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THE DEGENERATE PRINCIPAL SERIES
REPRESENTATIONS OF EXCEPTIONAL GROUPS OF
TYPE Es OVER p-ADIC FIELDS

HEz1 HALAWI AND AVNER SEGAL
Shamoon College of Engineering, Israel

ABSTRACT. In this paper, we study the reducibility of degenerate prin-
cipal series of the split, simple, simply-connected exceptional group of type
FEg. Furthermore, we calculate the maximal semi-simple subrepresentation
and quotient of these representations for almost all cases.

1. INTRODUCTION

This paper is the final part in our project of studying the degenerate
principal series of exceptional groups of type F,. This paper is about Fsg,
which, as often noted by David Kazhdan, is the smallest, split, simple, simply-
connected, adjoint and simply laced group. In fact, this essentially completes
the study of degenerate principal series of simple p-adic groups up to isogeny.

More precisely, let F' be a non-Archimedean local field and let G denote
the split simple group of type Eg. For a maximal parabolic subgroup P of
G with a Levi subgroup M and a 1-dimensional representation 2 of M, we
consider the following two questions:

e Is the normalized parabolic induction Ind$ () irreducible?

o If Ind$ (Q2) is reducible, what is the length of its maximal semi-simple

subrepresentation and quotient?
We completely answer the first one in Theorem 4.1, and almost completely
answer the second. In fact, there are only two pairs (P,2) (out of hundreds
of cases) in which we were only able to show that the maximal semi-simple
subrepresentation is of length at most 2. In both of these cases, we show that
the irreducible spherical subquotient is a subrepresentation and describe the
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other possible irreducible subrepresentation in terms of its Langlands data.
Further, we describe a decisive test to determine the length of the maximal
semi-simple subrepresentation for each of these cases, which would hopefully
could be realized when stronger computing machines would be more com-
monly available. These two cases are detailed in Subsection 5.2.

In order to answer the above questions, we use the algorithm described
in [HS20, Section 3] and [HS21, Section 3]. This provides an answer to both
questions for almost all pairs (P, ) For the remaining cases, not determined
by the algorithm, further study is performed in Section 5. This project uses
a script implemented in the Sagemath environment [The22].

The study of local degenerate principles series is useful for various reasons.
One of which is the study of the degenerate residual spectrum of the adelic
group of the same type. Data regarding the degenerate residual spectrum,
and the analytic behavior of degenerate Eisenstein series, can then be used to
study other automorphic representations and functorial lifts.

Some examples are:

e The study of the degenerate residual spectrum of the simple group of
type Fj is the topic of the first author’s PhD dissertation and relies
on the study of the local degenerate principal series of Fj, performed
in [CJ10].

e The study of degenerate residual representations of Sping, with P be-
ing the Heisenberg parabolic subgroup, was performed by the second
author in [Segl8,Segl9]. The results of these paper was later used to
study the exceptional #-lift between G5 and .§fz (also known as the
Rallis-Schiffmann lift) in [GS]. This, in turn, followed the work Kudla,
Rallis and Piatetski-Shapiro which, along similar lines, studied the lo-
cal degenerate principal series and global degenerate Eisenstein series
of groups of type Sps2, and using that to study the Howe correspon-
dence.

e The study of the degenerate residual spectrum of the adelic groups of
type E, is a work in progress as a joint project, [HS], of both authors.
This work relies on the results of this paper as well as [HS20] and
[HS21].

This paper is structured as follows:

e In Section 2, we recall basic notations and properties from represen-
tation theory of p-adic groups. We further recall basic data on the
exceptional group of type Eg.

e In Section 3 we describe the tools and algorithm used by us in the
proof of Theorem 4.1.

e In Section 4 we state our main theorem, Theorem 4.1, and list all cases
which can be resolved using our algorithm. This algorithm constitutes
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of reducibility and irreducibility tests as well as some tests to check if
the representation admits a unique irreducible subrepresentation.

e In Section 5 we go over the exceptional cases which could not have
been fully resolved by our algorithm. We resolve most of these cases
completely and make some progress towards the resolution of the re-
maining two cases.

Finally, we wish to address a question which was broached to us follow-
ing [HS20] and [HS21]. The reducibility of a non-unitary degenerate princi-
pal series representation can be determined by the local Shahidi coefficients
which would seem to make our algorithm obsolete. However, the algorithm,
presented in Section 3, is useful for various other reasons such as:

e It allows us to determine the reducibility for unitary cases too.

e While local Shahidi coefficients can inform us regarding the reducibility
of non-unitary degenerate principal series, the output of the reducibil-
ity test is also useful when studying global phenomena such as the
Siegel-Weil identity (and indeed this data is used in [HS]).

e Data from the reducibility and irreducibility tests is useful for studying
the structure of reducible degenerate principal series and in particular
for studying its socle and cosocle.

We also wish to point out that comparing the lists of non-unitary reducible
degenerate principal series determined by our method with that given by
Shahidi’s method, was useful for debugging purposes. Indeed, as in the Ejg
and F; case, our algorithm was decisive for all non-unitary cases and agreed
with the results of Shahidi’s method. The only cases where the algorithm was
unable to determine the reducibility of the degenerate principal series were a
few unitary ones.

Acknowledgments. The authors wish to thank the referee for a swift
and thorough reading of this paper.

The second author was partially supported by grants 421/17 and 259/14
from the Israel Science Foundation as well as by the Junior Researcher Grant
of Shamoon College of Engineering (SCE).

2. PRELIMINARIES

This section has three parts. In the first part, we fix notations for this
paper. This part is organized as an enumerated list in order to make the look
up of notations easier. Also, at the end of this section we introduce the split
group of type Fs.

2.1. Groups, Characters and Representations. In this subsection, we fix nota-
tions and recall basic facts about the groups, characters and representations
involved in this paper. For a more detailed discussion, the reader is encour-
aged to consider [HS20, Section 2] and [HS21, Section 2].
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2.1.1. Groups.

1.

O Lo

~

10.

11.

12.

13.

14.

15.

16.

17.

Let F be a non-Archimedean local field with norm |-|. Let ¢ denote

the cardinality of its residue field and let o denote a uniformizer of F.

Let G denote the F-points of a split simply-connected reductive group.

Let T be a maximal split torus of G.

Let B be a Borel subgroup of G such that T'C B.

Let ®¢ denote the roots of G with respect to T and let <I)JC§ C ¢

denote the positive roots of G with respect to B.

Let Ag = {a1, ..., a, } be the set of simple roots of ¢ with respect to

B.

Let n = |Ag| = dimp (T') denote the rank of G.

Let @4 = {a" | @ € P} denote the set of coroots of G with respect

to T.

We use (-,-) to denote the usual pairing between characters and co-

characters of T.

Let @q,, ..., Wq, denote the fundamental weights of 7" which satisfy
<o§ai,a}/> = 6i,j-

Let W = (s; | 1 <i < n) denote the Weyl group of G with respect to

T, generated by the simple reflections s; associated with the simple

roots a;.

For © C Ag, let Po = (B,s; | a; € ©) = Mg - Ug be the standard

parabolic subgroup of G associated to ©. We denote its Levi subgroup

by Me and its unipotent radical by Ug.

Let @, @L@ and Ajs, denote the roots, positive roots and simple

roots of Mg with respect to T and B N Mg respectively.

Let Wae = (si | a; € ©) denote the Weyl group of Mg with respect

to T.

Let P; = Pag\{a,} and M; = Ma\{qa,} denote a maximal (proper)

standard parabolic subgroup of G and its Levi subgroup.

For maximal standard Levi subgroups M; and M; of G, we write

We denote the rank 1 Levi subgroups by L; = My,,3-

2.1.2. Characters.

1.

2.
3.

Let X (G) = {Q : G — C*} denote the complex manifold of continuous
characters of GG, we use additive notations for this group, that is

(U +Q2) (9) = (9) - Q2(g).

We usually use the letter © to denote elements in X (M), for a non-
minimal Levi subgroup M of G, while using A to denote an element of
X (T). Also, note that W acts on X (T) via its action on T

We denote the set of unramified elements Q € X (T') by X*" (T').

Let 1¢ € X (G) denote the trivial character of G.
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We say that x € X (T') has finite order if there exists k € N such that
x* = 17. The order of y, denoted by ord (), is the minimal k € N
such that x* = 1.

In particular, every element Q € X (F*) can be written as Q =
s+ x, where s € C and Y is of finite order. Namely,

Q(z) =x(x)|z|° Ve F*.

It holds that X“™ (F*) can be described by all characters of the forms
|| for some s € C.
We write Re (2) for the character

Re (Q) (z) = o
and Im () for the character satisfying
Q=Re(Q)+Im(Q).
We say that A € X (T') is anti-dominant if
Re((\, o)) <0 V1I<i<n.

Note that every Wg-orbit in X (T') contains at least one anti-dominant
element and all anti-dominant elements in the same Wg-orbit have an
equal real part. As a convention, we denote an anti-dominant element
by )‘a.dn

Let €; s, denote the character of a maximal Levi subgroup M; of G
associated with (s 4+ x) o W,,, where s € C and x € X (F'*) is of finite
order. Note that if G is simple, then any element in X (M;) can be
written this way.

2.1.3. Representations.

1.
. As above, 14 denotes the trivial representation of G.

Let Rep (G) denote the category of admissible representations of G.

Let i§; : Rep(M) — Rep(G) and 7§, : Rep(G) — Rep (M) denote
the functors of normalized parabolic induction and Jacquet functor,
adjunct by the Frobenius reciprocity:

Homg (w,i%a) = Hom s (?"]\G/[’/T, 0) .

For 7,0 € Rep(G), such that o is irreducible, let mult (o, ) denote
the multiplicity of ¢ in the Jordan-Holder series of .

Let R (G) denote the Grothendieck ring of Rep (G) and let [7] denote
the image of m € Rep (G) in R (G). Recall that R (G) admits a par-
tial order such that m < mo if mult (o, m1) < mult (o, m2) for every
irreducible o € Rep (G).

We remind the reader that, for Levi subgroups L and M of G and

o € Rep(M), the composition [rfiﬁija] is given by the geometric
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lemma ( [BZ77, Lemma 2.12], [Cas74, Theorem 6.3.6]):

[rfi]\G/[U] = Z [zf, owo r]]\v/f,cr] ,

weW ML

where:

o WML = fyye W |w(®},) C oL w' (®F) C S} is the set
of shortest representatives in W of the double coset space
Wi\We /W

e Forw € WML we write M’ = MNw™'Lw and L' = wMw~'NL.

1

For 7 € Rep (G), we write [r§m] = 3 n; x [A;] for certain A; € X (T')
i=1

such that mult ()\,-,TC,CEW) = n; > 0. Since dimg¢ (r%r) is finite, there

are only finitely many such A;. We call such \; the exponents of .
The representations m = z](\i, (Qs,,5,) are called degenerate prin-

cipal series. The exponent \g = 73 (Qr,.5,) is called the initial
exponent of 7.

We say that m = i} (Q,,s,x) is regular if Staby, (Ao) = {1}, where

Ao =13 (g, ex)-

Let wp; denote the longest element in WMoT Tt holds that wo g -
(157, (Qt,,5x)) = 157, (4;,—5x), where X is the complex conjugate of
x and M; = wO,iMini}‘ We recall that M; = M;, except when G is
of type An, D2n+1 or EG.

We call i]\G/[]_ (QM]',—S,Y) the invert representation of ’L]\G/L (Qns;,6,1)
and note that the invert representation has the same irreducible con-
stituents but in an ”inverted order”. That is, i%j (QM].,,S,;) admits
a Jordan-Holder series whose irreducible quotients appear an inverted
order than that of i} (Qr,,sy). When x = 1, the invert was defined
in [Jan95, Remark 2.2.5] as a variation of the Iwahori-Matsumoto in-
volution.

The following is a well known fact, commonly referenced as a “central
character argument”, see [HS20, Lemma. 3.12] for a proof. Let o €
Rep (G) be irreducible and let A € X (T'), then

A<rfo = oA

2.2. The FExceptional Group of Type FEg. Let GG be the split, semi-simple,
simply-connected group of type Eg. In this subsection we describe the struc-
ture of G. We fix a Borel subgroup B and a maximal split torus T' C B with
notations as in Subsection 2.1. The set of roots, g, contains 240 roots. The
group G is generated by symbols

{za(r) : € Pg,r € F}

subject to the Chevalley relations as in [Ste68, Section 6].
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We label the simple roots Ag and the Dynkin diagram of G using the
Bourbaki labelling:

Qo

o o @ o @ L
asg

a1 a3 Gy Qs Qg Qr

Recall that for © C Ag we denote by Mg the standard Levi subgroup of
G such that Ay, = ©. We let M; denote the Levi subgroup of the maximal
parabolic subgroup P; = Pag\{a;}-

LEMMA 2.1. Under these notations, it holds that:

1. My = g€ GSpinya ( )‘dct(g)e(FX)Z}.
9. My {g € GLs (F ’det( ) € (FX)Z}
3. M3 = {(g1,92) € GLy(F) x GL7 (F) | det (g1) = det (g2)}.
4. My ={(g1,92,93) € GL3 (F) x GLa (F)) x GL5 (F) |
det (g1) = det (g2) = det (g3)}.
5. My = {(91,92) € GLs (F) X GLy (F) | det (91) = det (92)}
6. My = { (g1,92) € GSpinso (F) x GLy (F) ‘ det (1) = det (g2) € (F*)°}.
7. M; = {(91,92) € GEg (F) X GLo (F) | det (91) = det (92)}
8. Ms = GEr (F).

Where det denotes the similitude factors on the relevant groups (in particular,
the similitude factor on GL,, is the usual determinant).

