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Introduction

Lévy process: stationary indep. increm.: ∀t0 < t1 < · · · < tn

Xt1 − Xt0 , Xt2 − Xt1 , Xtn − Xtn−1 indep.

Xt − Xs
.

= Xt−s . stat.

Characteristic function: Ee iξXt = e−tψ(ξ).
Lévy-Khinchin repr.: for ψ:

ψ(ξ) = −ib · ξ +
1
2
ξQξ +

∫
Rd\{0}

(
1− e iξu + iξu1{|u|≤1}

)
µ(du),

b ∈ Rd , Q : Rn → Rd × Rd , pos. semi-def, µ- Lévy meas.:∫
Rd\{0}

(1 ∧ |u|2)µ(du) <∞.

Transition probab. dens. (if exists): Px(Xt ∈ dy) = pt(y − x)dy .
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Question: what happens, if we loose indep. and stat. of increm.?
• still might have the Markov property
• pt(x , y) 6= pt(y − x)

Examples:

1. SDE, driven by a Lévy noise:

dXt = b(Xt)dt + σ(Xt−)dZt , X0 = x .

2. Let ψ(ξ) be the characteristic exponent of a LP Z .
"Lévy-type":

ψ(x , ξ)! Xt , X0 = x where Xt- Markov proc.?

e−tψ(x ,ξ) – it is NOT clear why it is a charact. func.!!!
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Analytic approach, “recipe”

• Brownian motion, B0 = x . Trans. probab. dens.:
pt(y − x) = (2πt)−d/2e−|y−x |

2/(2t).

pt(x , y) ≡ pt(y − x) is the fund. solution to the Cauchy Problem

∂tpt(x , y) =
1
2

∆xpt(x , y), y ∈ Rd ,

and
lim
t→0

∫
f (y)pt(x , y)dy = f (x), f ∈ Cb(Rd). (1)

(Recall: pt(x , y) is the fundamental sol. to a Cauchy Problem for
∂t − L, if (∂t − Lx)pt(x , y) = 0, and (1) holds true. )
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Characteristic function for Bt : Ee iξBt = e−
t
2 |ξ|

2
.

F f (ξ) =
∫
Rd e

iξx f (x)dx , F−1g(x) = (2π)−d
∫
Rd e

−iξxg(ξ)dx .
Note that:

−F(∆f )(ξ) = |ξ|2F f (ξ),

|ξ|2 is called the symbol of −∆.

Taking F of

∂tpt(x) = 1
2∆pt(x)

we get

∂tFpt(ξ) = −1
2 |ξ|

2Fpt(ξ) ⇒ Fpt(ξ) = e−
t
2 |ξ|

2

pt(x) = F−1
(
e−

t
2 |·|

2
)

= (2πt)−de−
|x|2
2t .
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Lévy process: The same!
pt(x) (if exists) – the unique sol. to a Cauchy problem for

∂t − L, symb(L)(ξ) = −ψ(ξ).

i.e. for f ∈ S(Rd) define

Lf (x) := F−1
(
− ψ(ξ)F f (ξ)

)
Use the Lévy-Khinchin representation for ψ, and that

F−1(iξF f (ξ)
)

= F−1(F(∇f (ξ))
)

= ∇f (x),

F−1(e iξuF f (ξ)
)

= f (x + u).

7 / 67



Integral representation for L, Lévy case:
• For f ∈ S(Rd):

Lf (x) = F−1(−ψf )(x)

= b∇f (x) +
1
2
div
(
Q∇f (x)

)
+

∫
Rn\{0}

(
f (x + u)− f (x)−∇f (x)u1|u|≤1

)
µ(du).

• extends up to f ∈ C 2
∞(Rd) (C k

∞(Rd): k-times diff., vanish at ∞)
Cauchy problem: ∀y ∈ Rd

∂tpt(x , y) = Lxpt(x , y), t > 0, x ∈ Rd ,

pt(x , y)⇒ δx(y), t → 0.
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Feller semigroup:

C k
∞: k times differentiable, with derivatives vanishing at ∞.

‖ · ‖∞: norm in C∞.

• Pt : C∞(Rd)→ C∞(Rd), P0 = I , Pt ◦ Ps = Pt+s .

• Strongly continuous: limt→0 ‖Pt f − f ‖∞ = 0, f ∈ C∞.

• Contraction: ‖Pt‖∞ ≤ 1.

• Positivity preserving: f ≥ 0, then Pt f ≥ 0.
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Recall that an oper. (A,D(A)) is a generator of a Feller semigr.
(Pt)t≥0 if

Af = C∞− lim
t→0

Pt f − f

t
D(A) := {f ∈ C∞ : ∃C∞− lim

t→0

Pt f − f

t
}.

Semigroup version of the sol. to a Cauchy Problem:

Pt f (x) = Ex f (Zt) =

∫
Rd

f (y)pt(x , y)dy ,

C∞-closure (A,D(A)) of (L,C 2
∞(Rd)) is a generator of (Pt)t≥0,

and
∂tPt f (x) = APt f (x) = PtAf (x).

Pt f (x) need not be in C∞(Rd)!
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What if b = b(x), Q = Q(x), µ = µ(x , du)?

Char. func. 6= e−tψ(x ,ξ)!

Still: define
Lf (x) := F−1(− ψ(x , ·)f

)
(x).

−ψ(x , ξ) is called a symbol of the operator L.

