpn qn,0)

B .

has a vertex subalgebra isomorphic to

LV (A 4350) @ LV (dyy 3,0) @+ @ LV (dpp g7, 0) ® LV (dpg 7, 0).

P2,95°

In [A1], we proved that the vertex operator superalgebra L™%(c,q,0) is ra-
tional. Since M! is a holomorphic vertex operator superalgebra, we conclude
that the vertex operator superalgebra M ® L"%(c, 4,0) is also rational (see also
Lemma 5.2.6. in [Lil]). Moreover, Theorem 5.1 gives that M! ® L™5(c, 4,0) con-
tains a subalgebra isomorphic to the minimal Virasoro vertex operator algebra
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10 DRAZEN ADAMOVIC

LV (dp, 41,0) ® LV (dp, 4,,0). So M! ® L™%(cpq,0) is a rational vertex opera-
tor superalgebra containing a regular subalgebra. Now applying the theory from
[DLM] to our case, we get the following regularity result.

LEMMA 5.1. The tensor product vertez operator superalgebra M* ® L™(cp,q,0)
is reqular, i.e., every weak M' ® LP%(cp q,0)~-module is completely reducible.

THEOREM 5.2.
(a) The vertex operator superalgebra L™®(cp q,0) is regular.
(b) The vertex operator superalgebra L™(cp1 q1,0) ® -+ Q@ L™8(cpn gn,0) is regular.

Proof. First we notice that every irreducible M* ® L™%(c,, 4,0)-module has the
form M! ® N, where N is an irreducible L™*(c, 4,0)-module. Assume that W is
any weak L™(cp ¢,0)-module. Then M @ W is a weak M ® L™5(c; 4,0)-module,
and regularity of M' ® L™(c, 4,0) (see Lemma 5.1) gives that

M eW=PM W,

where W; is an irreducible L™®(c; 4,0)-module. Let L(—1) be the element of the
Virasoro algebra in the vertex operator superalgebra M?!. Since ker L-nM l=C1
we have that

kerp_1)gra(M' @ W) =W and kerp_1)gra(M' @ W;) = W;.
This immediately implies that

W= Pw,

and we have that W is a completely reducible L™*(c, 4,0)-module. This proves (a).
The proof of (b) is now standard (cf. [DLM)]). O

6. Proof of Theorem 5.1

In order to prove Theorem 5.1 we shall study certain coset constructions for
representations of the vertex operator algebra L(m,0) associated to the affine Kac-
Moody Lie algebra g = sls.

DEFINITION 6.1. A rational number m = t/u is called admissible if u € Zso,
teZ, (t,u)y=1and2u+t—-22>0.

Let m =t/u € Q be admissible, and let
P™ = (Ao = (m =+ k(m +2)) Ao + (n — k(m + 2))As,
k,n€Zso, n<2u+t—2, k<u-—1}.
The modules L(A), A € P™ are all modular invariant modules for affine Lie algebra
sly of a level m (cf. [KW]).
When m is admissible then §lp—module L(mAg) = L(m,0) carries a structure

of a vertex operator algebra. The classification of irreducible L(m,0)-modules was
given in [AM]. It was proved that the set {L(\) | A € P™} provides all irreducible
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REGULARITY OF CERTAIN VERTEX OPERATOR SUPERALGEBRAS 11

L(m,0)-modules from the category O. So the admissible representations of level
m for g can be identified with the irreducible L(m,0)-modules in the category O.
Let m = % € Q be admissible. Set p = t + 4u, ¢ = t + 2u, and define
P1,q1,p2,42 by (5.1). Then dp, = dp, 4,5 dmy1 = dp, g, and e, = 3 — (—n—ljﬂ%?—mﬂ—) =
Cp,q-
Recall that the vertex operator superalgebra M? is isomorphic to the g—module
L(2,0) ® L(2,2). Now using the classification of irreducible L(m,0)-modules, the

GKO construction (GKO), and the results from [K'W] we get the following theorem.

THEOREM 6.1.
(1) The g—module L(A;) ® L(Amnk), ¢ = 0,1, is a module for the vertex operator
algebra LV (dp, 4,,0) ® L(m + 1,0), and the following decomposition holds:

L(Ai) ® L(Am,n k) = D LY (dpy g1, Ky r ™) ® L1 o)

0<n <py—2
n =n+1imod?2

(2) The g-module M3 @ L(\p n k) is a module for the vertex operator superalgebra
L"(cpq,0) ® L(m + 2,0), and the following decomposition holds:

M®LOmak) = D L™ b ) ® L)
0<n <p-—2
n’ = n mod 2
REMARK 6.1. The second statement in Theorem 6.1 appeared in [A1], and it
was used in a proof of rationality of the vertex operator superalgebra L™(c, 4,0). A
similar version of the first statement was used in [DMZ] for a proof of rationality
of the vertex operator algebra LY*"(d,,,0) in the case p = m + 3, ¢ = m + 2,
m € Z>0.