We record here, for 1 < i < 8, the cardinality of WM:T | the set of shortest
representatives of We/Way,

i 1 2 3 4 5 6 7 |8
[WMAT| 172,160 | 17,280 | 69,120 | 483,840 | 241,920 | 60,480 | 6,720 | 240

We also mention that | Wg| = 696,729, 600. Every A € X(T') is of the form

8
A=) Q0.
=1

As a shorthand, we will write

8
Q, I
(Ql Q3 Q4 Q5 Q¢ Q7 Qs) 72910“@"

=1
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3. THE ALGORITHM

In this section, we recall the algorithm used by us to study the degenerate
principal series m = ngz (Qns,,6,x)- This account follows similar lines to those
in [HS20, Section 3] and [HS21, Section 3]. This algorithm was implemented
by the authors using the Sagemath environment [The22] and was used to prove
our main theorem Theorem 4.1. In fact, most cases were determined using
this algorithm with a few exceptional cases listed and treated in Section 5.

We identify the data defining 7 by a triple of numbers [i, s, ord (x)]. In
particular, the reducibility and lengths of the maximal semi-simple subrepre-
sentation and quotient depend only on this triple (and are uniform among xs
with the same order). As explained in [HS20, Remark 3.1], we may assume,
without loss of generality, that s € R.

The algorithm has the following parts:

1. Determine all non-regular such 7 - as explained below, there is a finite
number of such cases!

2. Determine all reducible regular 7 - there are only finitely many such

cases!

Apply reducibility tests to non-regular 7 (these may be inconclusive).

4. Apply an irreducibility test to non-regular 7 (this too may be incon-
clusive). This test uses the so called branching rule calculation
introduced in Subsection 3.4.

5. Determine if 7 admits a unique irreducible subrepresentation. As will
be explained in Subsection 3.5, for s < 0, 7 admits a unique irreducible
quotient and for s > 0, 7 admits a unique irreducible subrepresenta-
tion.

@

Here, regular is as in item (9) of Subsection 2.1.3.

We point out that, by contragredience, it is enough to consider only the
cases where s < 0 since the invert representation of = admits a Jordan-Holder
series with same irreducible quotients appearing but in inverted order.

3.1. Regularity and the Regular Case. Recall that we say that 7 = Z?/IZ (Qnsy,8,%)
is regular if Staby, (A\g) = {1}, where Ao = 127" (Qps, 5. ). We say that 7 is
non-regular otherwise. Recall, from [HS20, Remark 3.1], that there are only
finitely many non-regular degenerate principal series representations and only
finitely many reducible regular degenerate principal series representations.

Our first order of business is to describe an algorithm for locating all
non-regular degenerate principal series and determine all reducible regular
degenerate principal series.

We recall, from [HS20, §3.1], the following algorithm to finding all non-
regular degenerate principal series. Recall that

ngi (QMi,S,l) =80Wa; — PB+PP;
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and that
Stabyy (A) = Staby (Re (M) N Stabyy (Im (X))
for A € X (T)
1. First, for a fixed Levi subgroup M;, we find the set X; of all values
s € R such that Staby, (7“7]‘14 (Qs;,5,1) ) is non-trivial, namely,

X, = {(sowai —p+pp,B87)=0 ‘ Bedt, SG]R}.
2. We then find the set Y; of possible orders of characters x such that
Staby (Im <7’7A~/I"" (s, s 1))) is non-trivial (and note that this is inde-

is5,

pendent of s). We take

w e WM
Yi=qm| Qa; = W-Qa; = Y 5en 108
m|ged ({ng | B € A})

3. The set Z; = X; x Y; is a set of candidates of pairs (s,m) such that
i§r. (2, ,5,x) is non-regular if x is of order m. We now determine which
pairs (s,m) € Z; indeed yield non-regular representations.

In order to do this, fix a pair (s,m) € Z;, a character x of order
m and )\, 4. an anti-dominant element in the orbit of rj% (Qns,,6,x)-
We recall that Staby, (Re (M\q.4.)) is generated by the simple reflec-
tions w; such that
<)\a.d.7 a]v> = 0.
Thus, Stabw (As.a.) is non-trivial if and only if there exists
w € Staby (Re (Aq.4.)) such that w- Ag.a. = Aa.a..

We now turn to determine which regular representations are reducible.
Assume that m = i (Q, 5,x) is a regular degenerate principal series repre-
sentation and let Ay denote its initial exponent. As explained in [HS20, §3.1],
7 is irreducible if and only if

<)‘07 a\/> 7é 1
for all & € ®¢ \ Pypy,. Evidently, if 7 is reducible, then ord (x) € Y;.

Thus, in order to find all regular reducible degenerate principal series
representations, we go through all m € Y;, and for any x of order m, we find
the set

{seR|3B€ g\ Pu,: (No,BY) =1}.
Finally, we check for which such s, i} (Qs,,s,y) is regular. It turns out that
for each i and m € Y;, there is exactly one s < 0 such that i§ (Qaz,.,x)
regular and reducible.

We point out that the process described above is fairly efficient. Dif-
ficulties arise in the latter parts of the algorithm which will be introduced
below.
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For the rest of this section, we assume that 7 = i, (Qns,,s,x) is non-
regular.

3.2. Reducibility Tests. We now turn to describe a test for the reducibility of
a non-regular 7 = i§; (Qas,.5,x). As mentioned in the introduction, for non-
unitary 7 there are simpler methods for determining reducibility. The tests
described below are mainly useful to determine the reducibility of a unitary
7. Also, the data provided by the calculation described below is useful for
other purposes such as establishing Siegel-Weil like identities.

Recall, from [Tad98, Lemma 3.1], Tadié¢’s criterion for reducibility:

LEMMA 3.1. Let m = i§; (Q). Assume there exist smooth representations
IT and 7' of G of finite length and a Levi subgroup L of G such that

1. 7 <II, ' <IL

2. r¥m+rfn’ £ r¢IL

3. rSn £l
Then, 7 is reducible and admits a common irreducible subquotient with .

Thus, in order to prove that a representation m = Z?/Il (Qns;,8,x) 18 Te-
ducible, we provide another ' € Rep (G) such that 7 and 7’ share a common
irreducible constituent, while 7 # 7/. We always take II = ig)\a_d_, where
Aa.d. 1S an anti-dominant exponent of .

In most cases, it is enough to consider n’ = i%}j (QMj,t,Xl)7 where [ is

G

a totative! of ord (x). In other cases, one takes ' = i3,

where 9317327X:k17k2 eX (Mj

(951,52»X1k1,k2)7

1:J2

1.») 1s associated with

(3.1) (sl + Xkl) O Wa,, + (82 + Xk2) O Wayy, 5
such that at least one of k1 and ks is a totative of ord (x).

Considering Lemma 3.1, the conditions 7 < IT and «’ < II hold by con-

struction. As for the other conditions in the lemma:
e If 7 and 7’ share a common anti-dominant exponent then r&m+rfn’ £
r&11I since for an anti-dominant exponent of T,
mult ()\a_d., erm) = mult ()\a_d_, r?w’) = mult ()\a_d_, r?ﬂ) )
e In order to verify that r%’v T r%" 7', it is enough to find an exponent A
of m such that mult ()\, rjcfw) > mult ()\, r%w’).

If 7 and 7’ satisfy these conditions, then 7 is reducible and contains an
irreducible subquotient in common with 7’ (which contains an anti-dominant
exponent).

It remains to explain how to find candidates for 7’ for a given m =
i1, (Q1,.5.x). We start by looking for ' of the form iﬁj (Qr, ¢,4t)- This
is done as follows:

IThat is, an integer 0 < I < ord (x) which is coprime with ord (x)
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e We first consider the set = of all non-regular degenerate principal se-
ries zg\;/l (Qns;,5,x) of G. For each m € Z, we calculate its set of anti-
dominant exponents.

e We say that 7 and 7’ are in the same orbit if they have a common anti-
dominant exponent. In fact, if they have an anti-dominant exponent
in common then all of their anti-dominant exponents are in common.
Thus, being in the same orbit is an equivalence relation. We partition
2 =Uj, , Ex, . With respect to this equivalence relation.

e For each E,,, and w, 7’ € E,,,, we go over the exponents A of
7 and check, using Equation (2.2), if the condition mult ()\,Tr]q 7r) >
mult ()\,7'?71") holds. If this condition holds, then the conditions of
Lemma 3.1 are satisfied.

The process described above would demonstrate the reducibility of most
reducible degenerate principal series. In most cases where the process fails
to produce a representation 7' which demonstrates that m is reducible (in
particular, if E5, , = {7} is a singelton), the representation 7 is irreducible,
but not always. We shall detail an irreducibility test in Subsection 3.4, but
before that we wish to explain how to find 7’ in the few cases where 7 is
reducible but the above process does not yield 7/. Such a representation 7’
arise from an induction from a 1-dimensional representation of a non-maximal
Levi subgroup. In particular, in every case in the proof of Theorem 4.1,
we were able to find «’ in the form of an induction from a 1-dimensional
representation on Levi subgroup of co-rank 1 (maximal Levi) or 2.

In order to find such 7/, we go through all exponents of w. We write the

exponent A\ as
n
)\ = E Tia)a“
i=1

where r; € X (F*), and write ©) = {a; |7, = —1}. If 1 < |0,| < n, then
A can be identified with the initial exponent of n’ = i%@A 2, where €, is a

character of Mg, which satisfies ré\? A0, = A\

As above, for such 7/, the conditions 7 < II, «/ < IT and r%m + r§n’ £
r&Il are satisfied by construction. If there exists an exponent A of 7 such
that mult (Aﬂ“?ﬂ') > mult ()\,quﬂ'/>, then the condition r§m £ r&7’ is also
satisfied. This condition may be tested using Equation (2.2) by going over all
exponents A of 7.

We note that searching for 7’ becomes more difficult (in terms of longer
calculation run-time) with the following factors:

e The list of possible A roughly increases with the size of the support of

r8m.

e The list of possible A’ roughly increases with the size of the support of

7’7@71" which, in turn, roughly increases as ©) decreases.
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Luckily, it turns out that for every reducible 7, one can find A and 7’ with
|| equals n — 1 or n — 2. The case of n — 1 is the case ' = z%}] (01,000
discussed above. And so this discussion is relevant for searching examples

with |©,] = n — 2, namely 7’ = i%jlm (s 50,3, k1,k2 ) -

3.3. Branching Rule Calculations. In this subsection we describe a process,
named branching rule calculation, which is useful tool for both testing
irreducibility and determining the length of the maximal semi-simple subrep-
resentation of 7. In fact, this process is further used in [HS, Appendix A]
for a more detailed study of the Jordan-Holder series of certain degenerate
principal series representations.

For an irreducible subquotient ¢ of a degenerate principal series repre-
sentation 7, we would wish to determine [rZo|. While this is in many cases
very difficult, we are, however, able to give effective lower bounds to [T% U}.
More precisely, let

S={f:X(T) — N| f has a finite support} .

We note that S is endowed with a natural partial order. For any o € Rep (G),
let f, € S be defined by

fo (A) = mult (X, T?U) .

In particular, for o0 = 7, fr can be calculated using Equation (2.2).
A sequence of functions { f; }§=1 is called a o-dominated sequence if it
satisfies the condition f; < ... < fi < f,. A branching rule calculation is
a process by which we construct such a sequence from a known initial function
fl S fa'-

In fact, in our implementation, we usually construct a unital c-dominated

sequence { f; }f:l. That is, a o-dominated sequence which further satisfies

f1 = 0y for some \ < r%o, where &y stands for the Kronecker delta function
given by

(1, N =
5A(>\)={O Y

We now explain the algorithm by which we construct such a sequence
and later we will detail how this algorithm can be implemented in a computer
script.

We start with a known initial function f; < f, and proceed with the
following recursive process:

1. Assume that we have already constructed a o-dominated sequence fi <

e < 1.
2. We choose X' € supp (f;) and a Levi subgroup L of G such that L
admits a unique irreducible representation 7 such that \' < T%T.
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3. For a choice of (X, L, 7) as above, for any pu € X (T), let

g\ ,L,7 (N) = max {fl (/J') ) ’Vfl()\/)>—‘ -mult (N‘? T%T)}

mult ()\’7 7‘%7’

—max {50 | 00 60}

4. If f; < gx1,» for some choice of (N, L,7) as in step (2), set fi41 =
gn,Lr and go back to step (1). Otherwise, we take k = [ and the
process terminates.

(3.2)

The terminal function f; in this sequence provides a lower bound to the
multiplicities of exponents appearing in r$o.

REMARK. The uniqueness condition on 7 in item (2) can be slightly
relaxed. In fact, one actually only needs that [r%ﬂ be unique.

A few natural questions arise from the description of this algorithm which
we will now answer:

o How does one choose such an initial function fi1 ¢ We usually start with
f1 = 6, for a known exponent A < r%o. In fact, for most applications
later in this paper, we consider an irreducible representation ¢ which
admits an anti-dominant exponent A, 4. and use fi; =4y, , -

e How could one go through all possible triples (X', L,7)¢ In our imple-
mentation we used a database of Levi subgroups and irreducible rep-
resentation of these Levi subgroups which contain a unique exponent.
This database, listed in Appendix A, is not exhaustive but contains all
the examples which were required for the calculations performed for
this paper.

e Does the order of choices of triples (N, L,T) matter? If one starts
with the same initial function fy and uses the same database of triples
(N, L,7), then the final element in the sequence will be the same re-
gardless of the order of choices of triples (X, L, 7).

o Why is the sequence generated this way indeed o-dominated? We as-
sume that f; < ... < f; is o-dominated and consider the triple (X, L, 7)
chosen as above and let f;1; be constructed as in step (3). We need
to show that f; < fi41 < fo.

— If v is not an exponent of 7, then fi11 (1) = fi (1) < fo ().
— If p is an exponent of o, then, by construction, f; (1) < fi41 ().
In order to show that fi11 (1) < fo () we write

[rfo] = Zrk [7],
k

where 73 are the irreducible representations of L appearing in
the Jordan-Hélder series of r¥o. Since the Jacquet functor is a
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functor, it follows that
[T%O’} = Zrk [T%Tk] .
k

By assumption, A’ appears only in one of the 75, say 71 = 7.
Thus, r1 fr (¢) < f» (). On the other hand,

fir(N) <rfr (V)

Hence, fiy1 (1) < fo (1)

Other accounts of this process can be found in [HS20, Subsection 3.3] and
[HS21, Subsection 3.3]. Furthermore, in Appendix B we give an example of a
branching rule calculation performed in the group Fg. A pair of examples of
such calculations, in the case of SLy (F'), can be found in [HS21, Appendix C]
and an example performed in the group Eg can be found in [HS20, Appendix
BJ.