We can try to solve the Cauchy problem, and show that the
solution gives rise to a Markov process!

Notation: L: “Lévy-type” integro-diff. operator.
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Why such a generalization? In fact, this is all we expect from a
generator of a Feller semigroup!

Courége-Waldenfels Theorem

Let (A,D(A)) be a gener. of a Feller proc., C∞c (Rd) ⊂ D(A). Then
A
∣∣∣
C∞c (Rd )

is a pseudo-differential operator with the symbol

−q(x , ξ),

q(x , ξ) = q(x , 0)− i`(x) · ξ +
1
2
ξ · Q(x)ξ

+

∫
Rd\{0}

[
1− e iξu + iξu1(0,1)|u|

]
µ(x , du),

i.e.
Af (x) = −

∫
Rd

e iξxq(x , ξ)F f (ξ)dξ.
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History

• Elliptic L: E. Levi (1907), Dressel (1940), Friedman (1964)

McKean, Singer (1967) – a bit different version, suitable for the
discrete setting

• Elliptic + bounded integral op.: Feller (1936)

• Extended to some integro-diff. oper. Drin’(1977), Eidelman,
Drin’ (1981), Kochubei (1989)

Eidelman, Ivasishyn, Kochubei (2004)

Analytic context (except Kochubei) of Hypersingular integrals (cf.
Samko et al.)

Kolokoltsov (2000) : perturbation of an α stable Lévy measure

Important: ψprincilal(x , cξ) = cαψ(x , ξ)
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• (−∆)α/2 + b(x)∇, α ∈ (1, 2) : irregular (!!) drift
Portenko (1994), Portenko, Podolynny (1995)
Warning! We do not expect a Feller process, if, say, b(·) ∈ Lp
(above papers)!

Bogdan, Jakubowski (2012), Bogdan, Sydor (Prepr.2013) Chen,
Zhang (Prepr. 2013), Kim, Song (Prepr. 2014)

• Symbolic calculus: Tsutsumi (1974), (1977), Kumano-go
(1981), Hoh (1998), Jacob (2002), Boettcher (2005, 2008)
i.e., smoothness conditions on the symbol ψ(x , ξ)
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Notation: Lx : coefficients are x-dependent

Idea of the construction of the solution to a CP for

∂t − Lx

? guess: constr. of the "candidate for being a fund. solution";

? verification;

? uniqueness
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I. Construction: the parametrix method (Levi)

Let L = Lx ∼ symb(−ψ(x , ξ)), Q ≡ 0.
Suppose that ∃pzt (y − x) is the fund. sol. to the CP for

∂t − Lz , z − fixed.

and that we can write this solution as

pzt (x , y) := F−1(e−tq(z,·))(y − x).

This function is called the parametrix for the CP for ∂t − Lx .
Take a zero-order appr. of a fund. solution to ∂t − Lx as

p0
t (x , y) := pyt (y − x).

Write pt(x , y) as parametrix solution

pt(x , y) = p0
t (x , y) + rt(x , y). (2)
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Assume that we know (!!!) that pt(x , y) is the fund. sol.
Then applying ∂t − Lx to p = p0 + r we get

(∂t − Lx)rt(x , y) = −(∂t − Lx)p0
t (x , y) =: Φt(x , y),

rt(x , y) = (p ? Φ)t(x , y) = (p0 ? Φ)t(x , y) + (r ? Φ)t(x , y)

= (p0 ? Φ)t(x , y) + (p0 ? Φ?2)t(x , y) + (r ? Φ?2)t(x , y) = ...

(?: space and time convolution)
Hence,

pt(x , y) = p0
t (x , y) + rt(x , y),

rt(x , y) = (p0 ?Ψ)t(x , y), Ψt(x , y) =
∞∑
k=1

Φ?k
t (x , y),

is the solution to the Volterra-type eq.

p = p0 + p ? Φ.

Problem: (pointwise) convergence of the series.
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Convergence of the series

Aim: result of type

Theorem 1

Suppose that the “coefficients” are Hölder cont. Then the series in
the repr.

pt(x , y) = p0
t (x , y) + rt(x , y)

converge in C∞(Rd).

We specify in some cases the precise conditions below.

First goal: estimate Φt(x , y) from above in a “proper way”,
t ∈ (0,T ], x , y ∈ Rd .
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Auxiliary

∗: space convolution

Definition 1

{Ht(x , y), t > 0, x , y ∈ Rd}, Ht(x , y) ≥ 0,
has a sub-convolution property, if ∀T > 0 ∃CH,T > 0:

(Ht−s ∗ Hs)(x , y) ≤ CH,THt(x , y), 0 < s < t ≤ T , x , y ∈ Rd .
(3)

Super-convolution: “≥”.

Example: 1. g (α)
t (x)– rot. symm. α-stable dens., α = 2 -Gaussian.

Chapman-Kolmogorov ⇒ sub/super-conv. prop.

2. G (x) = (1 + |x |)−d−α, G (α)
t (x) = t−d/αG (α)(x/t1/α).

G
(α)
t (x) : the sub/super-conv. prop. Note that g (α)

t (x) � G
(α)
t (x).

