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1. Introduction.

Let Ω ⊂ Rn be a bounded open set with a smooth boundary Γ.
Let Amin be the symmetric operator

Amin : C∞c (Ω) ⊂ L2(Ω)→ L2(Ω) , Amin =
∑

1≤i ,j≤n
∂i (aij∂j) ,

where aij ∈ C∞(Ω), aij = aji , and

∀x ∈ Ω , ∀ξ ∈ Rn , µ1‖ξ‖2 ≤
∑

1≤i ,j≤n
aij(x)ξiξj ≤ µ2‖ξ‖2 ,

0 < µ1 < µ2 < +∞.

All self-adjoint extensions of Amin have been determined, and
classified in term of (non-local) boundary conditions, by Grubb in
1968 (building on previous partial results by Vĭsik).



Here we are interested in determine, and classify in terms of
Wentzell-type boundary conditions, all Markovian extensions.

A not positive s.a. operator A is said Markovian whenever the
semi-group etA is positivity-preserving and is contraction in L∞(Ω).

Nice features of Markovian operators:

• characterization in terms of Dirichlet forms;

• connections with Markov processes: etAu(x) = Ex(u(Xt))
(analytical properties of A correlate with path properties of Xt :
recurrence, transience, irreducibility,....);

• equivalence between:

i) logaritmic Sobolev inequalites for quadratic forms,
ii) ultracontractivity properties of semi-groups,
iii) heat kernel estimates for semi-groups integral kernels.



2. Dirichlet Forms

A not negative, symmetric bilinear form (not necessarily densely
defined) on the real Hilbert space L2(X ), X a “nice” measure
space,

F : D(F )×D(F ) ⊆ L2(X )× L2(X )→ R

is a Markovian form if

u ∈ D(F ) =⇒

{
Φ(u) ∈ D(F ) ,

F (Φ(u),Φ(u)) ≤ F (u, u)

for any normal contraction Φ, i.e. for any function

Φ : R→ R , Φ(0) = 0 and |Φ(t)− Φ(s)| ≤ |t − s| .

A closed Markovian form F is said to be a Dirichlet form.



A not positive s.a. operator A in L2(X ) is said to be Markovian if

0 ≤ u ≤ 1 , m-a.e. =⇒ ∀t > 0 , 0 ≤ etAu ≤ 1 , m-a.e. .

Let FA be the not negative bilinear form associated with −A:

∀u ∈ D(FA) ,∀v ∈ D(A) , FA(u, v) = 〈u,−Av〉 .

Theorem.(Beuling and Deny)
A is Markovian ⇐⇒ FA is a Dirichlet form.

Theorem. (Fukushima)
(i) The closure of a closable Markovian form is a Dirichlet form.
(ii) A closed, not negative symmetric bilinear form F is a Dirichlet
form if and only if

u ∈ D(F ) =⇒

{
u# ∈ D(F ) ,

F (u#, u#) ≤ F (u, u) ,
u# := min{1, u+} .



Let α, β and γ be continuous, monotone decreasing functions.

(i) the densely defined Dirichlet form FA satisfies a logarithmic
Sobolev inequality with function α (α-LS for short) if

∀ε > 0, ∀u ∈ D(FA) ∩ L1(X ) ∩ L∞(X ), u ≥ 0, ‖u‖L2(X ) = 1,∫
X
u2 log u dm ≤ εFA(u) + α(ε) ,

(ii) the semigroup etA is ultracontractive with function β (β-UC
for short) if

∀t > 0 , ∀u ∈ L2(X ) , ‖etAu‖L∞(X ) ≤ eβ(t)‖u‖L2(X ) ,

(iii) the integral kernel κA(t, ·, ·) of etA satisfies a heat kernel
estimate with function γ (γ-HK for short) if

∀t > 0 , for m-a.e. x and y , κA(t, x , y) ≤ eγ(t) .



Theorem.(Gross, Davies and Simon, Davies,...)
For any Markovian operator one has LS⇐⇒ UC⇐⇒ HK:

α-LS =⇒ β-UC , β(t) =
1

t

∫ t

0
α(ε) dε

β-UC =⇒ γ-HK , γ(t) = 2β(t/2) .