We now wish to shortly explain how the branching rule calculation can
be implemented in the computer. In fact, whenever we say “using a branch-
ing rule calculation” later in the text, we mean that such a calculation was
performed using a computer script in [The22].

We start by considering the following equivalence relation on X (T"). We
say that A\, \" € X (T) are Aj-equivalent if there exist sequences A1, ..., \y €
X (T) and jy, ..., jk—1 € {1,...,n} such that

1. Ay =Xand Ay = \.

2. )\t+1 = Wy, * >\t-

3. (Aayl) # +1.

By Equation (A.2), f, (A) = fo (X). Thus, it is more convenient (and effi-
cient) to apply branching rules on equivalence classes of this relation.

The branching rule calculation starts with an irreducible representation
o and an exponent \; < T% o on which we perform the calculation.

During a branching rule calculation, we keep track of the following lists:

e A list of Aj-equivalence classes k1, ..., k; such that the exponents in
each k; are exponents of o.

e A list of known lower bounds ni,...,n; to the multiplicities of the
exponents in each of these equivalence classes.

e A list of “flagged” exponents consisting of either of the following cases:

— Exponents that were added to the support but no branching
rules were applied to them yet.

— Exponents to which we have applied branching rules before but
the lower bound we have for their multiplicities was increased
due to the application of branching rules to other exponents, for
such exponents we would wish to apply the relevant branching
rules again, in case this will lead to an update in the lower
bounds of multiplicities of other exponents.
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The first two lists encode the functions fi,..., fi,... in the o-dominated se-
quence we construct. It should be noted that a list in Sagemath (as in Python)
is a dynamic object and elements can be added or removed from a list.

At each step of the calculation, we keep only the data in the most recent
function f; as there is no use for f;_; in subsequent calculations. The support
of f; is given by the union xq U... Uk, of Aj-equivalence classes and its values
are given by

nj, )\EK/]'
0, A r1U...Uk

(3.3) i) = {

The idea is that at each step of the process, when building f;4; from f;, we
update the list of equivalency classes x; or the list of multiplicities and update
the list of flags accordingly.

We initiate the calculation by determining the A;-equivalency class k; of
A1 and setting f; € S by

1, M€ kK

fl(A):{o, Ak

The calculation then proceeds by the following recursive process which con-
structs fi1 from f:

1. Assume that we have a list of Aj-equivalency classes k1, ..., k¢ and a
list of multiplicities nq, ..., ns such that f; is given by Equation (3.3).
We also assume that the list of flags is non-empty.

2. We go to the first exponent A in the flag list and go over the list of
branching rules listed in Appendix A (except for the rule given by
Equation (A.2) which was already used when constructing the x;s).
For each branching rule that can be applied to A (that is, A fits the
relevant pattern in Appendix A) we proceed as follows:

e Let L be the Levi subgroup of G and let 7 be the irreducible
representation of L associated to A by the branching rule so that
(A, L.7) will be a triple as in the algorithm above.

e Calculate gy 1. . If fi < gn,1,r and then for any X' € supp (gx/,1,7):

— If X € supp(gr.n,-) while X ¢ supp (fi), then calculate
the Aj-equivalency class of X and add it to the list of
equivalency classes. Also add the exponents in this class
to the flag list. This step needs to be done only for the
first such representative of this class (it is natural for more
than one representative to appear together when applying
a branching rule to a certain exponent).

— If X € supp (fi) but fi (\) < ga ., (N), then update the
multiplicity of the class of A" and add its exponents to the
flag list (if not there).
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3. Finally erase A from the flag list and if it is not empty, return to step
(1). Otherwise, the calculation is terminated.

From the resulting list of equivalency classes and multiplicities, one constructs
fx according to Equation (3.3).

3.4. Irreducibility Test. In this subsection we explain how to test for the ir-
reducibility of 7 = 4§ (Qu,.s,) using branching rule calculations.

Let Ay 4. denote an anti-dominant exponent of 7w and let g denote an irre-
ducible subquotient of 7 such that A\, 4 < qumo. Then, construct a sequence
fo < fi <... < fi < fr, following the process described in Subsection 3.3.

o If fi = fr, then fr, = fr and it follows that 7 = m is irreducible
since all subquotients of m have their cuspidal support along B. In
particular, 7 is irreducible.

e In fact, in order to prove that 7 is irreducible, it is enough to show
that

mult (/\0, r%wo) = mult (/\0, rjqw)
mult ()\1, r:,(«;m)) = mult ()q, r;,qw) ,

where \g is the initial exponent of w and A; is its terminal exponent,
namely the initial exponent of the invert of 7 (see (8) and (10) in Sub-
section 2.1.3). This would imply that 7 is both the unique irreducible
subrepresentation and quotient of 7 and hence m = 7 is irreducible.

In other words, in order to show that 7 is irreducible, it is enough
to show that

fk()‘o):fﬂ()‘o)v fk()\l):fﬂ'()\l)

REMARK. Most branching rules which appear in Appendix A arose from
examples where we were able to prove that fx (Ao) = fx (Mo) and fr (A1) =
fr (A1) but were unable to prove that fr = fr directly. The latter equality
follows from irreducibility.

3.5. Irreducible Subrepresentations. Below, we describe a few methods to de-
termine the length of the maximal semi-simple subrepresentation of the de-
generate principal series representation m = iﬁli (s, 5,1 )-

1. If mult ()\o,rgw) = 1, where Ag is the initial exponent of 7, then 7w
admits a unique irreducible subrepresentation.

2. Let A\, 4. denote an anti-dominant exponent of 7 and let g denote an
irreducible subquotient of 7 such that A, 4. < r?wo. If

(3.4) mult ()\0, r%ro) = mult ()\0, r%r) ,

then 7y is the unique irreducible subrepresentation of 7.
This can, theoretically, be done with exponents other than A, 4.
but in practice, this is enough.
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The condition in Equation (3.4) can, in many cases, be verified
using branching rule calculations. Also, this argument is relevant only
when s < 0, since otherwise 7 would be irreducible (and thus would
not be the subject of investigation for this part of the algorithm).

3. Given a unitary degenerate principal series 7 = i} (Qs,,0,y), then  is
semi-simple of length at most 2 by [Ban02, Lemma 5.2]. In particular,
if it is reducible, it is of length 2.

We note that, in a number of cases, the length of the semi-simple sub-
representation cannot be determined by these methods. This can happen for
cases where the length of the semi-simple subrepresentation can be either 1 or
more. These cases are listed in Theorem 4.1 and are dealt with in Section 5
using various other methods.

REMARK.  We point out that for s < 0, m admits a unique irreducible
subrepresentation and for s < 0, 7 admits a unique irreducible quotient. This
is shown in [BJ08, Theorem 6.3] but also follows simply from the fact that for
s > 0, the initial exponent always appears in r%m with multiplicity 1.
3.6. Remark on Calculating Multiplicities of Exponents Using the Geometric
Lemma. We now wish to describe a relatively efficient algorithm to calculate
Mz = mult (A, rZm), where X is an exponent of m = i} (s, ) using
Equation (2.2).

From Equation (2.2) we have

[r?i%a] = Z [wor%la]
weW ML
and hence
My ) = |{w e wMoT | w - Ag = )\}|,

where \g = r]TVI"‘ (1, 5,x)- However, instead of going through all w € W T
and count for which of them the equality w - Ag = A holds, one could proceed
as follows:

e We fix an anti-dominant element A, 4 in the orbit of Ay and the short-
est element wy € WMoT such that wg - A\g = Ag.q.. This can be done
efficiently using the method described in [LCL92, §5.3.2] and [HS20,
Lemma 3.4].

e Similarly, we fix the shortest word w; € W such that wy - A = Aq.q..

e We also point out that it is simple to determine Staby (As.q.)-

o We note that every w € WMiT gsuch that w- Ao = A can be written in
the form w = wfluwo where u € Staby (Ag.4.)-

e Thus,

mx = |{u € Stabw (Aa.a.) | wi 'uwy € WMHTH.

This is significantly more efficient than calculating |{w e WM T | w- Ao = )\}’
especially since, given a reduced expression for w € W, it is easy to determine
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whether w € WMoT gince
we WYl w—  [(ws;) <1 (w).

3.7. Reducibility and Irreducibility via Shahidi’s Local Coefficients. We finish
this section by recalling a method to determine the reducibility or irreducibil-
ity of degenerate principal series using Shahidi’s local coefficients. Follow-
ing [MS98, Theorem 2.1, Proposition 3.3, Remark 3.4, §4] and [Sha90, §7], we
have:
o m =i} (Q,,s,y) is reducible if and only if Dg (7) = i), (Qr, 5,5 @ Star,),
where Sty is the Steinberg representation of M;, is reducible.
e For s > 0, the generalized principal series i (Qas, s,y ® Star,) is re-
ducible if and only if '

L(1-s, StMi,X77ﬂ)71 =0,

where Styy, , is the Steinberg representation of M; twisted by x and
r is the action of the dual group “M; on the Lie algebra of the dual
unipotent radical ¥N;.

e The expression £ (1 — s,StMi,X,r)fl is, in fact, a polynomial in ¢~
that is, up to a unit of C[¢™%, ¢®], equal to the numerator of the sim-
plified form of

(3.5) 11

+
veek

w-'y¢<1>g

S

£ ((S(I)ai —pB+ pPi7’Yv> - 17X<wuiﬁv>)
L (<S(Dﬂti —PB +PPi7’7v>aX<Q““7v>)

)

where
1

B e )

e Alternatively, one can use Gindikin-Karpelevich factors to determine
the reducibility points of i} (s, s,y ). Namely, let Jy, , (s,x) be the
Gindikin-Karpelevich factor associated with the interwining-operator

.G -G
Mwo,q', (S) : ZT)‘i»S,X — LpWo,; )‘i,S,xa

where \; 5, = 37 (s, ). This factor can be calculated by

£ ({sia, = p5 + ppsn ) @27
((s@a, = pB + pp,, 1Y) + 1, x(F07™)) |

(3.6) Jo(s)="1I
vea,
w-'y¢<1>g
e Thus, in order to find all reducible values of s < 0 such that 7 =
2%1 (Q1;,5,x) 1s reducible, one should calculate the zeros of the denom-
inator of the simplified expressions of J,, (s, x) as a rational function
in ¢g—°.
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The above is proven in [MS98] for unramified x but is well known for
general characters too though we are unable to locate a reference for this
statement. However, our results are independent from this result and it was
only used by us for double-checking our results.

As an example, we consider the case of m = i} (Qsy,sx). The set
{aedf|w-a¢dL} is of cardinality 57. Hence, to begin with, J,, (s, x) is
given by a quotient of 57 L-functions in the numerator and 57 L-functions in
the denominator. However, once the simplified form of J,, (s, x) is computed,
one finds that

ﬁ(S*%7)()‘6(87gaX)ﬁ(Si%’X)E(zs’Xa
L{s+F ) L(s+2x) L(s+5:x) L(2s+1,x%)

Jw (8,X) =

and indeed, the reducibility points s < 0 of i]C;‘Il_ (Qnsg,5,x) are shown in Theo-
29 19 _ 1

rem 4.1 to be s € {77,777771,75} for x =1 and s = f% for x of order
2.

As explained in the introduction, while this method solves the question
of reducibility for s # 0, it does not solve this question for unitary degenerate
principal series and it does not address the question of the maximal semi-
simple subrepresentation of a reducible Z?/Il (Qn;,5,x). This is why all the
tools described above in this section are truly required and supply us with
innovative data. Furthermore, the algorithm above supply useful data for
other applications (such as studying the Jordan-Holder series of w and various
Siegel-Weil like identities).

4. THE MAIN THEOREM

In this section, we state our main theorem which lists all non-regular
and all reducible degenerate principal series of G. We further determine the
length of the maximal semi-simple subrepresentation and quotient of almost
all cases.

We point out that the theorem is stated for m = i (Q,,s,) with s <0
only. This is enough since:

e By contragredience, i§; (ar,.s,y) is regular (or reducible) if and only

if iy (g, —sx) 1s.
e The maximal semi-simple subrepresentation of 7 is the invert of the
maximal semi-simple quotient of the invert of 7 (see (10) in Subsec-
tion 2.1.3).

e By Subsection 3.5, the 7 = Zf/[(Q M,,s,x) admits a unique irreducible
quotient when s < 0.

For most cases of non-regular degenerate principal series m = z%z (Q0;,5,0)s
the questions of reducibility and length of the maximal semi-simple subrepre-
sentation can be resolved using the algorithm from Section 3. The rest of this
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section will be devoted to the output of our implementation of the algorithm
in Sagemath. The remaining cases are dealt with in Section 5.

THEOREM 4.1. Let m = i§; (Q,,s,y) with s <0 and let k = ord(x).

1. The following tables Tables 1-8 below lists all triples [i, s, k] such that =
is either non-reqular or reducible. In particular, for each triple [i, s, k]
the entry in the ith table for this value of s and k will be

e irr. for non-regular and irreducible 7.

e red. for non-reqular and reducible 7.

e red.* for reqular and reducible .
For any triple [i, s, k], not appearing in the tables, the degenerate prin-
cipal series iy (U, s,x), with ord(x) = k, is regular and irreducible.

2. Al m = zJ\GJ (Qns,.5,x) admit a unique irreducible subrepresentation,
with the exception of:

(a) [i,s,k] is one of [1,-5/2,1], [3,—1/2,2] [6,0,1], [6,0,2] and
[7,—3/2,1]. In these cases, the representation m admits a maz-
imal semi-simple subrepresentation of length 2.