19 / 67



Lemma 1

Suppose that for t ∈ (0,T ], x , y ∈ Rd ,∣∣Φt(x , y)
∣∣ ≤ CΦ,T t

−1
(
tδ1H1

t (x , y) + tδ2H2
t (x , y)

)
, (4)

δ1, δ2 ∈ (0, 1), H1
t (x , y),H2

t (x , y) ≥ 0 satisfy the sub-conv. prop.,

H1
t (x , y) ≥ H2

t (x , y). (5)

ζ = δ1 ∧ δ2. Then for every t ∈ (0,T ], x , y ∈ Rd :

∣∣∣Φ?k
t (x , y)

∣∣∣ ≤ C1C
k
2

Γ(kζ)
t−1+(k−1)ζ

(
tδ1H1

t (x , y) + tδ2H2
t (x , y)

)
, (6)

∣∣∣ ∞∑
k=1

Φ?k
t (x , y)

∣∣∣ ≤ Ct−1
(
tδ1H1

t (x , y) + tδ2H2
t (x , y)

)
. (7)
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Corollary 1

If
p0
t (x , y) ≤ H1

t (x , y),

then ∣∣∣(H1 ?

∞∑
k=1

Φ?k
)
t
(x , y)

∣∣∣ ≤ CtζH1
t (x , y) (8)

yields

rt(x , y) ≤ CtζH1
t (x , y), 0 < t < T , x , y ∈ Rd ,

and

pt(x , y) ≤ H1
t (x , y) + tζH1

t (x , y), 0 < t < T , x , y ∈ Rd . (9)
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Proof of Lemma 1: Induction

|Φ?(k+1)
t (x , y)| =

∣∣∣ ∫ t

0
(Φ?k

t−s ∗ Φs)(x , y) ds
∣∣∣

≤
C1C

k
2 CΦ,T

Γ(kζ)

{∫ t

0
(t − s)−1+(k−1)ζ(t − s)δ1s−1+δ1(H1

t−s ∗ H1
s )(x , y)ds

+

∫ t

0
(t − s)−1+(k−1)ζ(t − s)δ1s−1+δ2(H1

t−s ∗ H2
s )(x , y)ds

+

∫ t

0
(t − s)−1+(k−1)ζ(t − s)δ2s−1+δ1(H2

t−s ∗ H1
s )(x , y)ds

+

∫ t

0
(t − s)−1+(k−1)ζ(t − s)δ2s−1+δ2(H2

t−s ∗ H2
s )(x , y) ds

}
≤ (. . . )Γ(kζ)Γ(ζ)

Γ(kζ)Γ((k + 1)ζ)
t−1+kζ

(
tδ1H1

t (x , y) + tδ2H2
t (x , y)

)
.
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1. L = b(x)∇+ a(x)∆

L(2) := 1
2∆, g (2)

t (x) = t−d/2g (2)(xt−1/2)– fund. sol. for ∂t − L(2).

G (2)(x) = e−|x |
2
.

Properties:

G (2)((1 + ε)x) ≤ g (2)(x) ≤ G (2)((1− ε)x), (10)∣∣∣(∇kg (2))(x)
∣∣∣ ≤ CG (2)((1− ε)x), k ≥ 1; (11)∣∣∣(L(2)g (2))(x)

∣∣∣ ≤ CG (2)((1− ε)x). (12)

For any δ > 0, there exists C , ε > 0 such that

|x |δG (2)(x) ≤ CG (2)((1− ε)x), ε ∈ (0, 1); (13)
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pzt (x) :=
1

(ta(z))d/2
g (2)

( x

(a(z)t)1/2

)
is the tr. pr. dens. for a LP with generator Lz = −a(z)

2 ∆.
Take p0

t (x , y) := pyt (y − x).

Φt(x , y) = (Lx − ∂t)p0
t (x , y)

=
[(

Lyx − ∂t
)
p0
t (x , y) + (Lx − Lyx )p0

t (x , y)
]

=
(
a(x)− a(y)

)
L

(2)
x p0

t (x , y) +
(
b(x),∇xp

0
t (x , y)

)
=
(
a(x)− a(y)

) 1
td/2+1ad/2+1(y)

(L(2)g (2))

(
y − x

t1/2a1/2(y)

)
− 1

t(d+1)/2a(d+1)/2(y)

(
b(x), (∇g (2))

(
y − x

t1/2a1/2(y)

))
=: Φ1

t (x , y) + Φ2
t (x , y).
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Assume that a(·) is bounded and Hölder:

|a(x)− a(y)| ≤ c
(
|x − y |η ∧ 1

)
. (14)

Then by (13)

|Φ1
t (x , y)| ≤ C

|y − x |η ∧ 1
t

1
td/2

G (2)

(
(1− ε)(y − x)

t1/2

)
≤ Ct−1+η/2 1

td/2
G (2)

(
c(y − x)

t1/2

)
.

From (11) and bdd of b(x) we get

|Φ2
t (x , y)| ≤ Ct−1/2 1

td/2
G (2)

(
c(y − x)

t1/2

)
. (15)

We have (4) with H1 = H2 = G (2).
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2. L = b(x)∇+ a(x)(−∆)α/2, a : Rd → R.