γ-HK =⇒ β-UC , β(t) = γ(t)/2

β-UC =⇒ α-LS , α(t) = β(t) .



3. Markovian extensions of elliptic operators

Let Hs(Ω) and Hs(Γ) be the usual Hilbert-Sobolev space of order
s on the domain Ω and its boundary Γ. Let

γ0 : H1(Ω)→ H
1
2 (Γ) , γ1 : H2(Ω)→ H

1
2 (Γ) ,

the usual trace maps such that, for any u ∈ C∞(Ω̄),

γ0u (x) = u(x) , γ1u(x) = ν(x)·(a∇u)(x) , x ∈ Γ ,

where ν(x) is the (inward) normal at the boundary point x .
We pose

H1
0 (Ω) := {u ∈ H1(Ω) : γ0u = 0} .



Both the bilinear forms FD and FN , defined by 〈∇u, a∇v〉L2(Ω) on

the respective domains D(FD) = H1
0 (Ω) and D(FN) = H1(Ω), are

Dirichlet forms. Hence the corresponding self-adjoint operators AD

and AN are Markovian. Both are self-adjoint extensions of Amin:
AD is the Friedrichs extension and corresponds to Dirichlet b.c.,
AN corresponds to Neumann b.c..

Given the dual operator A′min : (C∞c (Ω))′ → (C∞c (Ω))′, the Hilbert
adjoint Amax := A∗min acts as A′min on the domain
D(Amax) = {u ∈ L2(Ω) : A′minu ∈ L2(Ω)}.

By Lions and Magenes both γ0 and γ1 have well-defined extensions
γ̂0 and γ̂1 defined on D(Amax). Then for any λ ≥ 0 one defines

the Poisson operator Kλ : H−
1
2 (Γ)→ D(Amax) which provides the

unique solution of the adjoint Dirichlet problem for with boundary

data in H−
1
2 (Γ): {

A∗minKλh = λKλh ,

γ̂0 Kλh = h .



By K0 one defines P0, be the Dirichlet-to-Neumann operator over
Γ,

P0 : Hs(Γ)→ Hs−1(Γ) , s ≥ −1

2
, P0 := γ̂1 K0 .

Any u ∈ H1(Ω) admits the unique decomposition

u = u0 + K0γ0u , u0 ∈ H1
0 (Ω)

and the relation between FN and FD is given by

FN(u, v) = FD(u0, v0)− (P0γ0u, γ0v)− 1
2
, 1

2
.

Morover the bilinear form

f◦ : H1/2(Γ)× H1/2(Γ) ⊆ L2(Γ)× L2(Γ)→ R ,

f◦(h1, h2) := −(P0h1, h2)− 1
2
, 1

2

is a Dirichlet form.



Let
Ext0(Amin) := {A ⊃ Amin : A∗ = A ,−A ≥ 0} ,

ExtM(Amin) :={A ∈ Ext0(Amin) : A is Markovian}
≡{A ∈ Ext0(Amin) : FA is Dirichlet }

and define the semi-order

A1 � A2 ⇐⇒

{
D(FA1) ⊆ D(FA2) ,

FA1(u, u) ≥ FA2(u, u) .

Krĕın proved that AD is the minimum element of Ext0(S) (hence
of ExtM(Amin) also) and that there is a maximum element
AK ∈ Ext0(Amin), the Krĕın-von Neuman extension. However
AK /∈ ExtM(Amin) (not necessarily true when Ω is unbounded) and

Theorem. (Watanabe, Fukushima).

AN is the maximum element of ExtM(Amin).



Corollary. Let A ∈ ExtM(Amin). Then

• D(FA) ⊆ H1(Ω) and FN(u, u) ≤ FA(u, u);

• FA satisfies a logarithmic Sobolev inequality;

• the semigroup etA is ultracontractive;

• κD ≤ κA ≤ κN , where κD and κN denote the heat kernels of AD

and AN respectively;

• the semigroup etA is irreducible (hence the ground state, if any,
is unique and a.e. positive) and A is either recurrent or transient.