(b) [i,s,k] is one of [2,—1/2,1] and [5,—1/2,1], in which case the
length of the mazximal semi-simple subrepresentation of w is at

most 2.
1. For P= P,
ad00 | | |
S
— % red.*
— % T
— % i
— % red.
— % i
— % red.
— % red.
f% .
f% red. | red.*
-3 irr. rr.
—g red. irr.
-2 irr. irr.
—% irr. irr.
-1 irr. irr.
—% red. | red.
0 i irr.
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ord (x) 1

TABLE 1. P;-Reducibility Points

2. For P=P,
ord(x) | 2 3
s
17 *
— g red.
- g irr.
- E red.
— g red.
-5 red.
—% red. | red.*
-3 . irr.
—% red. | red.
—2 . .
—% red. | red. | red.*
7 . .
—% irr. irr.
-1 . .
-3 irr. irr.
-3 red. | red. | irr.
l . .
—5 irr. irr.
0 . .
TABLE 2. P»-Reducibility Points
3. For P = P;
d
ord(x) | 2 4
s
13
— E red.*
— g red.
-5 red.
—% red. | red.*
-3 irr. irr.

21
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ord
0y 2 3 4
s
_5 d d
5 red. | red.
—2 red. | red.
—% red. | red. | red.*
—% red. red.
-1 red. | red. red.*
—5 ; ;
& rr. rr.
—% . . .
—% red. | red. rr. irr.
—i . . .
1 . .
-5 irr. irr.
0 irr. irr. irr.
TABLE 3. Ps;-Reducibility Points
4. For P=P,
ord
0|y 2 3 4 5 6
s
9 *
— % red.
-5 red.
—g red. | red.*
-2 red. | red.
—% red. | red. | red.*
—% red. red.
-1 red. | red. red.*
—% red. red.
—% red. | red. red.
—% red. | red. | red. | red. | red.* | red.*
—% . . . .
3
-5 red. red.
—i . . irr.
—% . . . .
1 . .
—10 irr. irr.
0 irr. irr. irr. irr. irr.

TABLE 4. P,-Reducibility Points
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5. For P = P5
ord(x) | 2 3 4 5
s
11 *
- g red.
—g red.
-5 red.
—% red. | red.*
-2 red. | red.
—% red. | red. | red.*
—% red. red.
-1 red. | red. red.*
—% red. red.
—% . . .
—% red. | red. | red. | red. | red.*
3 . .
—35 rr. wrr.
—% . . .
1 . .
—§ z.rr. irr. :
- irr. irr.
0 irr. irr. .
TABLE 5. Ps-Reducibility Points
6. For P = P4
ord(x) | 2 3 4
s
-7 red.*
—6 red.
-5 red.
—4 red.
-3 red. | red.*
—g red. | red.
-2 red. | red. | red.*
5 . .
—§ z.rr. : irr.
-5 irr. irr.
—% . .
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ord
0y 2 3 4
s
-1 red. | red. | red.
—% irr. irr.
—% red. | red. red.*
1 . .
—3 rr. rr.
—i . irr. irr.
0 red. | red. irr. irr.
TABLE 6. Fs-Reducibility Points
7. For P = P;
ord (x) 1 9 5
19 *
- 177 red.
- 175 red.
- 173 irr.
- E irr.
-5 T@d.
—% red. | red.*
—4 . .
7 . .
-3 irr. irr.
-3 . .
—% red. | red.
-2 i .
—% red. irr.
-1 irr. irr.
—% red. | red. | red.*
1 - -
—5 irr. irr.
0 irr. irr.

8. For P = Py

TABLE 7. P7-Reducibility Points
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ord(x) | 9
s
— 22—9 red.*
— 22—7 irr.
— 22—5 irr.
— 22—3 irr.
— 22—1 irr.
12—9 red.
— 177 i
% i
— % i
— % red.
—% i
—% T
fg .
f% nrr.
f% red. | red.*
0 . .

TABLE 8. Ps-Reducibility Points

REMARK. According to [GS05], the minimal representation of Eg is
the unique irreducible subrepresentation of [8, —19/2,1] (Note that Pg is the
Heisenberg parabolic subgroup of Eg). From the data provided by Tadié¢’s
reducibility criterion, it follows that the minimal representation is also a sub-
quotient of the following cases: [1,—17/2,1], [2,—13/2,1] and [4,-7/2,1].
Indeed, it is isomorphic to their unique irreducible subrepresentations.

PROOF. We separate the proof into four parts: proof of reducibility (for
all reducible 7), proof of irreducibility (for most irreducible cases), proof of
unique irreducible subrepresentation (for most cases) and exceptional cases.
The last part is dealt with in Section 5 while the remainder of this section is
devoted to the first three parts (which use the algorithm from Section 3).

4.1. Reducibility. For most reducible cases, it is enough to find 7’ # 7 which
shares an irreducible subquotient with 7. As explained in Subsection 3.2,
for most cases, one can find 7’ = if/[j (Q Mj,t,xl) which satisfy the required
conditions. In the following tables we list, for each reducible non-regular
[i,s,0rd (x)] a triple [j, t,ord (Xl)] = [, t,0ord (x)] which provides a represen-
tation ' # 7 sharing a common irreducible subquotient with 7. Furthermore,
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we list an exponent A of 7 such my x > mq x, where
Mgy = mult ()\,T’r]qﬂ') ;M x = mult ()\,T?ﬂ'/) .

In the table, the exponent A is seperated into real and imaginary part,
and should be read as follows:

e Fix a character x of the prescribed order.
e Let Re (\) be given by [k1, ..., ks] and let Im (\) be given by [my, ..., mg].

e Then
8
A= Z (ki@a, + X © @a,)
=1
‘ i ‘ s ‘ o(x) ‘ j ‘ t ‘ Re (N) ‘ Im (\) ‘ My A ‘ Mrr A
-2 1 [2]-8] [-1,-19,11,7,-8,7,-8,-1] |[0,0,0,0,0,0,0,0] | 1 0
-8 1 |7|-%] [-1,13,-1,-1,-5,-8,7,—1] |[0,0,0,0,0,0,0,0] | 1 0
1| -&] 1 |8] -3 | [-4-5-1,-1,-1,6,—1,6] |[0,0,0,0,0,0,0,0] | 1 0
1| -2 1 [3] -3 [2,1,-1,-2,-1,-1,3,—1] [0,0,0,0,0,0,0,0] | 2 1
1] -1 1 |7] -2 | [-5,-1,-1,5,—1,-5,4,—5] |[0,0,0,0,0,0,0,0] | 1 0
2| -1 1 |1]-4][6,-1,-1514,-1,—5,-13,12] | [0,0,0,0,0,0,0,0] 1 0
2| -4 1 |8 |- [-1,11,11,-7,-5-4,—1,-1] | [0,0,0,0,0,0,0,0] | 1 0
2| -2 1 |8] -3 | [-1,4,12,-5,—1,—1,-10,4] |[0,0,0,0,0,0,0,0] | 1 0
2| -1 1 |1 -2 ] [-8-1,7,-1,-2,—1,-4,12] |[0,0,0,0,0,0,0,0] | 1 0
2| -1 2 |1] -1 [—1,4,-4,3,—4,—4,3,4] [0,1,1,1,1,0,0,1] | 1 0
2| -2 1 [1] -3 [2,-5,—1,-2,5,—1,-3,5] [0,0,0,0,0,0,0,0] 1 0
2| -1 1 6] -1 [4,-3,-1,2,-3,—-1,3,—1] [0,0,0,0,0,0,0,0] | 2 1
3|-H] 1 [1]-D [-6,6,12,—1,—23,11,6,5] [0,0,0,0,0,0,0,0] | 1 0
3| -2 1 |[8]-%| [-9,-1,15,—7,—1,8,-16,7] |[0,0,0,0,0,0,0,0] | 2 0
3| -1 1 |8] -2 [-1,-11,9,1,6,—-8,—1,—4] | [0,0,0,0,0,0,0,0] | 1 0
3] -3 1 1] -3 [-4,1,-5,3,4,—3,-5,3] [0,0,0,0,0,0,0,0] | 1 0
3| -2 1 |7] -1 [-3,4-1,-3,-1,8-4,-2] |[0,0,0,0,0,0,0,0] | 1 0
3| 2] 2 |7]-1] [5-1,-6,5-9,2,1 3] ][0,0,0,0,0,1,1,1] | 1 0
3| -3 1 |2] -3 -1, 71 74 71 4,2,-3,2] [0,0,0,0,0,0,0,0] | 3 0
3| -2 ] 1 2] -2 [-1,-1,5,-2,2, §,§,§} [0,0,0,0,0,0,0,0] | 1 0
3| -1 ] 1 6] o 2,3,1,-2,-2,3,—4,0] [0,0,0,0,0,0,0,0] | 2 0
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i ‘ s ‘ o(x) ‘ j ‘ t ‘ Re (X) ‘ Im (X) ‘ M A ‘ M A ‘
4| -1 1 |1]| -2 [-10,-3,—11,7,13,—14,7,-3] | [0,0,0,0,0,0,0,0] 1 0
4 -3 ] 1 |8] -1 2,-8,-8,7,—1,7,—-8,—1] [0,0,0,0,0,0,0,0] | 1 0
4 =2 1 [7] -3 [2,2,7,-2,-1,%,-9,-1] [0,0,0,0,0,0,0,0] | 1 0
4| =2 2 |7] -3 [3.,4,-4,3,—4,—4,-2,7] [1,0,0,0,0,0,0,1] | 1 0
4| -3 1 |7] -4 [-1,-2,2,-5,6,1,—5,2] [0,0,0,0,0,0,0,0] | 1 0
4| =31 2 |7] -1 [-6,-7,5,4,5,2,5, —3] [1,0,1,0,0,1,0,1] | 1 0
4| -2 1 6] -3 | [-L,3, -2 —1,-2,2.19] 1(0,0,0,0,0,0,0,0] | 1 0
4 -1 | 1 [3] -1 -3,-1,-3,4,-2,-3,2.-3] ][0,0,0,0,0,0,0,0] | 1 0
4| -1 2 3] -1 [3.2,-2,1, -2 14,2 [1,1,0,1,1,0,0,0] | 1 0
iU [ol [ [T 5T-8 [10.0.000000] 2 [ 0
4] -2 ] 3 |6] -2 [3.5,1,-4,-1,8,-1,-3]  [[2,0,0,2,0,1,0,0] | 1 0
4 7% 1 [3] -3 [, % -5 1 -2 _171[0,0,0,0,0,0,0,0] | 1 0
4] -3 2 |3 -+ | [L-4 -4 %35,-1,-10%] [[0,1,1,1,0,0,1,1] | 1 0
4] - 1 [5] -1 3,-1,-1,0,1,-2,—1,2] [0,0,0,0,0,0,0,0] | 62 34
al-51 1 5] % [-3.8%-8-2-1-22 [[0,0,00,0,0,0,0 | 1 0
5] — 1 [ 8] -2 | [14,-14,-18,17,-8,13,—14,5] | [0,0,0,0,0,0,0,0] | 1 0
5| — 1 [1]-38] [-1,83,-1,-12,9,-10,9] [0,0,0,0,0,0,0,0] | 1 0
50 -5 1 |1] -2 | [-2,24,-5-1,-1, 14 -10] |[0,0,0,0,0,0,0,0] | 1 0
5/ -2 1 [1| -1 ] [-1,4,-%,-1,2 2.3 4] |[0,0,0,0,0,0,0,0] | 1 0
5| —2 2 (1| -1 [-1,-9.3,3, 1,71 -2,47 1100,1,0,1,0,0,1,1] | 1 0
50 -3 1 |2] -3 [-1,2,4,—1,—1,-5,1,1] [0,0,0,0,0,0,0,0] | 1 0
50 -1 1 [6| -3 [5.4.-2-2,-4,5,-2,-2] |[0,0,0,0,0,0,0,0] | 1 0
5 -1 ] 2 |6 -3 [-1,5,-3,1,-1,3,-2,-1] |[[0,1,1,1,0,0,1,0] | 1 0
50 -5 1 |3] %] [4-8,-2,-%4-1,-14,-1] |0,0,0,0,0,0,0,0] | 1 0
50 -2 1 |2f -2 [2,4, -1 14 15 3] [0,0,0,0,0,0,0,0] | 1 0
el 3 [2[ s [[55 554 LY 5 [P22110LI] 1 | 0
6| 6| 1 [8]-2|[-7,-3,-1,17,—18,11,—17,5] |[0,0,0,0,0,0,0,0] | 1 0
6| 5| 1 [7]-¥] [-20,5,55-1-5-1,-4 [[0,0,0,0,0,0,0,0] | 1 0
6| 4| 1 |8] -1 [7,—6,-6,—2,13, 14,8, 5] [0,0,0,0,0,0,0,0] | 1 0
6| -3 | 1 [1] -2 | [-22/4,-5—-1,-1,14,-10] |0,0,0,0,0,0,0,0] | 1 0
6] -3 1 [1] -2 [—1.4,4,—;—2,—;2.3} [0,0,0,0,0,0,0,0] | 1 0
6] -2 2 [1] -2 34,3, -85 75 -1 |[1,0,1,1,1,1,1,1] | 1 0
6] 2] 1 |7] -1 (-1,-1,-1,-1,5,-7,1,8] [0,0,0,0,0,0,0,0] | 1 0
6| -1 1 |2] -1 [-1,7,3,-8,3,1,-2,1] [0,0,0,0,0,0,0,0] | 1 0
6] 0 1 [3] -2 ] [-1,-1,-3,2,-1,4,—-1,—-4] |[0,0,0,0,0,0,0,0] | 2 1
7= 1 |8]-2] [15-1,-1,6,-26,19,-1,-1] |0,0,0,0,0,0,0,0] | 1 0
7 -9 1 1] -2 [-1,-17,-1,13,-9,8,-9,8] |[0,0,0,0,0,0,0,0] | 1 0
-3 1 |8] -3 2,-8,-8,7,—1,7, -8, —1] [0,0,0,0,0,0,0,0] | 1 0
7 -5 1 |1] -3 | [-1,-3,-1,2,-3,-1,13,-10] | [0,0,0,0,0,0,0,0] | 1 0
7 -3 1 |1 %] [-1,-1,-1,6,-7.3,—4,-1] |0,0,0,0,0,0,0,0] | 1 0
g -Y| 1 |1]-1 [8,—-9,-9,8,—1,—1,-7,6] [0,0,0,0,0,0,0,0] | 1 0
8- | 1 |1|-2¥|[-1,-1-1211,-1,-1,-10,9] | [0,0,0,0,0,0,0,0] | 1 0

