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Outline of the talk
I Introduction

I PT -symmetric Quantum
mechanics

I Quantum waveguides

I PT -symmetric waveguides

I Model
I Symmetries
I Uniform waveguide
I Perturbed waveguide

I Essential spectrum
I Weakly-coupled bound

states

I Conclusions



PT -symmetric Quantum mechanics
? Non-Hermitian observables in Quantum mechanics ?

I Hamiltonian −∆ + ix3 in L2(R) possess real spectrum
[Bender, Boettcher 98]

I more generally: −∆ + x2(ix)ε in L2(R) for ε > 0

? Due to PT -symmetry ?
[H ,PT ] = 0 (in operator sense)

I Parity
(Pψ) (x) = ψ(−x)

I Time reversal
(T ψ) (x) = ψ(x)

! Lack of techniques - no spectral theorem, no Min-max principle, . . . !
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Physical relevance
I Suggestions

I nuclear physics [Scholtz, Geyer, Hahne 92], optics [Klaiman, Günther, Moiseyev

08], [Schomerus 10], solid state physics [Bendix, Fleischmann, Kottos, Shapiro

09], superconductivity [Rubinstein, Sternberg, Ma 07], electromagnetism
[Ruschhaupt, Delgado, Muga 05], [Mostafazadeh 09], scattering
[Hernandez-Coronado, Krejčǐŕık, Siegl 11]

I Experiments
I optics [Guo et al. 09], [Rüter et al. 10]

? How to make sense of PT -symmetric operators ?
When metric operator Θ > 0, ‖Θ‖ < +∞, ‖Θ−1‖ < +∞ exists:
(H is then called quasi-Hermitian)

I H is Hermitian in Hilbert space
(
L2, 〈·,Θ·〉

)
I h = Θ1/2HΘ−1/2 is Hermitian in

(
L2, 〈·, ·〉

)
⇒ solves problem with reality of the spectrum, probability

conservation, Stone’s theorem. . .
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I Experiments
I optics [Guo et al. 09], [Rüter et al. 10]
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Quantum waveguides
= microscopic structures of semiconductor material

I e.g. thin films, quantum wires, . . .
[Exner, Šeba 88], [Duclos, Exner 95]

Mathematical description:
I unbounded tubular region
I free Laplacian
I boundary conditions

Straight waveguides have empty discrete spectrum

⇒ study of various perturbations

I small bumps [Bulla, Gesztezy, Renger, Simon 97]

I mixing of boundary conditions [Dittrich, Kř́ıž 02]

I twisting and bending [Krejčǐŕık 08]
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The model
I straight waveguide

I 1 finite dimension (variable u)
I n infinite dimensions (variable x)

I complex boundary conditions
I imperfect containment of the electron

I uniform boundary conditions
I exactly solvable

I influence of small perturbation in boundary conditions
I existence of bound states?
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Previous results
[Borisov, Krejčǐŕık 08]

Setup:
I planar waveguide Ω = R× I
I Robin-type boundary conditions ∂uΨ + i(α0 + εβ)Ψ = 0
I compactly supported perturbation β

Results:
I conditions on existence and uniqueness of the bound state
I eigenvalue expansion up to order of ε4

I wavefunction asymptotics

u

x1

∂uΨ + iαΨ = 0

∂uΨ + iαΨ = 0
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Definition of the Hamiltonian
The waveguide Ω := Rn × (0, d) = Rn × I

HαΨ :=−∆Ψ,
Dom(Hα) :=

{
Ψ ∈W 2,2(Ω)

∣∣ ∂uΨ + iαΨ = 0 on ∂Ω
}

Theorem
Let α ∈W 1,∞(Rn) be real-valued. Then Hα is an m-sectorial
operator on L2(Ω).

∂uΨ + iαΨ = 0

∂uΨ + iαΨ = 0

u

d
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operator on L2(Ω).