Define now the g—module
D(m, Am k) = M* ® L(Am gn)-

Then D(m, A k,n) is an (irreducible) module for the vertex operator superalgebra
D(m) = M*® L(m,0).

We shall now identify two important subalgebras in the vertex operator super-
algebra D(m).

LEMMA 6.1. The vertez operator algebra Vo = LV (dp, 4,,0) @ LY (dp, 4,,0)®
L(m+2,0) and the vertez operator superalgebra Wo = M1®L"(c, 4,0)®L(m+2,0)
are isomorphic to certain subalgebras of D(m).

Proof. First we notice that the vertex operator superalgebra D(m) has a sub-
algebra V5, = L(1,0) ® L(1,0) ® L(m,0). But, Theorem 6.1 (1) implies that V, has
a subalgebra Vi = LV (d,, 4,,0) ® L(1,0) ® L(m + 1,0). Applying again Theorem
6.1 (1), we find a subalgebra Vo = LY (dp, 4,,0) ® LY (dp,.4,,0) ® L(m + 2,0)
inside the subalgebra V.
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12 DRAZEN ADAMOVIC

On the other hand, Theorem 6.1 (2) implies that M3® L(m, 0) has a subalgebra
Wi = L"%(cp 4,0) ® L(m + 2,0), which gives that Wy & M! ® W} is a subalgebra
of D(m) isomorphic to M* ® L™8(cp 4,0) ® L(m + 2,0). O

Theorem 6.1 and Lemma 6.1 imply the following result.

LEMMA 6.2
(1) D(m, A k.n) is a module for the vertex operator algebra LV (d,, 4,,0) ®
LV (dy, 40, 0) ® L(m + 2,0), and the following decomposition holds:

D(m, /\m,k,n) = @ @

0<n' <py—2 0<n'<p1—-2
n' = n mod 2

Vir n'+1,n+1 Vir n''+1,n' 41
L (dpuql ) kpl,ql ) QL (dpz,qzv kp2,q2 ) & L()‘m+2,k,n”)-

(2) D(m, A k,n) s @ module for the vertex operator superalgebra M'® L™(cp, 4,0)®
L(m + 2,0), which is isomorphic to
@ Ml ® LnS(Cp,q, hg:;+1,n+l) ® L()\m+2,k,n”)-

0<n’ <p—-2

n' = n mod 2

Now we shall finish the proof of Theorem 5.1. Let
W(m) = {v € D(m) |(g ®t")v = 0 for n > 0}.

Then W (m) is a subalgebra of the vertex operator superalgebra D(m) which com-
mutes with the action of §. Now Lemma 6.2 (2) (see also [A1]) gives that

(6.2) W(m) = M ® L™(cp4,0).
On the other hand, from Lemma 6.2 (1) we get that
63) Wm)= @ LV dpa k) ® LY (dpa g, kg™
0<n’<p1—2

Thus, we get that the vertex operator superalgebra W(m) has a subalgebra iso-
morphic to LY (dp, 4,,0) ® LYV (dp, 45, 0)-

Now Proposition 5.1, relations (6.2) and (6.3), imply that LV (dy, 4,,0) ®
LV (dp, 45, 0) is a subalgebra of the vertex operator superalgebra M! ® L™$(c, 4,0)

with the same Virasoro element. Moreover, the LV (dp, 4,,0) ® LV (dp, 4,,0)—

module M!' ® L"%(c, 4, 0) has the following decomposition:

1 ns ~ Vir n'+1,1 Vir 1,n'+1
M ® L (CZD»Q’ 0) = @ L (dplyql ’ kpl,ql ) ® L (dpzyqz ’ kPQ,QQ )
0<n/<p1-2

This proves Theorem 5.1 . O

REMARK 6.2. Theorem 5.1 can be also proved using Proposition 5.1 and the
results from [KW] on characters of minimal models.
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7. N =2 vertex operator superalgebra

The N = 2 superconformal algebra is the infinite-dimensional Lie superalgebra
with basis L(n), T(n),G(r)%,C, n € Z, r € 1 + Z and (anti)commutation relations

given by
[L(m), L(n)] = (m — ) Lm + 1) + 2 (m® —m)bmpng
[L(m), G(r)¥] = (3m — 1)Glm + )%
(Ll T()] = T+
(T(m), T)] = S Mg
(D). ()] = £G4 1)?

(GO, G(s)™} = 2L(r + 8) + (r — 8)T(r +5) + %@«2 _ i)‘”ﬂ’o
[L(m), €] = [T(), €] = [G(r)*,C] =0
{G(r)",G(s)"} ={G(r)~,G(s)"} =0

forall m,n€ Z, r,s € %+Z.

Let M}, 4, be the Verma module generated from a highest weight vector |h, ¢, c)
with L(0) eigenvalue h, T'(0) eigenvalue ¢ and central charge c. Let Jp, 4. be the
maximal proper submodule in My, g .. Then Ly 4. = %’fcﬁ is an irreducible highest
weight module for the N = 2 superconformal algebra.

Let L. = Loo,c. Then for every c € C, L. is a simple vertex operator superal-
gebra (cf. [A2], [EG]).