TABLE 9. Data for the proof of the reducibility of
i§, (21, ,5,x) using maximal Levi subgroups.
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In the remaining non-regular reducible cases, one needs to find 7’ of the

form 7' = i]\G@l 1 st 50,3,k ko s Where €y gy iy ki, I8 given by Equation (3.1).
In the following table we list the data [f,3, k] = [[j1,J2], [s1,52], [k1, k2]] for

these cases as well as an exponent A of m such that my x > mys ».

i s |o(x)| J 3 k Re (N\) Im (X\) Max | Mar A
1] — 1 |8 ] [-5,-2] |[0,0]| 4,-1,—-1,—1,-1,-1,-1,3] |[0,0,0,0,0,0,0,0] | 1 0
2| - 18] [3,-2] |00 [3,3,4,—4,-1,—1,-2,1] [0,0,0,0,0,0,0,0] | 2 0
2] - 2 12,8 [-2,00 [[,1]] [-1,4,—4,-1,-1,1,4,—-1] [0,1,0,0,0,1,1,0] | 1 0
3] - 2 |[6,7] [1,-I] |[0,1]| [-1,-5,-1,3,-3,4,— [0,0,0,1,1,0,0,1] | 2 0
3] -1 3 45 [3.-2] [0, 0,2,0,2,1,2,1,2] | 2 0
3] -1 1 |68 [-1,0 [[0,0] [0,0,0,0,0,0,0,0] | 2 0
31 -1 2 |67 [-34 [[0,1] [1,0,0,1,1,1,1,0] | 2 0
4| -2 3 |6 ] [6,—2] [[0,2] [0,1,2,1,0,0,1,1] | 2 1
4] =32 4 |6 ] [-4.2] | 3,3] 1,1,2,1,2,2,2,0] | 2 1
4| - 2 | [3,8] -13 [1,0] , \ , [0,1,1,0,1,1,0,0] | 2 0
4] - 3 3,8 ] [-4,3 1,1] [0,-1,-1,0,0,1,-2,5] 1,2,2,1,2,2,1,0] | 2 0
4| - 4 112,6]] [-1,0] [[3,3] [-1,-2,2,1,-2,2, 4,3 0,3,1,1,3,1,2,2] | 2 0
4|-31 5 |25 -8Ry [- 572 -1,2,-% -1 3 0] [[3,1,0,2,4,4,3,0]| 2 0
5[] =2 3 | [2,3] —T.0 12,0] 0,-1,-2,1,2,-2,-1,1] [2,0,2,1,1,2,0,1] | 2 0
5] — 1 [[3,8 : [0,0] [-2,3,-1,2,-3,0,2, 3] [0,0,0,0,0,0,0,0] | 2 0
5] - 2 | 3,7 1,1 - 1,1,1,1 —4,1,1,-1] 1,1,1,1,1,1,1,0] | 2 0
5] — 3 ]38 -1 Lo | [-2,-1,-4,8, -T2 —1,-1][[2,0,1,1,1,2,0,1] | 2 0
5] —1 4 [[25]] [3.-1] [[3.3] [-1,1,2,-2,0,1,-2,0] 0,2,1,2,1,1,2,1] | 2 0
6| —2 2 | [2,3]] [-3.-1] | [1,0) [-1,-6,2,-3,6,—4,6,—3] [0,0,1,0,1,1,0,1] | 1 0
6] -1 3 [[L,7] [-23] [[L]y [-2,2,-2,1,0,-2,1, 1] 2,1,2,1,0,2,1,0] | 2 0
6| — 128 [-3-1] [0,0] [-3.3.-3.—5-L —1 2.5] 11[0,0,0,0,0,0,0,0] | 2 0
6| —1 2 [[L,2)] [1,-3] [[o,1] [%,3,-2,5,-1,-3,—-1, ;} [1,0,1,1,0,1,0,1] | 2 0
6] 0 2 [ 3,7 [-33] || [-1,-1,-3,2,3, 4,1,71] [0,0,0,1,0,0,1,0] | 2 1
7] - 1 [06,8 ] [-3, 2] [[0,0]] [-4,-9,3,5,—1,—1,—1,—1] [[0,0,0,0,0,0,0,0] | 1 0
7] - 2 [ 3.8 [-5.3] |[,0] [~1,3,-2,1,-3,—2,4, 1] [0,0,1,1,0,1,1,0] | 1 0
8| — 1 [[,8 ] [-%,-1] |[0,0]] [2,-1,-1,-1,-1,—-1,-1,4] [[0,0,0,0,0,0,0,0] | 1 0

TABLE 10. Data for the proof of the reducibility of
z%i (Qn1,,5,) using non-maximal Levi subgroups.

4.2. Irreducibility. For most irreducible non-regular m = zfjl (Qnsy,s,x), it is
possible to prove irreducibility using the branching rules calculation, as ex-
plained in Subsection 3.4. The only exceptions were those of the cases [4,0, 1]
and [4,0, 2], which will be dealt with in Section 5.

4.3. Unique Irreducible Subrepresentation. Here too, for most reducible non-
regular ™ = if/ll (Q,,5,x); one can use the algorithm in Subsection 3.5 to
determine the length of the maximal semi-simple subrepresentation. There
are, however, two kinds of exceptions:
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e 7 with unique irreducible subrepresentation which could not have been
determined using the algorithm: [2,—-5/2,1], [3,—-3/2,1], [3,—-3/2,2],
4,-1/2,1], [4,-1/2,2], [4,-3/2,1], [5,—3/2,1], [6, —2, 1] and [6, —2, 2].

e Non-unitary 7 with a maximal semi-simple subrepresentation of length
2: [1,-5/2,1], [3,—-1/2,2] and [7,—3/2,1].

Also, there are the cases [2,—1/2,1] and [5,—1/2,1] where we are able to
show that the maximal semi-simple subrepresentation is of length at most
2. In these cases we further show that the irreducible spherical subquotient
is a subrepresentation and describe the other candidate subrepresentation in
terms of its Langlands data. 0

4.4. Some Remarks Regarding the Algorithm Runtime. We finish this section
by shortly commenting on the runtime of our algorithm to arrive at the data in
this section and in the following one. As explained in Section 3, the algorithm
is made of various parts, we list them:

1. Generating the object Fg, the list of reducible regular points and non-
regular points was a relatively simple matter. We were able to perform
this within a few days on a laptop with 16GB RAM Memory and 8
Processors.

2. Organizing the non-regular degenerate principal series into the equiva-
lence classes = = Uy, , Ex, , (see Subsection 3.2) and determining re-
ducibility by comparison of different degenerate principal series within
each class, is also a simple matter. This step was calculated in a few
hours on the same computer.

It should be reminded here that there were still cases which are
reducible but there was no data showing their reducibility arising from
another degenerate principal series. For each of these cases, we were
able to find such data arising from an induction from a Levi subgroup
of co-rank 2. Calculating each of these cases could have taken hours,
days or weeks as the search for such data requires two indented loops
going through the exponents of m. For these calculations we used a
computer with 16 processors and 64 GB of RAM memory.

3. Applying branching rule calculation in order to determine irreducibility
or the existence of unique irreducible subrepresentations was the most
tedious process as each case could have taken days or weeks to calculate
on the 16 processors and 64 GB of RAM memory computer.

After improving the algorithm by using the partition of [r%ﬂ
into Aj-equivalency class (see Subsection 3.4) instead of using the A;
branching rule (as we have done in previous cases), runtime of these
cases was decreased significantly. Also, when we obtained a computer
with 256 GB of RAM memory and 32 processors, we were able to
further parallelize the cases.
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4. Some of the arguments in Subsection 5.1 rely on data from various
branching rule calculations, these were the calculations already per-
formed in the previous step.

5. EXCEPTIONAL CASES

In this section, we finish the proof of Theorem 4.1 by resolving the cases
not solved by the algorithm of Section 3.

5.1. Fully Resolved Cases. In this subsection, we deal with all cases listed in
Subsection 4.2 and Subsection 4.3 except for [2,—1/2,1] and [5,—1/2,1]. We
organize the discussion according to similarities between the arguments used
for the various cases, such as:

e Using a chain of isomorphisms to embed 7 in a parabolic induction
that admits a unique irreducible subrepresentation in common with 7.

e Using a chain of isomorphisms to embed 7 in a parabolic induction with
two irreducible subrepresentations and then calculating its intersection
with 7.

e Using R-groups of unitary principal series representations of Levi sub-
groups of G.

When x = 1gx, the representation 7 = z%z Q; s admits a unique anti-
dominant exponent and the Orthogonality Rule in [HS21, Appendix A.1] im-
plies that there exists a unique irreducible subquotient my of 7 such that
Aad < 7“%770. However, when ord (x) > 1, this is not necessarily true as can
be seen from [HS21, Propositions 4.7 and 4.8] or Proposition 5.6 below, for
example. In the following lemma, we verify the existence of a unique such
for certain m = i§; Q; 5 with ord (x) = 2.

LEMMA 5.1. Let x be a character of F* of order 2. In the following cases,
[i,s,0rd (X)], there exists a unique irreducible subquotient my of m = Z]C\Y;[L Qi sx
such that ’I“jqﬂ'o contains an anti-dominant exponent A\, q. of 7:

[3,-1/2,2],[3,-3/2,2],[4,—-1/2,2],[5,—-1/2,2],[6,—2,2].
PRrROOF. We argue by a similar argument to that of [HS21, Proposition
4.7(3)]. We do this by first studying the restricition (ijL«)\a_d,) ‘ ., of iEXg .
L er

to L7, where L% is the derived group of the Levi subgroup L associated
with

O (Nag) ={a € A Re({(Mg.a,a")) =0}.
Since G is simply-connected and simply-laced and L is of type A,, X ... x A,,,
it follows that in these cases

1
L% = I[ SLn, (F), nx€N.
k=1
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[i,s,0rd (X)] M. 0 (\at) Lder Ien((i%/\a_d_) L)
: X a1 B

3,—-1/2,2 1,2,3,4,6,7 SLs x SL: 1
3.-1/2.2 (XXX,lxx,]) . ) <Ly

3,-3/2,2] ( . 71 X % -1 o) {1,2,3,5.6,8} | SLs x SL3 x SLy x SLy 2

[4,-1/2,2] {1,2,3,4,6,7,8} SLs x SLy 1

X X x -1 xx 0)
5,-1/2,2] X > {1,2,3,4,6,7,8} SLs x SLy 1

XX x -1 x xx

6,—2,2] {1,2,3,5,6} SL3 x SLy x SLy 2

X
x x —10x -1 -1

TABLE 11. Data for the proof of Lemma 5.1.

Hence, the length of (i%)\a,d_) ’ L. can be determined from the represen-
L er

tation theory of SL, (F) (see [GK81, Tad92] for details). In the follow-
ing table, we list one anti-dominant exponent A, 4., the set © (A,4.) and

len ((i%)\a,d,) ‘Lder) for each of these cases:

In the cases [3, —1/2,2], [4,—1/2, 2] and [5, —1/2, 2] the representation (i%),.4.)

is irreducible and hence, so is i%)\a,d_.

Lder

In the other two cases, [3, —3/2, 2] and [6, —2, 2], the representation (iZLp)\a,d_)

Lder
has length 2. Since L is generated by L™ and T, the reducibility of ik, 4.

is determined by the action of T" on the irreducible pieces of (i%)\a,d,)

Lder.
More precisely, we have

I { <Ld” ay (xl) ay (1‘2 | z1,23 € F), [i,s,0rd (x)] = [3,—3/2,2]
(L, o (x1), o (z2) o (w3) | w1, 2,23 € F), i, s,0rd (x)] = [6,—2,2]

The representation (i%)\a.d_) ‘ of L% can be written as

Ld,er
c? 0o @0l @l [i,s,ord(x)] = [3,-3/2,2]
oD @aa®ogy.  li,s,ord(x)] =[6,-2,2],
(3)

where oy )

(3)

and oy, are irreducible unitary principal series representations
;

of SL3(F), a(()z) is an irreducible unitary principal series representation of
SLy (F) and 09((2) = 01 @ o_1 is a reducible unitary representation of SLy (F')
of length 2. However, from the representation theory of SLy (F') and GLs (F),
it follows that o (@) 0. = 0_, where € = £1. Thus ik )\, 4. is an irreducible
representation of L in both cases. See [HS21, Proposition 4.7(3)] for more
details.
We note that
Re((A\,a)) <0 Vad¢ A,.
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Hence, by Langlands’ unique irreducible subrepresentation theorem (see [Jan98,
Section 1]),

i Aa.a. 245 (i ha.d.)
admits a unique irreducible subrepresentation my which appears in ig)\a,d_
with multiplicity 1. We now argue that

mult (Ag.a.,75m0) = mult (Na.a., 75 (1$Xaa)) -

Assume to the contrary that there exists a subquotient 7 # 7y of zg Aa.d. such
that Mg g4 < r% (7). By a central character argument, see Equation (2.3), it
holds that 7 < ¢\, 4.. Since mp is the unique irreducible subrepresentation
of i%\q.a., it follows that 7 2 mo, contradicting the multiplicity 1 property of
Q- O

REMARK. If one chooses a different anti-dominant element A/, ; in the
orbit of A, 4 in Table 11, they would have the same real part. Thus © C A
and L7 are invariant under the choice of representative of the orbit. Further

Ly i L
more, (zT Ld) ’Ld” is isomorphic to (ZT)\a,d,) ‘Lder

PROPOSITION 5.2. In the following cases, [i, s, ord (x)], the representation
T = ig,iQi,&X admits a unique irreducible subrepresentation:

[3,-3/2,2],[6,—-2,2]

PROOF. Let A, 4 be an anti-dominant exponent of m and 7y be the
unique irreducible subquotient of 7 such that A\, 4 < r%ﬂo as in Table 11
and Lemma 5.1. One checks, using a branching rule calculation (performed
on the computer as explained in Subsection 3.3), that in these cases

mult ()\a_d., r%ro) = [Stabw (A\a.q)] = mult (/\07 rgm)) = mult (/\07 r?w)
From which the claim follows. Here,

8, [¢,s,0rd(x)] =[3,—-3/2,2]

|Stabw (Aa.a.)| = {4’ li,5,0rd (x)] = [6,—2,2] .
D

In the following, we make a repeated use of a certain inclusion argument.
It is thus convenient to state it in general at this point. For that matter, let
QO = Qi,s,x and 7 = Z]CC[%QO For _] 75 i let Mi,j = Mi N Mj and Q1 = Tﬁz’jﬂo.
By Frobenius reciprocity,
QO — Z%:]Ql

and hence, by induction in stages,

G G (M; ~ G ~ G (M
(5.1) =iy, Qo = iy, (sz_Ql) =iy, S iy, (ZM],J_Ql) .
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PROPOSITION 5.3. In the following cases, [i, s, ord (x)], the representation
T = Z%Q,gx admits a unique irreducible subrepresentation:

[2,-5/2,1],[3,-3/2,1],[4, —1/2,1] ,[4,-3/2,1], [5,—1/2,2] [5,—3/2,1] , [6, —2, 1] .