L(α) := (−∆)α/2. g (α)
t (x) = t−d/αg (α)(xt−1/α)– fund. sol. for

∂t − L(α).
G (α)(x) = (1 + |x |)−d−α.
Properties:

g (α)(x) � G (α)(x), (16)∣∣∣(∇kg (α))(x)
∣∣∣ ≤ CG (α+k)(x), k ≥ 1; (17)∣∣∣(L(α)g (α))(x)

∣∣∣ ≤ CG (α)(x), (18)

For any λ > 0, c > 0 there exists C > 0 such that

G (λ)(cx) ≤ CG (λ)(x). (19)

G (λ1)(x) ≤ G (λ2)(x), λ1 > λ2; (20)

|x |εG (λ)(x) ≤ CG (λ−ε)(x), ε ∈ (0, λ); (21)
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pzt (x) :=
1

(ta(z))d/α
g (α)

( x

(a(z)t)1/α

)
is the tr. pr. dens. for a LP with generator Lz = a(z)(−∆)−α/2.
Take p0

t (x , y) = pyt (y − x),
use L(α)g(cx) = cα(L(α)g)(cx) with c = (a(y)t)−1/α

Φt(x , y) =
[(

Lyx − ∂t
)
p0
t (x , y) + (Lx − Lyx )p0

t (x , y)
]

=
(
a(x)− a(y)

)
L

(α)
x p0

t (x , y) +
(
b(x),∇xp

0
t (x , y)

)
=
(
a(x)− a(y)

) 1
(ta(y))d/α+1 (L(α)g (α))

(
y − x

t1/αa1/α(y)

)
− 1

(ta(y))(d+1)/α

(
b(x), (∇g (α))

(
y − x

t1/αa1/α(y)

))
=: Φ1

t (x , y) + Φ2
t (x , y).
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Assume that a(·) is bounded and Hölder:

|a(x)− a(y)| ≤ c
(
|x − y |η ∧ 1

)
. (22)

Then

|Φ1
t (x , y)| ≤ C

|y − x |κ ∧ 1
t

1
td/α

G (α)

(
y − x

t1/α

)
≤ Ct−1+κ/αQ

(κ)
t (x , y), κ < η ∧ 1.

From (17) (19) and (20) we have

|Φ2
t (x , y)| ≤ Ct−1/α 1

td/α
G (α+1)

(
y − x

t1/α

)
≤ Ct−1/αQ

(0)
t

(
y − x

t1/α

)
,

(23)
where

Q
(λ)
t (x , y) :=

(∣∣∣y − x

t1/α

∣∣∣λ ∧ 1
tλ/α

)
1

td/α
G (α)

(
y − x

t1/α

)
.
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Q
(λ)
t (x , y) :=

(∣∣∣ y−x
t1/α

∣∣∣λ ∧ 1
tλ/α

)
1

td/α
G (α)

(
y−x
t1/α

)
.

We have:∣∣Φt(x , y)
∣∣ ≤ C

(
t−1+κ/αQ

(κ)
t (x , y) + t−1+(1−1/α)Q

(0)
t (x , y)

)
.

δ := 1− 1/α.
1. Kernels Q(λ) do not satisfy the sub-conv. property, because
Q

(λ)
t (x , x) = 0. But modified kernels do:

H
(λ)
t (x , y) :=

((∣∣∣y − x

t1/α

∣∣∣λ ∨ 1
)
∧ t−λ/α

))
1

td/α
G (α)

(
y − x

t1/α

)
.

(24)
Clearly,

Q
(λ)
t (x , y) ≤ H

(λ)
t (x , y).

2. δ = 1− 1/α > 0 only if α > 1 (the integral part dominates the
drift)
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what happens if α ∈ (0, 1)?

Suppose that b is Lipschitz (can be relaxed up to Hölder)

χt : solution to the Cauchy problem

∂tχt(x) = b(χt(x)), χ0(x) = x .

θt(y): inverse flow, i.e. a solution to

∂tθt(y) = −b(θt(y)), θ0(y) = y .

Choice of p0:

p0
t (x , y) = pyt (θt(y)− x).

Not a sol. to a CP with frozen coeff.!
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We have

∂tg
(α)
t (x) = L(α)g

(α)
t (x), L(α)g(cx) = cα(L(α)g)(cx).

Therefore (take c = (a(y)t)−1/α)

∂tp
y
t (θt(y)− x) = a(y)

1
(a(y)t)d/α+1 (L(α)g (α))

( θt(y)− x

t1/αa1/α(y)

)
+
(
∂tθt(y),

1
(ta(y))(d+1)/α

(∇g (α))
( θt(y)− x

t1/αa1/α(y)

))
,

Lxp
0
t (x , y) = a(x)

1
(a(y)t)d/α+1 (L(α)g (α))

( θt(y)− x

t1/αa1/α(y)

)
−
(
b(x),

1
(ta(y))(d+1)/α

(∇g (α))
( θt(y)− x

t1/αa1/α(y)

))
.
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Since ∂tθt(y) = −b(θt(y)), we finally get

Φt(x , y) =
(
Lx − ∂t

)
p0
t (x , y)

=
(
a(x)− a(y)

) 1
(a(y)t)d/α+1 (L(α)g (α))

( θt(y)− x

t1/αa1/α(y)

)
+

1
(a(y)t)(d+1)/α

(
b(θt(y))− b(x), (∇g (α))

( θt(y)− x

t1/αa1/α(y)

))
=: Φ1

t (x , y) + Φ2
t (x , y).

b is bounded ⇒ |θt(y)− y | ≤ c
∫ t
0 |b(θs(y)|ds ≤ Ct. ⇒

|a(x)− a(y)| ≤ c(|θt(y)− x |κ ∧ 1) + c |θt(y)− y |κ

≤ c(|θt(y)− x |κ ∧ 1) + ctκ.
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|Φ1
t (x , y)| ≤ Ct−1+κ/α