We will now present the classiﬁcation result from [A2].

For m € C\ {2}, set ¢, = m+2 For j,k € C define

. 1 .
Jk—13 J—k ik
mr2 9T mry e = Dhsgen

THEOREM 7.1. [A2] Let m € Zso. Then the set
{L3* ] j,k € N3,0 <j.k,j+k <m+2}

gk =

provides all irreducible modules for the vertex operator superalgebra L._,. So, irre-
ducible L., -modules are ezactly all unitary modules for the N = 2 superconformal

algebra with central charge cy,. (Here Ny = {1,2,5,...}) -

REMARK 7.1. Theorem 7.1 shows that vertex operator superalgebra L. for

(T"L)z(mﬂ—) non-isomorphic irreducible modules. In the non-

m € Zso has exactly
unitary case the vertex operator superalgebra L. has uncountably many irre-

ducible modules (cf. [EG], [A2]).

Now we shall recall the results on regularity and fusion rules obtained in the
paper [A3].

Let m € Zso. Then the affine Kac-Moody vertex operator algebra L(m,0) is
regular.
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14 DRAZEN ADAMOVIC

Let F,,, n € Z be the lattice vertex (super)algebra Vz,, associated to the lattice
Za, where (a,) = n. Let 1 be the vacuum vector in F;,. As usual, denote the
generators of F}, by t(ey), t(e—q) (cf. [DL], [A3]).

Every F,,—module is completely reducible (cf. [DLM]). Let n = —2(m + 2).

Set MF_Q(m+2) = V%%—Zow

The following fundamental isomorphism of vertex superalgebras was proved in
[A3] :

(74) Lcm QF_1 = L(m, 0) &® F_z(m+2) S L(m, m) ® MF_Q(m+2).

Relation (7.4) shows that the vertex superalgebra L. ® F_; is an extension of
the vertex algebra L(m,0) ® F_g(m12) by its module L(m,m) ® MF_y(p42). Since
regularity and the fusion rules for vertex algebras L(m,0) and F_g(,12) are known
(cf. [FZ], [DL]), we get the following results.

THEOREM 7.2. [A3]| The vertex operator superalgebra L. is regular.

THEOREM 7.3. [A3] Assume that Livk1, Li2k2 qnd Liks qre L. -modules.
Then we have:

(1)
. Lisks
dim /I, ( Lglvklngz,kQ ) <1
(2)
. L.gmks
dimIg, L“Z:klmsz,;kz =1
if and only if one of the conditions (F1) and (F2) holds, where
(F1)  (j1+J2—7J3) — (k1 + k2 — k3) =0,
lj2 + k2 — j1 — k1| < js + ks,

Js + ks < min{j1 + k1 + j2 + ko,
2m+4 - (j1+ k1 + 2+ k2)},

(F2) (41 + j2 — Ja) — (k1 + ko — k3) = £(m + 2),
ljo + ka2 —j1 — k1| <m+2— js — ks,
m+ 2 — js — ks < min{ji + k1 + jo + ko,
2m 44— (j1 + k1 + ja + ko) }.
REMARK 7.2. The fusion rules from Theorem 7.3 are identical to the fusion

rules for the Neveu-Schwarz sector NS(™+2) gbtained by M. Wakimoto using a
modified Verlinde formula (cf. [W]).
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8. A Generalization. Family of vertex operator superalgebras D,, ;

In this section we recall the results from [A4] on the family of vertex operator
(super)algebras Dy, k.

Let m € C\ {0,—2}, and let k be a nonnegative integer. Let o be the lat-
tice element in the definition of Fj such that (a,a) = k. The vertex operator
(super)algebra Dy, i is defined to be the subalgebra of the vertex operator (su-
per)algebra L(m,0) ® F}, generated by vectors:

X =¢e(-1)1,®tleq) and Y = f(-1)1,, @ te—q).

D,  is a vertex operator algebra if k is even, and a vertex operator superal-
gebra if k is odd. These algebras have rank c,,.

For k = 0, D,, is isomorphic to the sly vertex operator algebra L(m,0).
For k = 1, Dy, is the vertex operator superalgebra associated to the vacuum
representation of the N = 2 superconformal algebra (cf. [A2]). This construction
can be considered in the context of the Kazama-Suzuki mapping investigated in
[FST] and [KS].

Next result provides a generalization of Theorem 7.2.

THEOREM 8.1. [A4] Let m € C\ {0, -2}, and let k be a nonnegative integer.
Then the vertex operator (super)algebra D, i is rational if and only if m € Z~y.
Furthermore, if m € Zso, Dy, s a regular vertex operator (super)algebra.

REMARK 8.1. Proof of Theorem 8.1 was given in [A4], and it uses the following
isomorphism of vertex (super)algebras:

Dk @ F_p 2 L(m,0) ® F_x (;mpq2), (K even),
Dy ® F_gp 2 L(m,0) ® F_p(mr+2) © L(m,m) @ MF_p(mit2), (k odd);

generalizing the isomorphism (7.4).
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