Idea of the proof:

hα[Ψ] :=
∫

Ω
|∇Ψ(x, u)|2 dx du

+ i
∫
Rn
α(x) |Ψ(x, d)|2 dx − i

∫
Rn
α(x) |Ψ(x, 0)|2 dx

I hα is sectorial and closed
I First representation theorem

Note that H ∗α = H−α
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Symmetries of Hα

The spatial reflection operator P and the time reversal operator T :

(PΨ)(x, u) := Ψ(x, d − u),
(T Ψ)(x, u) := Ψ(x, u).

Proposition
Let α ∈W 1,∞(Rn) be real-valued. Then Hα is PT -symmetric, i.e.
[Hα,PT ] = 0.

⇒ λ ∈ σ(H ) ⇔ λ ∈ σ(H )

Proposition
Let α ∈ W 1,∞(Rn) be real-valued. Then Hα is T -self-adjoint, i.e
T HαT = H ∗α

⇒ σr(Hα) = ∅
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Transversal and longitudal operator
Transversal operator:

−∆I
α0
ψ := − ∂2

∂u2ψ

Dom(−∆I
α0

) :=
{
ψ ∈W 2,2(I ) |ψ′ + iα0ψ = 0 at 0, d

}

I σ(−∆I
α0

) = σp(−∆I
α0

) =
{
α2

0
}
∪
{( kπ

d
)2}+∞

k=1
=:
{
µ2

j
}+∞

j=0

I eigenfunctions ψj(u) = cos(µju)− iα0
µj

sin(µju), j ≥ 0

I
(
−∆I

α0

)∗: same spectrum, eigenfunctions φj := Ajψj

I ψj and φj form a biorthonormal basis

Longitudal operator

−∆′ϕ := −
n∑

k=1

∂2

∂x2
k
ϕ

Dom(−∆′) := W 2,2(Rn)

I σ(−∆′) = σess(−∆′) = [0,+∞)
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Uniform boundary conditions
Term in boundary conditions: α(x) = α0 ∈ R

Hα0 =
(
−∆′ ⊗ 1I)+

(
1R

n
⊗−∆I

α0

)
,

because Ψ(x, u) =
∑+∞

j=0 (φj ,Ψ(x, ·))L2(I) ψj(u) holds for every
Ψ ∈ L2(Ω)

I resolvent can be decomposed into transversal basis:(
(Hα0 − λ)−1) (x, u, x ′, u′) =

+∞∑
j=0

ψj(u) R−∆′

λ−µ2
j
(x, x ′) φj(u′)

⇒ σ(Hα0) = σess(Hα0) = [µ2
0,+∞)

d
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Essential spectrum of Hα
Theorem
Let α− α0 ∈W 1,∞(R) with α0 ∈ R such that

lim
|x|→+∞

(α− α0)(x) = 0.

Then (Hα − λ)−1 − (Hα0 − λ)−1 is compact in L2(Ω) for any
λ ∈ ρ(Hα) ∩ ρ(Hα0).

Corollary

σess(Hα) = σess(Hα0) = [µ2
0,+∞).

essential spectrum

Re λ

Im λ

0 µ2
0
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Weakly perturbed boundary conditions

α(x) = α0 + εβ(x),
where α0 ∈ R, β ∈W 2,∞(Rn) and ε > 0

I Our goal: conditions on existence and uniqueness of the bound
state

I bound state can be expected for small ε only for n = 1, 2
I due to singularity in the resolvent for λ→ µ2

0

I singular perturbation theory - perturbation of the threshold of
the essential spectrum

essential spectrum

bound state

Re λ

Im λ

0 µ2
0
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The bound state

Theorem
Let us assume β ∈ W 2,∞(Rn) and that β and its first and second
derivations go in the infinity to 0 faster than x−4−δ for some δ > 0

Let us denote 〈β〉 :=
∫
Rn β(x) dx.

If ε > 0 is sufficiently small, |α0| < π/d and α0〈β〉 < 0, then Hα

possesses the real and unique eigenvalue λ = λ(ε) ∈ (−∞, µ2
0).