PROOF. Since the proof is similar for all cases, we start by outlining it
and conclude by listing the relevant data for each of the cases in Table 12.

For [i,s,0rd (x)] as above, let A\g = 7771Q; . . For j # i as in Table 12,
let M; ; = M; N M; and Q) =y Q. It holds that

Mi Mi,'
AO =Tp Q:TT ]Ql.

Assume that ZAA;[: € is an irreducible representation of M}, this can be verified

by a branching rule calculation in M; or by referring to previous knowledge

on the representation theory of M; as explained below in Subsection 5.1. Let
. . M; . M; (.M

A1 be an Mj-anti-dominant exponent of ZJ\/[Z,J‘QI’ that is Ay < rp”’ (zMZ’jﬁl)

and
(5.2) Re((M,00')) <0 VI # .

By a central character argument, see Equation (2.3), it holds that
Z%i] Q1 — ZJA:I] )\1 .

Hence, by Equation (5.1) and induction in stages,

.G .M .G
T iy (ZMZ’le) — Ip AL
By Frobenius reciprocity, any irreducible subrepresentation 7 of i&\; must
satisfy
/\1 S 7"?7’.

On the other hand, let A\, 4 be an anti-dominant exponent of 7w and let
7o denote the unique irreducible subquotient of 7 such that A, 4 < r%ro. If
ord(x) = 1 the existence of my is automatic, and if ord(x) = 2, it follows
from Lemma 5.1.

In each of these cases, a branching rule calculation (performed on the
computer as explained in Subsection 3.3) implies that

mult ()\1, r?w) = mult ()\1, r:cp;ﬂo) .

It follows that 7o is the unique irreducible subquotient of 7 which admits Aq
as an exponent. In other words, 7y is the unique irreducible subquotient of 7
such that

™ — Zg/\l
On the other hand, since

mult ()\a,d., quﬂ') = mult ()\a‘d,, r?z’?/\l) = mult ()\a‘d,, T’r]qﬂ'()> ,
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il s [ord(x)|J Ao M Aad
5| _s 1 1 5 —1 0
2 -1 -1 -1 -1 -1 -1 -1 2 -1 0 -10-10 -10-100-10
2| 3 —1 0 0
3] -3 ! 7 (71471 —1 -1 -1 -1 00-10-11-1 00-100-10
4] 1 1 s —1 0 0
2 -1 -1 3 -1 -1 -1-1 000-1000 000-1000
4|3 1 6 ! 0 0
2 -1 -1 2 -1 -1 -1 -1 00-100 -1 -1 00-100 -1 -1
50-1] 2 |8 -1 X X
2 —1 -1 -14+x-1-1-1 X x —1+x x x x 1+x X x x =1 x x x
- 2 1 7 —1 0 0
2172 -1 -1 -13-1-1-1 00-10-11-1 00-100-10
1 0 0
6] -2 ! 8 (7171717147171 <0071071712 <0071007171

TABLE 12. Data for the proof of Proposition 5.3.

it follows that 7y appears in z% A1, and in 7, with multiplicity 1. We conclude
that g is the unique irreducible subrepresentation of .

For the case [5,—1/2,2], x denotes in Table 12 a character of F* of order 2.

0

REMARK. The above argument, as well as other arguments below, used
the fact that o = z%’ le is an irreducible representation of M;. One way to
prove the irreducibility of o is using branching rule calculations but it can also
be inferred from previous works. We wish to allow for a common reference
for following arguments and thus we treat all values of j and not only 1, 6, 7
and 8.

More precisely, o is a degenerate principal series of M; and if its restriction

of to M j‘-i” is irreducible, then so is o. For different values of j, one can
Mder
J

find the list of reducible and irreducible degenerate principal series of Mf”
in the following sources:
[BJO3] for j = 1.
[Tad92] for j = 2,3,4,5
[BJ03] and [Tad92] for j = 6.
[HS20,HS21] for j =7, 8.
It should be noted here that [BJ03] deals only with representations of or-
thogonal groups, while M{" = Spiny4 and MZ®" = Spinig x SLo. That is,
in order to prove irreducibility, one should also take the isogeny map into
account, using [Tad92].

A slight modification of the argument made in Proposition 5.3 can be
used to prove:
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PROPOSITION 5.4. The representation m = iIC\'V/IAQAL _1, where x has order
-3,
2, admits a unique irreducible subrepresentation.

PRrROOF. Let Q) = 947_%“ and let

_ My _ -1
Ao =17 = (-1 ~13+x -1 -1 -1 —1>'

We fix an anti-dominant exponent

)\a‘d._( X )
X xx -1xx©

of . Let Q; = r%“ Qp. By Equation (5.1),

.G (M
T <= iy, (ZMHQ )

The representation 2%3 Q; of M3 is an irreducible degenerate principal series
of M3. This can be verlﬁed by a branching rule calculation in M7 or by a
similar argument to that of Subsection 5.1. Furthermore, by invertedness, it
holds that iy;? Q1 =iyt Q,, where

]\/1317 _ 7]-
e = (—1 3 -1 -1-12+x —1)

and 7 M3 )5 is the invert of the irreducible 1%3 Q. It follows, by induction

in stages, that
(5.3) m o iy, (15,90) =G, (iM7,92).

The M7-anti-dominant exponent of z%; ,§22 (see Equation (5.2)) is given by

= 0
1"\-10-1002+x -1/

By a central character argument, see Equation (2.3),
2%7 791 — ZI\/I7)\1.
and hence
™ — Z%)\l
On the other hand, for the unique irreducible subrepresentation my of 7 such
that A\,.q. < r$mo as in Lemma 5.1, a branching rule calculation shows that

mult (A1, ) = mult (A, rgm) = 48.

Arguing as in Proposition 5.3, it follows that 7 admits a unique irreducible
subrepresentation. 0

PROPOSITION 5.5. The representation m = i]\GJ4Q4,07X, where x2 =1, is
wrreducible.
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M.

k|l ik | e 7’?”' Qe ikt P RO
1 Z+X )
124 6 2 5
<—1 —17%+x -1 -1 -1 —1) (—1 -1 -1 -1 35+4x -1 -1
T 1 )
2106 |2 2 5 5
(71 -1 -1 -134x -1 71> -1 -1-134+x 3+x -1 -1
-1 -1
311516 <71 -1 -1 34y 2+x -1 -1 8 <71 —1 14 -1 71%+x>

TABLE 13. Data for the proof of Proposition 5.5.

PROOF. Let Qg = Q40 and let ; = 7"11\%490. By Equation (5.1),

m o iy, (i52,).
In what follows, we consider a sequence of isomorphisms, similar to the one
in Equation (5.3). That is, we wish to write a sequence of isomorphisms:
(5.4)

.G M, ) ~ G (.Mjk+1 ) ~ G (~Mik+1

inr (0 Q) =iy 1 Q =in 1 Q

M’Lk ( Mik«jk k ]\/[Jk+1 Mik+1y.fk+1 k+1 M’k+1 Mik+1,jk+1 k+1 )5
where

[ ] jk+1 == ’L'k.
), is a 1-dimensional representation of Mj, j, .
k41 is a 1-dimensional representation of M;, j, . .
ipg, , 2 is an irreducible representation of M;, .
Yk Ik
My, M;
My . . . M,
o Q is the invert representation of 7, Q.
Mjjy,q i k+1 P My ), k

The sequence in Equation (5.4) relies on an isomorphism

M; M,
Wiy ~ Ik
. 1 Q =1 Q
(5 5) My g, k Mjk+1vik+1 k1

of irreducible representations for each k. The irreducibility of each of the
z%”“ ; Q;, follows from a branching rule calculation in M;, and it can also be
1k Ik

inferred from the references in Subsection 5.1.
We summarize this data for the sequence of isomorphisms in the following
table

Namely, the following sequence of isomorphisms hold

tM, (lM“Ql) = UM, (ZM2,592) = Mg (%12,692)

~ -G 'M6 ~ -G 'M5 ~ -G 'MB
=i, (ZME),GQS) =iy <Z]\/[5,6Q3) =57 (ZMs,sQ“) .

In each step we use either induction in stages or invert a representation. That
is:

(5.6)
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G Mo ~ ;G Mo o Mo Mo :
® iy, (ZM“Ql) =iy, ('LMZ’BQQ) since ZM“Ql and ZMz.agl are two ir-

reducible degenerate principal series representations of M, which are
invert to each other.
. i%ﬁh i%gﬁ(ll) = z'ICV'}G (z%‘;(i(h) by induction in stages.
e ctc.
It follows that
7 i, (b 04)

v 0
'“loo-1000 3+x

be the Mg-anti-dominant exponent of z‘%}s (z%s 8Q4>. By a central character

Let

argument, see Equation (2.3), it follows that
7 iy, (ihfe Q) = A,
Let

i =0 g )
“d=1 0 -1+x00-1+x00
denote the anti-dominant exponent of 7 and let w9 denote the unique (due
to [HS21, Lemma A.1]) subquotient of 7 such that A, 4. < 7%mg. A branching
rule calculation yields that

mult (/\17 7‘?71'0) = 288 = mult ()\1, r?w)
Hence, mp is the unique subquotient of 7w which is a subrepresentation of

i%)\l. Thus, 7 is the unique irreducible subrepresentation of 7. Since w is
semi-simple, it follows that it is irreducible. 0

PROPOSITION 5.6. In the following cases, [i, s, ord (x)], the mazimal semi-
simple subrepresentation of m = if@ Q; s~ has length 2:

[1,-5/2,1],[3,—-1/2,2].

PROOF. We prove the two cases using a similar argument and so we deal
with them simultaneously and point out where the arguments diverge. Let
Qo =Q; 5 and T = ZAGJL Qo. We point out that

mult ()\07 T‘f]q’ﬂ') =2,

where \g = ré\fll Q. Hence, m admits a maximal semi-simple subrepresentation
of length at most 2.

For each case, we write a similar sequence of isomorphisms as in Equa-
tion (5.4) (see also Equation (5.6) and Subsection 5.1), summarized in the
following tables (analog to Table 13):

e Fix a character y of order 2. In the case [3,—1/2,2]:
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. - M, . AIJ‘L~,+1-%+1
k|| ik | Jk rp KR Uyl rr Q41

-1 5+ x
I <—1 54+x —1 -1 -1 —1 —1) 2 (2+x -1 -1 -1 -1 -1 —1>

5+ x 5
22! <2+x -1 -1 -1 -1-1 —1> 8 <—1 -1 -1-1-1 —14+x>

TABLE 14. Data for the proof of Proposition 5.6 in the case
[37 71/2: 2]

) B Y - L2
k| ig | gk rp Py, i1 rp T Qe

-1 5
A (8 -1 -1 -1 -1 -1 —1) i (—1 1 -1 -1 -1 -1 —2)

TABLE 15. Data for the proof of Proposition 5.6 in the case
[1,-5/2,1].

o In the case [1,—-5/2,1]:

In order to match notations with the previous case, we write Q23 = Qg
for this case.

The conclusion of the above discussion is that in both cases it holds that
.G ~ G M
™~ 7/]\/—[2,893 = 7’]\/.'[8 (Z]VI;SQS) .

The representation i%;ngg is reducible and admits a maximal semi-simple
subrepresentation of length 2 (this is the case denoted by [2, —1, 1] in [HS21]).
It follows that i%278§23 admits a maximal semi-simple subrepresentation of
length at least 2.

On the other hand,

mult ()\1, rg (iqusﬂg)) = mult (A, rqqr) =2,

where A\ = ré\:[ >%Q3. Hence, if/lz 893 admits a maximal semi-simple subrep-
resentation of length precisely 2 and both of these subrepresentation intersect
7, from which the claim follows. 0

The following is a slight variation of the previous argument.

PROPOSITION 5.7. The representation m = i]\G/[7Q7,_3/2 admits a maximal
semi-simple subrepresentation of length 2.

PRrROOF. Let Qo = Q7 _3/5 and A\g = r%Q0. We note that
mult (Ao, rgm) = 2.

Hence, m admits a maximal semi-simple subrepresentation of length at most
2.
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M, ;
gy

Ik410ik41
Tr Qpg1

M

k| ik | Jk 1
-1 -1
3T <71 -1 -1 -1-17 71) ! <71 5 -2 -1 -1 -1 —1
-1 -1
2143 (—1 5 -2 -1 -1 —1 —1) Pllbaar s c121 0 —1)

TABLE 16. Data for the proof of Proposition 5.7.