(∣∣∣θt(y)− x

t1/α

∣∣∣κ ∧ t−κ/α
) 1
td/α

G (α)
(θt(y)− x

t1/α

)
+ Ct−1+κ 1

td/α
G (α)

(θt(y)− x

t1/α

)
= Ct−1+κ/αQ

(κ)
t (x , y) + Ct−1+κQ

(0)
t (x , y).

b(x) is Lipschitz ⇒

|Φ2
t (x , y)| ≤ Ct−d/α

∣∣∣θt(y)− x

t1/α

∣∣∣∣∣∣(∇g (α))
( θt(y)− x

t1/αa1/α(y)

)∣∣∣
≤ Ct−d/α

∣∣∣θt(y)− x

t1/α

∣∣∣G (α+1)
( θt(y)− x

t1/αa1/α(y)

)
⇒ |Φ2

t (x , y)| ≤ CQ
(0)
t (x , y).

Thus, we have (4).
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Some discussion

As a Corollary of the method, we get upper estimates on

p0
t (x , y), rt(x , y),

pt(x , y),
∣∣∂tpt(x , y)

∣∣
for t ∈ (0,T ], x , y ∈ Rd .

Important: parametrix gives the estimates for t ∈ (0,T ]. Constants
in the series

∑∞
k=1 Φ?k

t (x , y) explode at the rate ecT !

(no hope to get the estimates for t > 0!)
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What if b(x) is γ-Hölder continuous?

Recipe: to “smoothify”, and introduce the flow for the smoothified
drift:
χt : solution to

∂tχt(x) = b̃t(χt(x)), χ0(x) = x .

θt(y): inverse flow, i.e. a solution to

∂tθt(y) = −b̃t(θt(y)), θ0(y) = y .

Still ∣∣∣Φt(x , y)
∣∣∣ ≤ Ct−1

(
tδ1H1

t (x , y) + tδ2H2
t (x , y)

)
,

where δ1, δ2 > 0 under the balance condition

α + γ > 1.
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α -stable, non-rot. symm.

(−∆)α/2 ! µ– symm. rot. invar.: µ(du) = cα|u|−d−αdu
What if µ– symm., but not rot. inv.?

µ(A) =

∫ ∞
0

∫
Sd

1{r`∈A}r
−1−αΛ(d`)dr .

g
(α)
t (x) -trans. prob. dens., g (α)

t (x) = t−d/αg (α)(xt−1/α).

Now:

If Λ is “bad”, we do not have g (α)(x) ∼ G (α)(x) !!!

If µ(B(θ, r) ∩ Sd) ≤ Crγ , θ ∈ Sd , r small, then

g (α)(x) ≤ C

td/α
1

(1 + |x |t−1/α)γ+α
.

Not even integrable for γ + α < d ...
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Example. µ̃(du) = µ(du1) + µ(du2), i.e.,
suppµ = {u ∈ R2 : u1 = 0 or u2 = 0}.

p̃(x) = p(x1)p(x2) � 1
(1+|x1|)1+α

1
(1+|x2|)1+α

Sofar we had σ(x) ∈ R in σ(x)L(α).
What happens if σ(x): d × d matrix?

p̃z ! σ(z)µ̃(du),

p̃z(x) = | detσ(z)|−1p̃(σ−1(z)x), p̃t(x) = t−2/αp̃(xt−1/α).

Take σ(z) as a rotation, s.t. σ(z)x = (x1, 0). Then

p̃zt (x) � 1
t2/α

1
(1 + |x1|t−1/α)

in non-integrable!.
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Problem:

In the Lévy case:
• Upper bound in the form

pt(x) ≤ Cρdt f (xρt), t ∈ (0,T ], x ∈ Rd ,

where f ∈ L1(Rd), ρt– scaling, is impossible;

• Even if pt(x) has good upper bound, the change
µ(du) µ(x , du) can ruin the “good estimate”!

To estimate the prmx series, we first need meaningful upper bound
on |∇kp|
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A bit away from α-stable: one more example.

d = 1, "Discretized"α-stable Lévy measure:

µ(dy) =
∞∑

n=−∞
2nγ
(
δ2−nυ(dy) + δ−2−nυ(dy)

)
, (25)

where υ > 0, 0 < γ < 2υ. Then α = γ/v ∈ (0, 2), ψ(ξ) � |ξ|α, but

p(x) ≤ (1 + |x |)−α.

– integrable only for α ∈ (1, 2).

We need some other form of the upper estimate...
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Suppose that for the Lévy trans. pr. dens.

pt(x) ≤ Cρdt
(
fup(ρt ·) ∗ Pt

)
(x), t ∈ (0, 1], x ∈ Rd , (26)

where fup ∈ L1(Rd), and Pt is a “compound Poisson type” measure.

Example: doable for µ as in (25). ψ(ξ) � |ξ|α, |ξ| ≥ 1, ρt = t−1/α.
R.h.s.- integrable!

If∣∣∇kpt(x)
∣∣ ≤ Ckρ

d+k
t

(
fup(ρt ·)∗Pt

)
(x), t ∈ (0, 1], x ∈ Rd , k = 0, 1, 2.

(27)
(∗ is the space conv.)

