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CONCEPTIONS ON TOPOLOGICAL TRANSITIVITY IN
PRODUCTS AND SYMMETRIC PRODUCTS II

ANAHT RoJaS, AURA L. KANTUN, JosE N. MENDEZ AND VICTOR M.
MENDEZ

Universidad del Papaloapan, México

ABSTRACT. We continue the work initiated by A. Rojas, F. Barragan
and S. Macias in Conceptions on topological transitivity in products and
symmetric products. Thurk. J. Math. 44(2) (2020), 491-523. We consider
classes of functions not included in the mentioned paper, namely: exact in
the sense of Akin-Auslander-Nagar, fully exact, strongly transitive in the
sense of Akin-Auslander-Nagar, very strongly transitive, exact transitive,
strongly exact transitive and strongly product transitive.

1. INTRODUCTION

A dynamical system is a pair (X, f), where X is a nondegenerate topo-
logical space and f : X — X is a function. Given a topological space X and
a positive integer n, we consider the n-fold symmetric product of X, F,(X),
consisting of all nonempty subsets of X with at most n points [?]. A func-
tion f: X — X induces a function on F,(X) denoted by F,(f) : Fn(X) —
Fn(X) and defined by F,(f)(A) = f(A), for each A € F,,(X). In this way,
the discrete dynamical system (X, f) induces the discrete dynamical system
(FalX), FalF).

Let Xq,...,X,, be topological spaces, with m > 2, and for each i €
{1,...,m}, let f; : X; — X; be a function. We define the function []\", f; :
H;Zl Xi — H:i1 Xi by H:il fil(xi, . szm)) = (fil@1),..., fm(zm)) for
each (21,...,2,) € [[i~, X;. This function is called product function. In
this way, we can analyze the relationships between the dynamical proper-
ties of the systems (1) (Fn([Ti%, Xi), Fu(ITim, £1)); (2) (Fu(Xe), Fulfi))s

2020 Mathematics Subject Classification. 37B02, 54B20, 54B10, 54F15, 54A99.
Key words and phrases. Topological transitivity, symmetric products, dynamical
systems.



2 A. ROJAS, A. L. KANTUN, J. N. MENDEZ AND V. M. MENDEZ

for each i € {1,...,m}; (3) (IT~, Xi,I[/~, fi) and (4) (X, f;), for each
i€ {l,...,m}. In[?], Rojas et al. analyzed the relationships between the dy-
namical systems (1), (2), (3) and (4) when any of them is: exact, mixing, tran-
sitive, weakly mixing, totally transitive, strongly transitive, chaotic, minimal,
orbit-transitive, strictly orbit-transitive, w-transitive, 7T, 1, mild mixing, ex-
actly Devaney chaotic, backward minimal, totally minimal, scattering, Touhey
or an F-system. However, there exist more classes of functions that we can
study in the same way, namely: exact in the sense of Akin-Auslander-Nagar,
fully exact, strongly transitive in the sense of Akin-Auslander-Nagar, very
strongly transitive, exact transitive, strongly exact transitive and strongly
product transitive [?].

Let M be one of the following classes of functions: exact in the sense of
Akin-Auslander-Nagar, fully exact, strongly transitive in the sense of Akin-
Auslander-Nagar, very strongly transitive, exact transitive, strongly exact
transitive and strongly product transitive. Continuing with the work in [?]
we will study the relationships between the following four statements:

1. For each i € {1,...,m}, f; € M.

2. TIT%, fi e M.

3. Fu(IT2, fi) € M.

4. For each i € {1,...,m}, Fo(f;) € M.

This paper is organized as follows: In Section 77?7, we recall basic defini-
tions and introduce some notation. In Section 77, we present some prelimi-
nary results needed for the rest of the paper. In particular, we prove results
concerning the product function. Section 77 is devoted to study the relation-
ships between the functions [[;~, f; and f;, for each i € {1,...,m}. Finally,
in Section 77, we study the relationships between the functions F, ([];~; fi).
Fu(fi) and f;, for each i € {1,...,m}.