Theorem. Let F be a closed bilinear form on L2(Ω). Then
F = FA, A ∈ ExtM(Amin) if and only if there exists a Markovian
form fb on L2(Γ), such that

FA(u, v) = FN(u, v) + fb(γ0u, γ0v) ,

D(FA) = {u ∈ H1(Ω) : γ0u ∈ D(fb)} .

A is recurrent (equivalently conservative) if and only if 1 ∈ D(fb)
and fb(1, 1) = 0.



4. Wentzell-type boundary conditions

Theorem. Let A ∈ ExtM(Amin). Then u ∈ D(A) if and only if
u ∈ D(Amax) ∩ H1(Ω) and there exist a Markovian form fb on
L2(Γ) such that γ0u ∈ D(fb) and

∀h ∈ D(fb) ∩ H
1
2 (Γ) , fb(γ0u, h) = (γ̂1u, h)− 1

2
, 1

2
.

Notice that fb is not necessarily densely defined: D(fb) can be a
strict subspace of L2(Γ).



When fb is a densely defined, closed (i.e. Dirichlet) and regular
(i.e. C (Γ) ∩D(fb) is dense in C (Γ) w.r.t. the L∞ norm and is a
form-core), by the famed Buerling-Deny decomposition one gets
Wentzell-type b.c.:

f
(c)
b (γ0u, h) +

∫
Γ×Γ

(γ0u(x)− γ0u(y))(h(x)− h(y)) dJ(x , y)

+

∫
Γ
γ0u(x)h(x) dκ(x) = (γ̂1u, h)− 1

2
, 1

2
,

f
(c)
b (h1, h2) =

∑
1≤i ,j≤n−1

∫
Γ
∇ih1(x)∇jh2(x) dνij(x) .

When B, fB = fb, is bounded on Hs(Γ) to Hs−α(Γ) for all s ≥ −1
2

and for some α ∈ [0, 2], and, in case α ≥ 1, is elliptic
pseudo-differential, one has

D(A) = {u ∈ D(Amax) ∩ H2∧α(Ω) : Bγ0u = γ̂1u} .

Thus, when α = 2,

D(A) = {u ∈ H2(Ω) : Bγ0u = γ1u} .



Theorem.
i) (variation on Grubb’s theory) A ∈ Ext(Amin) if and only if there
exist an orthogonal projector Π on L2(Γ) and a self-adjoint
operator Θ on the subspace associated with Π such that

D(A) = {u ∈ D(Amax) : Σγ̂0u ∈ D(Θ) , ΠΛ(γ̂1u−P0γ̂0u) = ΘΣγ̂0u} .

Here Λ := (−∆LB + 1)
1
4 : Hs(Γ)→ Hs− 1

2 (Γ) , Σ := Λ−1 .

ii) (Krĕın-type formula)

RA
λ = RD

λ + KλΛΠ(Θ + λΠΛγ1R
D
λ KλΛΠ)−1Π(KλΛ)∗ .

iii) Let f Λ
Θ be the closed, not negative bilinear form on ΛD(fΘ)

defined by
f Λ
Θ (h1, h2) := fΘ(Σh1,Σh2) .

Then A ∈ ExtM(Amin) if and only if D(fΘ) ⊆ H1(Γ) and f Λ
Θ is a

Dirichlet form such that

fb := f Λ
Θ − f◦ is Markovian .



5. Some examples

Example 1. One gets a Markovian extension by taking

B = −b1 ∆LB + bs(−∆LB)s + b0 , 0 < s < 1 , b1, bs , b0 ≥ 0 .

To such an extension corresponds the Wentzell-type b.c.

b1 ∆LB γ0u − bs(−∆LB)sγ0u − b0γ0u + γ1u = 0 .

For the corresponding Markovian extension AB one has

D(AB) ⊆ H2(Ω) whenever b1 6= 0 ,

D(AB) ⊆ H2s(Ω) whenever b1 = 0, bs 6= 0 and 1/2 ≤ s < 1 ,

D(AB) ⊆ H
3
2
−s(Ω) whenever b1 = 0, bs 6= 0 and 0 < s ≤ 1/2 .