⇒ can estimate the conv. of the prmx series in C∞.
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Split (assume no drift and quad. part)

ψ(ξ) =
(∫
|u|≤1/ρt

+

∫
|u|>1/ρt

)(
1− e iξu + iξu1|u|≤1

)
µ(du)

= ψ
(1)
t (ξ) + ψ

(2)
t (ξ).

Since suppµ1 ∩ suppµ2 = ∅,

pt(x) = (p̄t ∗ Pt)(x)

p̄t(x) = F−1(e−tψ
(1)
t )(x). Pt ! e−tψ

(2)
t .

Estimate∣∣∇k p̄t(x)
∣∣ ≤ Ckρ

d+k
t fup(ρtx), t ∈ (0, 1], x ∈ Rd , k = 0, 1, 2.

(28)
Pt in (28)– as above.
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Suppose that we proved (technical!!)∣∣Φt(x , y)
∣∣ ≤ Ct−1+δ

(
g̃t ∗ Gt

)
(y − x).

δ ∈ (0, 1), (Gt)t≥0 comp. Poisson type probab. meas.,

g̃t(x) := tδgt(x), gt(x) := ρdt e
−bρt‖x‖.

gt−s ∗ gs(x) ≤ Cgt((1− ε)x).

Lemma 2

For any (θk)k≥1 s.t. θ1 = 1, θk+1 < θk , θk > 0, k ≥ 1,∣∣Φ?k
t (x , y)

∣∣ ≤ Ckt
−1+δk

(
g

(k)
t ∗ G (k)

t

)
(y − x), (29)

where (G (k))k≥1 are compound Poiss. type meas.,

g
(k)
t (x) := tδkρdt e

−bθkρt‖x‖. (30)
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In general the constants Ck explode as k →∞!

We change the estimation procedure after some k0 ≥ 1.

∃k0: we have tδkρnt ≤ c1. Then(
g

(`)
t−s ∗ g

(1)
s

)
(x) ≤ c2(k0)gt,ζ(x), ` ≥ k0,

wheregt,ζ(x) := e−ζbρt‖x‖. This allows to get∣∣Φ?`
t (x , y)

∣∣ ≤ D`t
−1+δ(`)

(
gt,ζ ∗ G

(`)
t

)
(y − x), ` ≥ k0.

PS: Compare with the method in Friedman!
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Verification

pt(x , y) = p0
t (x , y) +

∫ t

0

∫
Rd

p0
t−s(x , z)Ψs(z , y)dzds

|∇k
xp

0
t (x , y)| ≤ C (t − s)−k

(
. . .
)

=⇒ pt(·, y) /∈ C 2
b (Rd)!

We cannot directly show that pt(x , y) and solves the CP!

Pt f (x) :=

∫
Rd

pt(x , y)f (y)dy , f ∈ Cb(Rd).

Theorem 2

(Pt)t≥0 is the Feller semigroup, i.e. Pt : C∞ → C∞, Pt f ≥ 0 if
f ≥ 0, and Pt+s = PtPs .

Meaning: pt(x , y) is the trans. probab. dens. of a Markov proc.
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Idea of the proof of Theorem 2

Use the approximate fundamental solution:

pt,ε(x , y) := p0
t+ε(x , y) +

∫ t

0

∫
Rn

p0
t−s+ε(x , z)Ψs(z , y)dzds.

Pt,εf (x) =

∫
Rd

f (y)pt,ε(x , y)dy .

For f ∈ C∞(Rd), ε > 0, we have P·,εf (·) ∈ C 1,2((0,∞)× Rd
)
.
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Properties:

•
lim
ε→0
‖Pt,εf − Pt f ‖∞ → 0, unif. in t ∈ [0, t0] (31)

Pt,εf (x)→ 0, |x | → ∞, unif. in t ∈ [0, t0]. (32)

•
lim

t,ε→0+
‖Pt,εf − f ‖∞ = 0. (33)

Pt,εf (x) is the “Approximate solution”:

Qt,εf (x) =
(
∂t − Lx

)
Pt,εf (x), f ∈ C∞(Rd).

•
lim
ε→0

Qt,εf (x) = 0, unif. in (t, x) ∈ [τ, t0]× Rd ; (34)

•

lim
ε→0

∫ t

0
Qs,εf (x)ds = 0, unif. in (t, x) ∈ [τ, t0]× Rd (35)
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L satisfies the positive maximum principle (PMP):

f ∈ D(L), f (x0) ≥ 0, where x0 = argmax f (x), ⇒ Lf (x0) ≤ 0.

Lévy-type operators satisfy PMP!

49 / 67



Prove, that f ≥ 0 ⇒ Ptf ≥ 0. PMP

Proof. f ∈ C∞(Rd), f ≥ 0, and suppose that

inf
t,x

Pt f (x) < 0. (36)

⇒ ∃t0 > 0: inft≤t0,x∈Rd Pt f (x) < 0.

uε(t, x) := Pt,εf (x) + θt, θ > 0.

By unif. approximation, ∃η > 0, ε1 > 0 s.t.

inf
t≤t0,x∈Rd

uε(t, x) < −η, ε < ε1.

Pt,εf (x)→ 0, |x | → ∞, unif. in t ∈ [0, t0] =⇒

uε(t, x)→ θt > 0, |x | → ∞, unif. in t ∈ [0, t0].