2. DEFINITIONS AND NOTATIONS

Throughout this paper, m is an integer greater than one. A set is said
to be nondegenerate if it has more than one point. By a (discrete) dynamical
system we mean a pair (X, f), where X is a nondegenerate topological space
and f : X — X is a not necessarily continuous function, X is called the
phase space. Let X be a topological space and let A be a subset of X, cl(A)
and int(A) denote the closure and interior of the set A in X, respectively. A
function f : X — Y between topological spaces is said to be open provided
f(U) is open in Y for each open subset U of X. The symbols Z, Z, and
N denote the set of integers, the set of nonnegative integers and the set of
positive integers, respectively. The cartesian product of a finite collection
of topological spaces X7, ..., X,, endowed with the product topology [?] is
denoted by [T/, X;. On the other hand, given a finite collection of functions,
fi: X1 = X1,y fin 0 Xon — Xon, we define the product function Hznzl fi:
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H;il Xi — HZI Xi by H?ll fi(<x17 EERE) Im)) = <f1(xl)’ ) fm(xm))v for
each (21,...,2m) € [[1~; X;. In particular, if X is a topological space and
f : X — X is a function, the cartesian product of X with itself m times is
denoted by X *™ and the product of f with itself m times is denoted by f*™.

Given a dynamical system (X, f), for each k € N, the kth iteration of f is
defined as the repeated composition of f with itself k£ times and it is denoted
by f*, thatis f* = fof*=1, where f! = f and f° = idx, the identity function
on X. For a subset A of X and k € Z, we denote by f¥(A) the image of A
under f*, when k > 0, and the preimage under f/*| when & < 0.

REMARK 2.1. Foreachi € {1,...,m}, let (X;, f;) be a dynamical system,
let U;, V; be nonempty subsets of X;, and let £ € N. Then the following hold:

1. (H:il fz)k = H:r;1 fik-
2. I (IT, fi)k(Hyil U;) =TI~ Vi, thenforalli € {1,...,m}, ) =
V.

Let (X, f) be a dynamical system, and let x,y € X. Then z is a:

e fized point of f if f(x) = .

e Periodic point of f if there exists k € N such that f*(x) = 2. The set
of periodic points of f is denoted by Per(f).

e Recurrent point of f provided that for each open subset U of X such
that = € U, there exists [ € N such that f!(z) € U.

e Quasi-periodic point of f provided that for each open subset U of X
such that = € U, there exists [ € N such that f*(z) € U for every
k> 0.

o Nonwandering point of f if for each open subset U in X such that
x € U there exists [ € N such that f{(U)NU # 0.

o w-limit point of y under f if for any k € N and for any open subset
U of X such that z € U, there exists a positive integer [ > k such
that f!(y) € U. The set of w-limit points of y under f, is denoted by
w(y, f) and is called w-limit set of y.

The orbit of z under f is the set O(z, f) = {f*(z) : k € Z;}. Given a
subset A of X, we say that A is +invariant under f if f(A) C A. A topological
space X is +invariant over open subsets under f, if for each open subset U of
X, U is +invariant under f. For subsets A and B of X, the following subset
of N is defined as n;(A,B) = {k e N: An f~%(B) # 0}.

The following definitions can be found in [?, ?, 7, ?].

Let (X, f) be a dynamical system. Then f is:

e Fzxact, if for each nonempty open subset U of X, there exists £ € N
such that f¥(U) = X.

e Mizing, if for each pair of nonempty open subsets U and V' of X, there
exists N € N such that f*(U) NV # 0, for all k > N.
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Transitive, if for every pair of nonempty open subsets U and V of X,

there exists k& € N such that f*(U) NV # 0.

o Weakly mizing, if f>*2 is transitive.

o Totally transitive, if f° is transitive, for all s € N.

e Strongly transitive, if for each nonempty open subset U of X, there
exists s € N such that |J,_, f*(U) = X.

e Chaotic, if it is transitive and Per(f) is dense in X (this definition
corresponds to chaos in the sense of Devaney [?, Remark 1]).