The asymptotic expansion

λ(ε) =
{
µ2

0 − ε2α2
0〈β〉2 +O(ε3) (if n = 1),

µ2
0 − e2/w(ε), (if n = 2),

where w(ε) = ε
π 〈β〉α0 +O(ε2), holds as ε→ 0.
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Ingredients of the proof

Unitary transformation:

U−1
ε HαUε = Hα0 + εZε,

= Hα0 + εC ∗ε D,

Dom(U−1
ε HαUε) = Dom(Hα0),

where
. . . (UεΨ) (x, u) := e−iεβ(x)uΨ(x, u) for any Ψ ∈ L2(Ω)
. . . Zε := 2iu∇′β(x) · ∇′+ 2iβ(x) ∂

∂u +
(
εβ2(x)− i∆′β(x)u − εu2|∇′β|2

)

. . . Cε is a multiplication operator

. . . D is a first order differential operator

Birman-Schwinger principle:

λ ∈ σp(Hα) ⇔ −1 ∈ σp
(
εD(Hα0 − λ)−1C ∗ε

)
.
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Ingredients of the proof
Separation of the resolvent singularity
⇒ implicit equation for the eigenvalues

−1 = ε Fn

(√
µ2

0 − λ
) ∫

Ω
ψ0(u)

(
C ∗ε (I + Mλ

ε )−1Dφ0
)

(x, u) dx du,

where
. . . Fn is remainder of the singular part
. . . Mλ

ε is remainder of the regular part
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Discussion of results

I α0〈β〉 < 0
I perturbation acts against uniform boundary conditions

I the ground state energy is real
I other eigenvalues can be complex!
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Numerical results
I the case n = 1 [Krejčǐŕık, Tater 08]
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Conclusions

I Free Laplace operator in a tubular neighborhood of a hyperplane
with imposed non-Hermitian boundary conditions

I space-time symmetry

I Uniform boundary conditions
I spectrum of free Laplacian shifted by the lowest eigenvalue of the

transversal operator

I Stability of the essential spectrum
I under perturbation vanishing in infinity

I Existence and uniqueness of a bound state for weak coupling
I perturbation acting in the mean against uniform boundary

conditions
I strip: λ(ε) ∼ ε2

I layer: λ(ε) ∼ e2/ε

? Existence of the metric operator
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Thank you for your attention!


	Introduction
	PT-symmetry
	Quantum waveguides
	PT-symmetric waveguide
	Unperturbed waveguide
	Weakly coupled bound states
	Conclusions