We write a similar sequence of isomorphisms to that of Equation (5.4)
(see also Equation (5.6) and Subsection 5.1), summarized in the following
table (analog to Table 13):

It follows that

.G M
T iy, (ZM1,4Q3) .

Since z%i ,§23 is areducible unitary degenerate principal series of M, it follows

that i%iAQg =09 @ 0y, with A\g.q < r%/ll oo and A\g.q £ r%ﬁ o1, where

0
Aad. = (1 0-100 -1 o>'
M 4

On the other hand, A\; < r%hao,rql%ol, where A\ = rp
tion (2.2), one checks that

Q3. Using Equa-

mult (Al,rqqiﬁlyzlﬂg) = mult ()\1,7“?71') =2.
On the other hand,
mult ()\1, r?i%lao) = mult ()\1, quif/llol) =1
It follows that §; oo and i} o1 each contains a unique irreducible subrepre-
sentation, g and 7y, both of which intersect . Thus,

o D T — 7.

0

5.2. Unresolved Cases. We finish with two cases we were unable to fully re-
solve, these are the cases of m = i%*;[z QQ’_% and ™ = iffsﬁg)_’_;. In both cases
we show that 7 admits a maximal semi-simple subrepresentation of length 1
or 2 and that the spherical subquotient of 7 is a subrepresentation. We were,
however, unable to determine the precise length of the socle. We do, however,
outline computational methods to determine this in the future, when stronger
computers are readily available.
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Let 1 = z% (Qs;,5,x) with s < 0. Also, let Aq.4. be an anti-dominant
exponent of 7w and let 7y be an irreducible subquotient of 7 such that A\, 4 <
rqcf . It seems to be the case that 7 is a subrepresentation of m automatically.
However, we were unable to find a general proof for that. While this usually
follows from a simple branching rule calculation, this line of argument was
insufficient in the following case and the claim requires a more circuitous
proof.

LEMMA 5.8. Let m = ig{292’_1 and let my denote the unique irreducible

subquotient of ™ such that Aq.q. < quﬂ'o, where

0
A‘L~d-_<()()—1000—1>'

Then, g — .

PROOF. Since )\, 4. is the anti-dominant exponent of m, the uniqueness
of 7y follows from [HS21, Lemma A.1]. In fact, it follows that 7y appears in
i%)\a,d, with multiplicity 1.

We fix the following exponents of m

7

M=l 1 0111 1>
-1

Al S S R R | 1)
-1

M=y 1 91421 21)

where \q is its initial exponent.
By a branching rule calculation, we have
mult ()\1, rjqw) = mult ()\1, T'gﬂ'o) =2.
On the other hand, by a central character argument (see Equation (2.3)
for details) it holds that mo < i%\;. We consider the normalized intertwining

operator (see [HS21, Subsection 2D] for a short account on these operators
and their properties)

G 2 6%,
where
W = 858548352545551535452.
Note that it decomposes as Ny, (A1) = Ny (A2) o N, (A1), where
w' = 545352545551535459
and that N, (\2) is an isomorphism between i%a and i%\o.

On the other hand, the operator

Nsy .
Zg)\l 4 Zg)\g,
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is not an isomorphism. However, Equation (2.2) implies that
mult ()\a,d_, r% ker (N, ()\1))) =0.

It follows that 7y is not contained in the kernel of Ny, (A1) or Ny, (A1) and
hence 7y is a subrepresentation of i¢)\g. In particular, since 7y appears in
i%)\o with multiplicity 1, it is also a subrepresentation of 7.

0

REMARK. By Equation (2.2), mult (Ao, r¢m) = 2. Hence, the length
of the socle of 7 is either 1 or 2. We point out that, by Table 9, m( is also
an irreducible subquotient of i§; Q¢ 1. It follows from Equation (2.2) that
mult ()\O,rgi%e'ﬁ&,l) = 1 and hence also mult ()\o,r%;ﬂo) = 1, while on the
other hand mult ()\0, rg 7r) = 2. Hence, m admits an irreducible subquotient
w1 # 7 of m such that \g < r%m. It remains to determine whether 7 is a
subrepresentation of 7 or not. Namely, whether the length of the maximal
semi-simple subrepresentation of 7 is 1 or 2.

It seems that the methods used above are futile for this case. One could
technically use the method of [HS21, Proposition 4.9] to determine whether
7y is a subrepresentation of 7, or not. The method described there has two
steps:

e Find a standard intertwining operator N, (Ag), such that the kernel
of the operator is composed of the irreducible subrepresentations of 7
other than .

e Calculate the dimension d of the space of Iwahori-fixed vectors in the
kernel of Ny, (Ag). If d = 0, then 7 is the unique irreducible sub-
representation and if d > 0 then 7 admits a socle of length at least
2.

This is, however, beyond the capabilities of the computers available to us
as the minimal Weyl word that could be used for this is

W — 858545352545551535452.

which is of length 10. The issue is that the required computing time grows ex-
ponentially with the length of the Weyl word and the cardinalities of relevant
Weyl groups and their coset spaces.

below, we suggest a slightly simpler method to determine this in hope
that it could be used in the near future. In the discussion, we give further
indications on the properties of ;.

Let m, mo, Ao, A1 and Aq.4. be as in Lemma 5.8 and let w be as above.

Let ©9 = {1,2,3,4,5}. Since w € Wg,, the action of the intertwining
operator N, (Ag) factors through any of Mg, M7 or Mg. We will describe a
unified argument for a calculation that can be performed for each choice of
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M;, with j € {6, 7,8}, to factor through. We will then explain why factorizing
through Mg seems to be the most efficient.
Write Qo = Q5 _1 1 and Q1 = 3 (Q).

2,5

We now recall, from [HS20,HS21,BJ03], that
length (2%2191) = {;: Jj::687'7
More precisely:
elfj=6o0r;j="7 1= z%;]Ql is of length 2 and one may write a
non-splitting exact sequence
To <= T —» Ty,

where 79 and 77 are irreducible and 77 is spherical. In the case j = 6,
the quotient 77 is in fact 1-dimensional.
o If j=8 7= i%;gﬂl is of length 3 and one may write a non-splitting
exact sequence
To —> T —>»T1DT_1,
where 79, 7_1 and 71 are irreducible and 7y is spherical.

Since
mult ()\1, r%’#) = mult ()\1, ré%'ﬁ) =1,
we conclude that the kernel and image of the intertwining operator Néyj (Mo)
is given by:
| =6,7
I=Tm (NM (\)) =71, K=ker(NMi(\))=4 '@ J=%
(N2 o)) = 7 ooy ={,,
Hence, it holds that
iy, () = i, | () > i, (1)
On the other hand, since
mult (/\1, 7‘?770) = mult ()\1, r:cp;ijc\;/lzj (Ql)) = mult ()\1, 7’?71') =2,

it follows that 7 is the unique irreducible subrepresentation of i]%j (I).

It follows from the above discussion that 7 admits a unique irreducible
subrepresentation if and only if 7 N i]\GJj (K)=0.

In order to determine if the intersection is indeed 0, we consider

: T A ;G J
dim¢ [7r Ny, (K) ] ,
where J denotes the Iwahori subgroup of G. That is, we calculate the inter-

section of the 17,280-dimensional space 77 with ijc\;/lj (K)” whose dimension
depends on j and is given by

dimg (z% (K) ) - [dimc (#TV’J' (K))} x WM T
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We collect relevant data in the following table:

j 6 7 8
dime r (K) 1919 15 | 120=105+15
| WM T 60,480 6,720 240

dimg (igjj (K)7 ) 116,061,120 | 100,800 | 28,800

Thus, while the choice of j = 6 seems more intuitive, it is seems like using
j = 8 would be more efficient.

We have tried to produce the basis of ijc\zj (K)” on a computer with 256
GB of RAM memory and 32 processors and were not able to create it in
reasonable time but this might be overcome by improving parallelization of
the calculation. Having said that, even if a basis for the module

iy, (K)7

is generated, calculating the intersection 77 N Z-]c\;4j (K )‘7 will probably also
prove to be difficult, as we we wish to intersect a 17,280 and 28,800 dimen-
sional subspaces of a 696, 729, 600 dimensional space.

We now turn to deal with the other unresolved case, m = ifls Q5 _1. In
this case, a branching rule calculation shows that the irreducible spherical
subquotient 7o of 7 is a subrepresentation. However, from Equation (2.2) we
have mult ()\07 r%w) = 30, where

-1
Ao = <—1 -1 -14-1-1 —1)

is the initial exponent of w. Thus, it is not immediately clear that the length
of the socle of 7 is at most 2.

LEMMA 5.9. The representation m = i%’;[s Q5 _1 admits a mazimal semi-
simple subrepresentation of length at most 2.

PrOOF. We consider the following exponents of 7:

-1
M=l 1 141 1 —1)’

0
A= 00—10001)

0
A‘“1-_(0001000>'

Here, Ag is the initial exponent of m, A\, 4. is its anti-dominant exponent. Let
7o denote the unique irreducible subquotient of 7 such that A\, 4. < r%mo.

Since mult ()\07 r? 7r) = 30 and since a branching rule calculation yielded
only mult ()\0,7“7@7('0) > 4, the claim is not immediate. However, this does
imply that my — 7.
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On the other hand, [HS21, Lemma A.1] implies that for every o € Rep (G),
it holds that
288‘mult ()\1,7“7@0) .

Let 4 = ’I“%f 895,71% and note that z%f S is irreducible. Hence, reasoning
as in Proposition 5.3, it follows that

iy, (i, ) = ifx
as A\ = r¥5’891. By Equation (2.2),
mult ()\1, rqqr) = 864
and on the other hand, a branching rule calculation yields,
mult (A1, r$mo) > 576.

Hence, 7 could have at most one more subquotient 71 such that 71 < i$ ;.
Thus, the length of the maximal semi-simple subrepresentation of 7 is at most
2. ]

REMARK. Attempting to follow the methods of [HS21, Proposition
4.9] in order to determine the length of the socle of 7 is, too, beyond the
capabilities of current available computers and even more so. The expo-
nent A “closest” to Ag such that a branching rule calculation guarantees that
mult ()\, 7"%371'0) = mult ()\, rjcfw) is A = A\4.4. and the shortest Weyl element w
such that w-Ag = A\ is

W = S55657585453525455565754515352545556545153525485

which is of length 24 and thus, the associated intertwining operator cannot be
realistically generated in currently available computers. Also, since this word
contains all 8 generators of W, the associated operator does not factor via a
Levi subgroup and the method suggested in Subsection 5.2 is not applicable
here.

Here, we are able to show that the same calculation can be performed with
a Weyl element of length 21. While this is an improvement, this calculation
still seems to be infeasible.

As noted above,

TG =i, (i%Al) .
We also note that, by [HS21, Lemma A.4 and Equation (OR)], i%h)\l is non-
semi-simple of length 2, we write

g1 — i¥4)\1 —» 0Q,

0
A2_<00—100—1 1)'

where oy is spherical.
Let
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We show that ié‘p/l“ Ao = 09 @ o1 and that m; is the unique irreducible subrep-
resentation of i o;.

Indeed, let 25 denote the 1-dimensional representation of Lg such that
ri*Qy = Xp. By [NSS20, Corollary 4.4], both i}7*Qy and i}™* (Q ® Sty,)
admit a unique irreducible subrepresentation, where Lg is the rank 1 Levi
subgroup introduced in Subsection 2.1.1 item (17). Similarly, so do if Q,
and ifg (Q2 ® Str,).

On the other hand, since

i;SAQ - QQ 57 (QZ X Sth) y

it follows that o¢ = iég Qo and o1 = iéﬁs (Q2 ® Str,). We thus conclude that
7; is the unique irreducible subrepresentation of ifﬂ 0;.

We now note that o7 = ker (N;Z[(‘*M)). On the other hand, 7 — i%)\l.

If 71 is a subrepresentation of 7, then the kernel of N, (Ag)| is non-trivial,
™
where

U}/ — 5854535254555657545153525455565451535254855.

Here, too, all 8 generators of W appear and thus, the method suggested in
Subsection 5.2 cannot be applied to this case.

In order to calculate the dimension of the kernel N, (\g)| using the
s

method of [HS21, Proposition 4.9], one first need to generate the element n,, €
J associated with N, and then apply the basis elements of 77. However,
using a computer with 256 GB of RAM memory and 36 processors did not
allow us to generate m,s € J due to the length of w’. In particular, the
calculation runs out of memory (even with an addition of an extra 1 TB of
SWAP memory) when using Weyl elements of length lower than 10. Thus,
it seems likely a much more powerful computer is needed for this particular
task, if such already exists.

APPENDIX A. BRANCHING RULES DATABASE

In this section, we retain the notations of Subsection 2.1 and list data on
irreducible representations of Levi subgroups which are used for the branching
rule calculations performed for this paper.

That is, we wish to list triples of (A, M, 7) where A is a character of T,
M is a Levi subgroup of G and 7 is the unique irreducible representation of
M such that A < TQMT.

We start, by a general rule. For a character A of T, set

Or={aec AL | (\a")=0}.
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It holds that M = Mg, admits a unique irreducible representation 7 such
that A < r! 7, as shown in [NSS20, Lemma 2.3], which satisfies

M@/\

] = W,

This can be decoded by the Orthogonality Rule which states that, for any
irreducible representation o of G it holds that

X [A]-

(A.1) A<o = ‘WM@A x [\ < ro.

For other branching rules however, instead of listing the data by Levi
subgroups M of G, it is more convenient to list them by simple factors L of
the derived subgroups M9". Moreover, we recall that the uniqueness of 7 is
not required, only the uniqueness of [T%T] is. Thus we list the semi-simplified
Jacquet functors [T:,LwT] of irreducible representations. Finally, it would be
more convenient to write these in the “intrinsic coordinates” of a maximal
split torus of L instead of those of the torus of G.

That is, we list triples of data (L, A, [TIQTD, where:

e [ is a simple, split and simply-connected p-adic group (whose Dynkin
diagram is a sub-Dynkin diagram of Eg), by abuse of notations we fix
a maximal split torus T of L.

e )\ is a character of T.

e [rh7] is the unique semi-simplified Jacquet functor of an irreducible
representation 7 of L such that A < r%r.