FAB
is a regular Dirichlet form with Beurling-Deny decomposition

FAB
= F

(c)
AB

+ F
(j)
AB

+ F
(k)
AB

,

F
(c)
AB

(u, v) = FN(u, v) + b1(−∆LBγ0u, γ0v)−1,1 ,

F
(j)
AB

(u, v) = bs((−∆LB)sγ0u, γ0v)−s,s ,

F
(k)
AB

(u, v) = b0〈γ0u, γ0v〉L2(Γ) .

Hence FAB
has the local property (and so the corresponding

Markov process is a Diffusion) if and only if bs = 0 and is strongly
local if and only if bs = b0 = 0. The corresponding Markovian
extension AB is recurrent if b0 = 0 and transient otherwise.



Example 2. Let Ω ⊂ Rn, n ≥ 2, be open and bounded and such
that Γ is a smooth, compact, n − 1 dimensional Lie group (for
example this is true if Ω is a solid torus, or a plane disc with N ≥ 0
circular holes, or a four-dimensional ball). Let L1, . . . , Ln−1 be a
basis of left-invariant vector field in the corresponding Lie algebra.
By Hunt’s theorem any symmetric convolution semigroup of
measures in Γ has a generators given by a Markovian self-adjoint
operator B on L2(Γ) such that C 2(Γ) ⊂ D(B) and, for any
h ∈ C 2(Γ),

Bh(x) =
n−1∑
i ,j=1

cijLiLjh(x) +
1

2

∫
Γ

(
h(xy)− 2h(x) + h(xy−1)

)
dν(y) ,

where c ≡ (cij) is a constant, real-valued, not-negative-definite
matrix and ν is a symmetric Lévy measure.



Hence the boundary conditions Bγ0u = γ̂1u produce a Markovian
extension AB which, since fB(1) = 0, is recurrent.
By the known Beurling-Deny decomposition of fB the
Beurling-Deny decomposition of the Dirichlet form FAB

is

F
(c)
AB

(u, v) = FN(u, v) +
n−1∑
i ,j=1

cij

∫
Γ
Liγ0u(x)Ljγ0v(x) dσ(x) ,

F
(j)
AB

(u, v) =

∫
Γ×Γ

(γ0u(x)− γ0u(y)) (γ0v(x)− γ0v(y)) dJ(x , y) ,

F
(k)
AB

(u, v) = 0 ,

where the measure J is defined by

J(E1 × E2) :=

∫
E2

ν(y−1E1) dσ(y) .



Example 3. Given the decomposition Γ = Γ0 ∪ Γ1, Γ0 open, let
Π : L2(Γ)→ L2(Γ) be the orthogonal projector onto L2(Γ0). Then
one gets the self-adjoint extension ADN with domain

D(ADN) = {u ∈ D(Amax)∩H1(Ω) : supp(γ0u) ⊆ Γ̄0, supp(γ̂1u) ⊆ Γ1} .

The conditions appearing in D(ADN) are a weak form of the mixed
Dirichlet-Neumann boundary conditions

γ0u = 0 on Γ1 , γ1u = 0 on Γ0 .

Such boundary conditions are Wentzell-type and define a
(transient) Markovian extension with associated Dirichlet form

D(FDN) = {u ∈ H1(Ω) : supp(γ0u) ⊆ Γ̄0} , FDN(u, v) = FN(u, v) .



Example 4. Let Π : L2(Γ)→ L2(Γ) be the rank-one orthogonal

projection Π = (|Γ|−
1
2 1)⊗ (|Γ|−

1
2 1), where |Γ| denotes the volume

of the boundary Γ, and let b ≥ 0. Then, denoting by 〈h〉 the mean
of h over Γ, i.e. 〈h〉 := |Γ|−1 ∫Γ hdσ, one gets the Markovian
extension A with domain

D(A) = {u ∈ H2(Ω) : b γ0u = 〈γ1u〉} .

with corresponding Dirichlet form

D(FA) = {u ∈ H1(Ω) : γ0u = const.} .

FA(u, v) = FN(u, v) + b 〈γ0u〉〈γ0v〉 .
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