	0.0: 
	0.1: 
	0.2: 
	0.3: 
	0.4: 
	0.5: 
	0.6: 
	0.7: 
	0.8: 
	0.9: 
	0.10: 
	0.11: 
	0.12: 
	0.13: 
	0.14: 
	0.15: 
	0.16: 
	0.17: 
	0.18: 
	0.19: 
	0.20: 
	0.21: 
	0.22: 
	0.23: 
	0.24: 
	0.25: 
	0.26: 
	0.27: 
	0.28: 
	0.29: 
	0.30: 
	0.31: 
	0.32: 
	0.33: 
	0.34: 
	0.35: 
	0.36: 
	0.37: 
	0.38: 
	0.39: 
	0.40: 
	0.41: 
	0.42: 
	0.43: 
	0.44: 
	0.45: 
	0.46: 
	0.47: 
	0.48: 
	0.49: 
	0.50: 
	0.51: 
	0.52: 
	0.53: 
	0.54: 
	0.55: 
	0.56: 
	0.57: 
	0.58: 
	0.59: 
	0.60: 
	0.61: 
	0.62: 
	0.63: 
	0.64: 
	0.65: 
	0.66: 
	0.67: 
	0.68: 
	0.69: 
	0.70: 
	0.71: 
	0.72: 
	0.73: 
	0.74: 
	0.75: 
	0.76: 
	0.77: 
	0.78: 
	0.79: 
	0.80: 
	0.81: 
	0.82: 
	0.83: 
	0.84: 
	0.85: 
	0.86: 
	0.87: 
	0.88: 
	0.89: 
	0.90: 
	0.91: 
	0.92: 
	0.93: 
	0.94: 
	0.95: 
	0.96: 
	0.97: 
	0.98: 
	0.99: 
	0.100: 
	0.101: 
	0.102: 
	0.103: 
	0.104: 
	0.105: 
	0.106: 
	0.107: 
	0.108: 
	0.109: 
	0.110: 
	0.111: 
	0.112: 
	0.113: 
	0.114: 
	0.115: 
	0.116: 
	0.117: 
	0.118: 
	0.119: 
	0.120: 
	0.121: 
	0.122: 
	0.123: 
	0.124: 
	0.125: 
	0.126: 
	0.127: 
	0.128: 
	0.129: 
	0.130: 
	0.131: 
	0.132: 
	0.133: 
	0.134: 
	0.135: 
	0.136: 
	0.137: 
	0.138: 
	0.139: 
	0.140: 
	0.141: 
	0.142: 
	0.143: 
	0.144: 
	0.145: 
	0.146: 
	0.147: 
	0.148: 
	0.149: 
	0.150: 
	0.151: 
	0.152: 
	0.153: 
	0.154: 
	0.155: 
	0.156: 
	0.157: 
	0.158: 
	0.159: 
	0.160: 
	0.161: 
	0.162: 
	0.163: 
	0.164: 
	0.165: 
	0.166: 
	0.167: 
	0.168: 
	0.169: 
	0.170: 
	0.171: 
	0.172: 
	0.173: 
	0.174: 
	0.175: 
	0.176: 
	0.177: 
	0.178: 
	0.179: 
	0.180: 
	0.181: 
	0.182: 
	0.183: 
	0.184: 
	0.185: 
	0.186: 
	0.187: 
	0.188: 
	0.189: 
	0.190: 
	0.191: 
	0.192: 
	0.193: 
	0.194: 
	0.195: 
	0.196: 
	0.197: 
	0.198: 
	0.199: 
	0.200: 
	0.201: 
	0.202: 
	0.203: 
	0.204: 
	0.205: 
	0.206: 
	0.207: 
	0.208: 
	0.209: 
	0.210: 
	0.211: 
	0.212: 
	0.213: 
	0.214: 
	0.215: 
	0.216: 
	0.217: 
	0.218: 
	0.219: 
	0.220: 
	0.221: 
	0.222: 
	0.223: 
	0.224: 
	0.225: 
	0.226: 
	0.227: 
	0.228: 
	0.229: 
	0.230: 
	0.231: 
	0.232: 
	0.233: 
	0.234: 
	0.235: 
	0.236: 
	0.237: 
	0.238: 
	0.239: 
	0.240: 
	0.241: 
	0.242: 
	0.243: 
	0.244: 
	0.245: 
	0.246: 
	0.247: 
	0.248: 
	0.249: 
	0.250: 
	0.251: 
	0.252: 
	0.253: 
	0.254: 
	0.255: 
	0.256: 
	0.257: 
	0.258: 
	0.259: 
	0.260: 
	0.261: 
	0.262: 
	0.263: 
	0.264: 
	0.265: 
	0.266: 
	0.267: 
	0.268: 
	0.269: 
	0.270: 
	0.271: 
	0.272: 
	0.273: 
	0.274: 
	0.275: 
	0.276: 
	0.277: 
	0.278: 
	0.279: 
	0.280: 
	0.281: 
	0.282: 
	0.283: 
	0.284: 
	0.285: 
	0.286: 
	0.287: 
	0.288: 
	0.289: 
	0.290: 
	0.291: 
	0.292: 
	0.293: 
	0.294: 
	0.295: 
	0.296: 
	0.297: 
	0.298: 
	0.299: 
	0.300: 
	0.301: 
	0.302: 
	0.303: 
	0.304: 
	0.305: 
	0.306: 
	0.307: 
	0.308: 
	0.309: 
	0.310: 
	0.311: 
	0.312: 
	0.313: 
	0.314: 
	0.315: 
	0.316: 
	0.317: 
	0.318: 
	0.319: 
	0.320: 
	anm0: 
	0.EndLeft: 
	0.StepLeft: 
	0.PlayPauseLeft: 
	0.PlayPauseRight: 
	0.StepRight: 
	0.EndRight: 
	0.Minus: 
	0.Reset: 
	0.Plus: 