We separate the list of branching rules by the type of L. Most of these
rules are listed in [HS21, Appendix A] while the rest can be deduced from the
results of [HS20, HS21,BJ03, Jan96, Jan93, BZ76].

For convenience of applying the branching rules, we list the elements
appearing in [r%r} using the action of the Weyl group W = W, of L on the
characters of T'. Also, we point out the each rules can be written with several
variations, either due to automorphisms of the Dynkin diagram (if L is of
type A,, D, or Eg) but also due to the Aubert involution (see [Ban02]), we
list only one variation of each rule.

A.1. L of type A,,. Let L be a simple group of type A,. We think of it as a
simple factor in the derived group M of a Levi subgroup M of G. We fix a
labeling for the Dynkin diagram of type A,, and use this labeling to formulate
the branching rules arising from L of type A,, instead of the labeling inherited
from that of the Dynkin diagram of type Eg given in Subsection 2.2. This
labeling is given by

51 55 33 Bn-1  DBn
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below, we list the branching rules arising from L of type A, which were
implemented by us in the context of this paper, this list is by no means
exhaustive and there are many branching rules arising from other irreducible
representations of groups of type A,:

e If L of type Aj, it admits a unique simple root ;. For A such that
(N, BY) # £1, there exist a unique irreducible representation 7 such
that A < r&r. In fact, it holds that

[r7 ()] = [\l + [sp, - A].
This could be encoded as follows
(A.2) A<ri(m), (ABY) # £ = [N+ [sp, - A < [r£ (7)] -

In what follows, branching rules will be encoded in this fashion.
We point out that this rule is correct since L = GLs (F) x (F*)
If L was of the form SLq (F) x (FX)mH, then % () would also have
been reducible if (A, 3)) is a non trivial quadratic character. However,
there are no such Levi subgroups under our assumptions on G.
e For group L of type A, with n > 2, we have the following rule:

m

A<rk(r),
(A, BY) = +1, = [rr(™] = > (h=lw)-(n—1)![w-A],
<>\,ﬁ)\€/>20 VZSkSn wew LT

where M = M{B2Bn}
For example, in type As, this rule can be written as

A< rg(r),
(A3) (A, BY > =£1, = 2x [N +[sp, - N < [r7 (7)] -
(A,B3)=0
In type As, this rule can be written as
A<rp(r),
<Avﬁ¥> = 1’ = 6 X [A] +4 % [8/61 ! )‘] +2 X [852851 : )‘} < [T% (T)]

(A B5) = (A B3) =

e For L of type A3 we have an additional rule:
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e In type Ay, we have the following two additional rules:

A<rg(T),
<)‘7B§/> =1,
A\BY=0, k=1,3,4
= 12 x [)‘] +8x [832 ' )‘} +4x [553552 ' )‘] +4 % [Sﬁlsﬁz ' )‘] +2X [551553552 ' )‘] < [TYL’ (T)] .

and
A< r% T,
\BY) =1,
<)‘aﬂz\1/> = _1a

<)\,ﬁ,\€/>:0, k=23
= 6 X [)\}+4X [S@l ')\]+4>< [Sﬂ4-)\]+4>< [Sﬁ15ﬁ4-/\]+2>< [853554~)\]
+2 X [Sﬂzsﬁl )‘] +4x [8ﬁ48ﬁ28ﬁ1 : >‘] +4x [8/313/53354 )‘} < [T% (T)] .

e In type A; we have the following two rules:

A<r(r),
<>‘75§/> =1,
<)\,ﬁ]\€/>:0, k=1,2,4,5
=36 X [A] +24 X [sg; - \] + 12 X [$8,885 - A + 12 X [s5,58, - A| + 6 X [$8,88,88; - \] < [’r‘%‘« (T)] )

and

MBY) =0, k=235
= 12 x [)\} + 12 % [5558548528ﬁ1 )\] + 8 x [851 . )\] + 8 X [834 . )\] + 8 x [831864 . )\}
+8 X [834852851 : >‘] +8x [851853854 ’ )‘} + 8 % [$ﬂ5$ﬁ45ﬁ1 ’ )‘] +4 % [Sﬂ38ﬁ4 : )‘]
+4 x [5,355,34 ! )‘} +4 x [855851 ! )‘] +4 x [5/355/315/338/34 ' /\] +2x [Sﬁssﬁssﬁzx : )‘] < [r%’ <T)} .

A.2. L of type D,,. We fix the following labeling of the Dynkin diagram of
type D,,.

.371—1

3 1 3 2 33 371 -2 .37/1

If L is of type D,, we encode the branching rules in a similar fashion to
that of type A,,.
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e For L of type D4, we have the following two rules:

)5

)\<r%

(T
A By) =1,
NBY)=0, k=
:>8X[)\]+5X[Sg2~)\]+2><[8518[32 }

+[88,58558, - Al + [8p, 88488, - A +

+ 2 X [553552 )‘] +2x [554552 ' )‘]
[sg358.58, - Al < [r7(7)] -

and

<)\,ﬁk>—0, k=2,3
= 12 x [A\] +8 X [sg, - A] + 8 X [sg, - A] + 12 X [sp, 58, - A]
+4 x [5ﬁ2354 : >‘] +4 x [Sﬂ25ﬂ1 : )‘] < [T% (T)} .

e For L of type D5, we have the following two rules:

A< (7)),
A\ B5) =
NBY)Y=0, k=1,23,4
= 120 X [A] + 96 x [s5, - A] + 72 X [s8,58; - A] + 48 X [$8,58;585 - Al
148 x [554 SpsSps /\] +32 x [854 Sp25B358s )‘} + 24 < [551 Sp25B35ps )‘]
+16 % [55,56,56,56:55 - N + 16 X [85,55,55,85, 555 - Al +8 X [85,558,86, 85,8855 - | < [r£ (7)] -

and

<rg(r )
( 3V> =
</\,ﬁk>—0, /{7—172,4,5
= 24 x [)\] + 16 x [853 : )\] + 8 x [8528[33 . )\] + 8 x [854853 . /\]
+8 X [sﬂssﬂs . >‘] +4x [854855853 ’ )‘} +4 % [sﬁzsﬂssﬂs ’ )‘]
+4 x [Sﬁzsfhsﬂs ! )‘} +2x [554552555553 ' )‘] +2x [8535ﬁ45ﬁ25ﬁ5853 : >‘] < [T%‘ (T)] .

e For L of type Dg, we use one branching rule. For this rule, however,
the list of exponents contains 30 different exponents of various multi-
plicities. Thus, we give a rough explanation on how to determine the
Jacquet functor of 7 in the relevant case, see [HS21, Lemma A.6] for
more details. First, we consider the degenerate principal series rep-
resentation o of L corresponding to the notation [Dg,3,0,1]. This is
a direct sum of two irreducible representations, one spherical and the
other is not. We consider the spherical irreducible constituent 7, this
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is the unique irreducible representation of L such that
A< ’I“ZL~T
A\ BY)Yy=0, k=2,3,5,6.

Let 7/ denote the non-spherical constituent of o. Using the method
described in [HS21, Appendix B], one can show that

dim¢ (T%T) =155
dim¢ (T%T’) =5
dime (rko) = 160.
The initial exponent of o is given by
-1

M=y 93 1 1)

Applying Equation (A.2), together with the above, yields

[V"%T/} = [)‘0] + [8,33 : )‘0} + [852 Sps - >‘0] + [Sﬁ4 SBs * )‘0] + [$ﬁ2 584583 * )‘0] .

One then computes [r&o]| using Equation (2.2) and the structure of

[T%T] follows by reducing the multiplicity of these 5 exponents by 1.

A.3. L of type E,,. In the branching rules for L of type E,, the list of expo-
nents is long. Thus, we only list the irreducible degenerate principal series of
L from which we derive the branching rules used by us. One then needs to
compute [r%r] using Equation (2.2) in order to determine the branching rule
explicitly.
We fix the following labeling of the Dynkin diagram of group of type Ejg.
o

(0'5] va vy (83 g

The irreducible degenerate principal series of L of type Eg whose Jacquet
functor [r:LpT} contribute additional information to the one given previously
are: [Eg, 5, —%, l} and [Eg, 3, —%, 1].

We fix the following labeling of the Dynkin diagram of group of type E7.

o
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The irreducible degenerate principal series of L whose Jacquet functor
[T%T] contribute additional information to the one given previously are: [E7,4,0,1],
[E7,5,0,1] and [E7,5,—3,1].

APPENDIX B. EXAMPLE OF A BRANCHING RULE CALCULATION

In this appendix, we would like to demonstrate how a branching rule
calculation is performed by our algorithm. We consider the representation
= igjg (QMS,f%l), namely the case denoted by [8, f%, 1] in Section 4 and
show how this calculation shows that this representation is irreducible.

As 78 has dimension 240 and contains 196 different isomorphism classes
of exponents, we do not list the complete calculation and only follow the
exponents required to show irreducibility. We start with an irreducible sub-
quotient o which contains the anti-dominant exponent A\, 4 of 7 and show
that it contains the intial exponent Ay and terminal exponent A\; of m with
full multiplicity, that is

mult ()\O,r%a) = mult ()\07 rqu) =2, mult (/\t7 r?a) = mult ()\t, r%w) =1.

This implies that ¢ is both the unique irreducible subrepresentation and the
unique irreducible quotient of w and hence 7 = ¢ is irreducible.

In order to do this, we construct a o-dominated sequence f1 < ..., < fig
so that fi9 (Ao) =2 and f1p (\:) = 1. We start with f; = d,, , . At each step
of the calculation, the construction of fxi1 from fj is based on one of the
branching rules in Appendix A. In the table below we list the following data:

e An exponent X of o such that X € supp (fi).

e An exponent A of o such that X € supp (fr+1). This is the exponent
on which we obtain new information in this step of the calculation.

e A Levi subgroup L of G and a branching rule which we apply on X" in
order to obtain information on the multiplicity of A in o (which will
be encoded by fr+1 (A)).

e A Weyl group element w € W7 such that w- X = .

o We also list the value m, x = mult ()\,r% 7r) calculated using Equa-
tion (2.2), see Subsection 3.6 for more information.

below the table we explain some of the steps and how to read the infor-
mation in the table.
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max | fr (A) | Rule (Levi) N | w

(17171071071 i ! - L

( 1 -1 71 0-10 -1 8 8 | OR (Myz5,6)) | Aaa. | —

1 —2 1 ~1-10 -1 Ag (]\/1{2,4}) Aad. | Sa

2 2 A2 (]\/[{6,7}) )\1 S6

2 2 Ay A2 U1l

-1 -1 —1 -1 -1-19

M P —— e ——
e
S

(
< 7217217171
o

:< 1 -1 71 0 -1 -1 1) 4 4 Az (Myz,8y) | Aad. | S8
:< 1 -1 —1 11 -2 1) 2 2| A (Mgsgy) | As | se
( 1 -2 1 21 -2 1) 1 Lo A (M) | M| s

Ae = ( PR 18) L] ! A As | U

Here
U1 =8857565554535254555153
U2 —585756555453525455565758515354555652545553545153
* 82548558657565554535254555183.

e When the calculation begins, we start with f; = d,, , . That is,

:>\a..
fi (M):{(l)7 Z?é)\aj

e In the first step, we consider the exponent A’ = A, 4 and apply the
orthogonality rule, Equation (A.1), with respect to the Levi subgroup
L = M{a,,a5,a6)- This rule implies that 8 X A 4. < r%o. Hence, we

have
_ 8, u= Aa.d.
f2 (Iu) B {07 1% 7é /\a.d.

e In the second step, we consider \' = )\, 4. again and apply the branch-
ing rule associated with Levi groups of type A, (see Equation (A.3)), in
this case L = M{q, o,}- Since fo (A') = 8, this implies that mult (T, rfa) >
4, where 7 is the irreducible representation of L in this rule. The new
data from this step in the calculation is, by Equation (3.2) and Equa-
tion (A.3), that

> { f2 (X)L J mult (A, rET) = [ﬂ 1=,

mult ()\1, Tf]qO') m

since A\ = wy * Ag.d.-
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In particular, we have

87 H= )‘a.d.
fa(p) =494, pn=X\
0, otherwise

e The next step is similar with X = Xy, L = M{44.a.1, A2 = we - A and
7 being the relevant representation of L for this case. In particular

G fs(N) _ Ly _ {ﬂ =
mult ()\Q,TTU) > ’Vmult ()\’77“%7') mult ()\Q,TTT) =13 1=2,

Hence

87 M= )\a.d.
_ 4, H= A1
f4 (ILL) - 2’ U= )\2

0, otherwise

e The last step we detail is applying a sequence of branching rules of type
Aj starting at As. As explained in Subsection 3.3, for any exponent
which is Aj-equivalent to Ao has the same multiplicity in o as Ay does.
Namely,

87 M= )\ad.
_ 4, = A1
f5 (1) = 2 e~

0, otherwise
where ~ denotes the Aj-equivalency relation on S. In particular, the
table also allows us, by reading the Weyl element i, to write the
sequence of exponents in X (7') in the definition of ~ in Subsection 3.3.
This sequence is given by

A2, W3 - A, WiW3 - Az, ..., Ut - Ag.

e Applying all the steps listed in the table, we would arrive at the fol-
lowing function

y = Aa.d.
B~ Ar
B~ A2
po~ Az
s H~ A
s B~ As.

fio(p) =

— N N R 00

We note that fig < fr since the Aj-equivalency of A; has cardinality
i 112 1(13[4] 5
Cardinality | 3 | 17 | 1 | 2 | 168
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[Ban02]
[BJ03]
[BJOS]
[BZ76]
[BZ77]

[CasT4]

[CI10]
[GKS81]
(GS]
[GS05]
[HS]

[HS20)

[HS21]

[Jan93|
[Jan95]
[Jan96]

[Jan98]
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and 1 x84+3x44+17x2+1x4+2x24+168 x 1 =230 < 240. Still,
the calculation implies that m = ¢ as explained above.
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