⇒
(tε, xε) := arg inf uε(t, x) ∈ [0, t0]× Rd .
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f (x) ≥ 0, limt,ε→0+ ‖Pt,εf − f ‖∞ = 0 ⇒ ∃ε0 > 0, τ > 0 such that

uε(t, x) ≥ −η
2
, t ≤ τ, ε < ε0, x ∈ Rd .

Since
uε(tε, xε) = min

t∈[0,t0],x∈Rd
uε(t, x) < −η < −η

2
,

we have tε > τ as soon as ε < ε0.

PMP ⇒
Lxuε(t, x)|(t,x)=(tε,xε) ≥ 0.
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In addition, for ε < ε0 we always have

∂tuε(t, x)|(t,x)=(tε,xε) ≤ 0,

where the sign “<” may appear only if tε = T .
Then

(∂t − Lx)uε(t, x)|(t,x)=(tε,xε) ≤ 0.

On the other hand, since tε ∈ [τ,T ], ε < ε0,⇒

(∂t−Lx)uε(t, x)|(t,x)=(tε,xε) = θ+(∂t−Lx)Pt,εf (xε)→ θ > 0, ε→ 0.

⇒ contradiction to (36).
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Other parts of Th.2: follow from PMP

To show that for f ∈ C 2
∞(Rd)

Pt f (x)− f (x) =

∫ t

0
PsLf (x) ds, Pt1 = 1,

take

uε(t, x) = Pt,εf (x)− f (x)−
∫ t

0
Ps,εLf (x) ds + θt, ε > 0.

To show
Pt+s f (x) = PtPs f (x),

take
uε(t, x) = Pt+s,εf (x)− Pt,εPs f (x) + θt.
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Uniqueness: analytic proof

Pt f (x)− f (x) =
∫ t
0 PsLf (x) ds ⇒ Af = Lf on C 2

∞.

A – closed operator, ⇒ (L,C 2
∞(Rd)) is closable. Show, that L = A.

Take f ∈ D(A), and consider Pt f and Pt,εf .

Pt,εf ∈ C 2
∞(Rd) ∈ D(A) ⇒ APt,εf = LPt,εf = ∂tPt,εf . We have:

lim
ε→0
‖Pt,εf − Pt f ‖∞ = 0, lim

ε→0
‖(∂t − L)Pt,εf ‖ = 0.

Since f ∈ D(A), then Pt f ∈ D(A) and APt f = ∂tPt f .

If (!!) lim
ε→0
‖∂tPt,ε−∂tPt f ‖∞ = 0, then lim

ε→0
‖LPt,εf−APt f ‖∞ = 0,

⇒ (L,C 2
∞(Rd))

‖·‖∞
= (A,D(A)).
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Uniqueness: probabilistic proof

In Thm 2 we proved: ∃ Xt , which solves the Martingale problem
(MP) for (L,C 2

∞(Rd)), i.e. ∃P -probab. meas. on Rd , s.t.
∀f ∈ C 2

∞(Rd)

Yt := f (Xt)−
∫ t

0
Lf (Xs)ds

is P-martingale.

Now we prove, that this MP is well posed

i.e. ∀ probab. meas. π on Rd ∃! probab. meas. P on Rd , s.t.
P(X0 ∈ du) = π(du), and for ∀f ∈ C 2

∞ Yt is a martingale w.r.t. P.
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A few results from Ethier, Kurtz

Ethier,Kurtz Cor. 4.4.3: If 2 sol. to the Martingale problem have
the same one-dim distr., they coincide.

Ethier,Kurtz, Cor. 4.3.4: t2 > t1. If X is right cont.,

E
[
u(t2,Xt1)− u(t1,Xt1)

]
= E

[ ∫ t2

t1

v(s,Xt1)ds
∣∣∣Ft1

]
,

E
[
u(t1,Xt2)− u(t1,Xt1)

]
= E

[ ∫ t2

t1

w(t1, s,Xs)ds
∣∣∣Ft1

]
,

lim
δ→0

E[w(t − δ, t,Xt)− w(t, t,Xt)] = 0, t > 0,

then

u(t,Xt)−
∫ t

0

(
v(s,Xs) + w(s, s,Xs)

)
ds is Ft- mart.
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Take g(t, x): g(·, ·) ∈ C 1,2
b,∞
(
(0,∞)× Rd

)
, Lg(t, x) ∈ Cb(Rd).

Ethier,Kurtz, Cor. 4.3.4: the process

g(t,Xt)−
∫ t

0

(
∂sg(s,Xs) + Lxg(s,Xs)

)
ds

is a martingale w.r.t. P.

Fix f ∈ C∞(Rd), T > 0, and put gT (t, x) := PT−t f (x). If (!!!)
we know, that gT (t, x) is harmonic for ∂t + L, i.e. if(

∂t + L
)
gT (t, x) = 0,

and ∂tgT (t, x), LxgT (t, x) are continuous, ⇒

EPf (XT ) = EPgT (T ,XT )
mart.

= EPgT (0,X0) = EPPT f (X0),∫
f (y)P(XT ∈ dy) =

∫
PT f (z)π(dz) =

∫
f (y)

[ ∫
pT (z , y)dπ(dz)

]
dy .

⇒ uniqueness.
57 / 67



gT (t, x) is NOT harmonic for ∂t + L, but we can approximate.

Define
gT
ε (t, x) := PT−t,εf (x).

EPP0,εf (XT )− EPPT ,εf (X0)

= EPgT
ε (T ,XT )− EPgT

ε (0,X0)

= EP
∫ T

0
(∂t + Lx)gT

ε (t,Xt)dt → 0, ε→ 0.

I.e., in the limit we get

EPf (XT ) = EPPT f (X0).

58 / 67



pt(x , y) = p0
t (x , y) + r0

t (x , y).

We arrive at:

Theorem 3

pt(x , y) is a fund. sol. to the CP for ∂t − A:

p·(x , y) ∈ C 1(0,∞), pt(·, y) ∈ D(A), and

(∂t − Ax)pt(x , y) = 0, pt(x , y)→ δx(y), t → 0.
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Some other versions in the prmx

Komatsu: L = B(α) + A(α), where A(α) is a (non-isotropic)
α-stable operator defined on the test functions in Lp(Rd),
α ∈ (0, 2), B(α) is the x-dependent perturbation of A(α).

For the potential operator Rλ of the extension L̃ of L

Rλ = G
(α)
λ (I − B(α)G

(α)
λ )−1 = G

(α)
λ

∞∑
k=0

[
B(α)G

(α)
λ

]k
,

(resolvent formulation of the parametrix method.)

G
(α)
λ is the λ-potential for A(α)

B(α)G
(α)
λ is Lp -bounded (Calderon-Zygmund theory).

Lp–estimates for G (α)
λ ⇒ uniqueness of the sol. to the MP for L.

p = p(α).
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Kumano-go, Iwasaki, Jacob:

Take the symbol q(x , ξ) of L, is smooth enough in x and ξ
(i.e. belongs to the so-called “Hörmander class of symbols”) .

Parametrix: Construct a semigroup whose symbol is a sum of the
main term e−tq(x ,ξ) (“parametrix”) and the remainder r(t, x , ξ)
which is proved to belong to certain Hörmander class.

Check, that it is a Feller semirg., and the fund. sol. to ∂t − L.
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Applications

Consider an integral functional:

IT (h) =

∫ T

0
h(Xt) dt, (37)

where h : Rd → R is a given measurable function.
Examples in fin. math.:

EIT (h), Ee−ρIT (h)(Xs − K )+

How to calculate?

Approximate IT (h) by the Riemannian sums

IT ,n(h) =
T

n

n−1∑
k=0

h(X(kT )/n), n ≥ 1.
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Simulate

Ex
[T
n

n−1∑
k=0

h(XkT/n)
]

- Monte-Carlo method, need to know XkT/n ∼ pkT/n(x , y)dy .

Convergence? Accuracy?

Strong rate: Ex
∣∣∣IT (h)− IT ,n(h)

∣∣∣p
Weak rate:

∣∣∣Ex(IT (h))k f (XT )− Ex(IT ,n(h))k f (XT )
∣∣∣

∃∂tpt(x , y), and∣∣∣∂tpt(x , y)
∣∣∣ ≤ BT ,X t

−βqt,x(y), t ≤ T ,

β ≥ 1, and for fixed t, x qt,x(·) is a distr. dens.
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• discrete approximation of X?

Consider [Konakov et al] a Lévy driven SDE: b, σ : Rd → R,

Xt = x +

∫ t

0
b(Xs−)ds +

∫ t

0
σ(Xs−)dZs ,

Euler scheme: Grid: Λ = {ti | ti = ih, 0 ≤ i ≤ N},
φ(t) := inf{ti : ti ≤ t < ti+1},

XN
t = x +

∫ t

0
b(XN

φ(s))ds +

∫ t

0
σ(XN

φ(s))dZs ,

X i+1
t = Xti + (t − ti )b(Xti ) + σ(Xti )(Zt − Zti ), t ∈ (ti , ti+1).

Weak error
∣∣Exg(XT )− Exg(XN

T )
∣∣ –?

Need to estimate p − pN .
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“Frozen process”, with tr.pr.dens. p̃(t, x , y):

X̃t = x +

∫ t

0
b(y)du +

∫ t

0
σ(y)dZu = x + tb(y) + σ(y)Zt .

Consider a “frozen” Markov chain: h = T/N,

X̃N
tj

= x , X̃N
ti+1

= X̃N
ti

+b(y)h+σ(y)
(
Zti+1 −Zti

)
, i ∈ [j , k − 1].

pN(tk − tj , x , y)! XN E. sch., p̃N(tk − tj , x , y)! X̃N fr.ch.

pN(tk−tj , x , y) = p̃N(tk−tj , x , y)+

k−j∑
r=1

(
p̃N⊗NH

(r)
N

)
(tk−tj , x , y),

0 ≤ j < k ≤ N, where

f⊗Ng(t, x , y) =

∫ t

0

∫
Rd

f (φ(u), x , z)g(t−φ(u), z , y),∀t ∈ {(ti )i∈[1,N]},

pN(0, x , y) = p̃N(0, x , y) = δ(x − y).

Then– series expansion of p − pN .
in p(t, x , y): “usual” time/space conv., in pN : ⊗N conv.
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Other applications

where else do we need the estimates on pt(x , y):

• In statistics: e.g. to estimate the likehood relation
(cf. Kohatsu-Higa et al, also Ivanenko, Kulik)

• Adding a potential: need to describe a Kato class
(recent: Q.-Z. Chen, P. Kim, R. Song, K.)
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Thank you for attention!

67 / 67