e Orbit-transitive, if there exists € X such that cl(O(z, f)) =

o Strictly orbit-transitive, if there exists € X such that cl(O(f(x), f)) =
X.

o w-transitive, if there exists z € X such that w(z, f) = X.

e TT, . if for any pair of nonempty open subsets U and V of X, the set
ny(U, V) is infinite.

o Mild mizing, if for any transitive function f; : X; — Xi, the function
f x fi is transitive.

e Exactly Devaney chaotic, if f is exact and Per(f) is dense in X.

o Scattering, if for any minimal function (see [?]), f1 : X1 — Xi, the
function f x f; is transitive.

e Touhey, if for every pair of nonempty open subsets U and V of X,
there exists a periodic point x € U and k € Z such that f*(z) € V.

o An F-system, if f is totally transitive and Per(f) is dense in X.

e Ezxact in the sense of Akin-Auslander-Nagar, if for any pair of nonempty
open subsets U and V of X, there exists & € N such that f*(U) N
FEV) #0.

o [ully exact, if for each pair of nonempty open subsets U and V of X,
there exists k € N such that int(f*(U) N f*(V)) # 0.

e Strongly transitive in the sense of Akin-Auslander-Nagar, if for each
nonempty open subset U of X, Jr—, f*(U) = X.

o Very strongly transitive, if for each nonempty open subset U of X,
there exists N € N such that ngl fFU)y=x

e Fzxact transitive, if for each pair of nonempty open subsets U and V of
X, Ue (5 (U) N fE(V)) is dense in X.

e Strongly exact transitive, if for each pair of nonempty open subsets U
and V of X, we have that (J;—, (f*(U) N f*(V)) = X

e Strongly product transitive, if for each k € Z,, f** is strongly transi-

tive in the sense of Akin-Auslander-Nagar.

The concepts of exact in the sense of Akin-Auslander-Nagar and strongly
transitive in the sense of Akin-Auslander-Nagar were studied by Akin et al.
[?] just as exact and strongly transitive respectively. For convenience, from
now on we will refer to them as AAN exact and AAN strongly transitive.
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Also, since every exact function is surjective, we have that f: X — X is
exact if and only if, for all nonempty open subset U of X, there exists N € N
such that f*(U) = X, for each k > N. Throughout this paper we use this
equivalence.

AAN - Fully

Exact exact
/ : Strongly
Surjective <——— Exact Mild
! mixing prod.u.ct
transitive
Mixing ——— Weakly
mixing
Very Strongly
strongly -2
.o transitive
transitive

AAN Strongly
An F-system — Totz?ll.y Strongly exact
transitive .o ..

transitive transitive
Exact

transitive

/

Touhey ———— Chaotic —— Transitive <—— w-transitive

Devaney TT 4 Scattering Strictly
i orbit-transitive
chaotic \L

orbit-transitive

Figure: Inclusions between some classes of functions.

Diagram of Figure shows some inclusions between the classes of functions
we are working with. Readers interested in the proofs of these inclusions can
see, for instance, [?, 7, 7, 7].

Note that by adding certain properties to a phase space or to a function,
we may obtain different (stronger) dynamical properties, namely: Let X be
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a compact metric space and let f : X — X be a function, then every exact
transitive function is weakly mixing [?, Theorem 2.18]; in addition if f is
an open function, then the concepts of AAN strongly transitive and very
strongly transitive are equivalent [?, Theorem 2.13]. If X is compact and
f is open and continuous, we have that AAN strongly transitive and very
strongly transitive are equivalent [?, Theorem 2.13]; If X is compact and f is
continuous, it follows that if f is exact transitive then f is weakly mixing.

3. PRELIMINARY RESULTS

In this section we establish some preliminary results about the function
H?il fi-

In [?, Theorem 3.3], Rojas et al. studied relationships between transitive,
w-limit, isolated and periodic points of the functions H:il fi and f;, for all
i € {1,...,m}. Now, we analyzed the same problem considering recurrent,
quasi-periodic and nonwandering points.

Clearly, the following implications hold: fixed = periodic = quasi-
periodic = recurrent = nonwandering. However, the reverse implications
do not hold.

THEOREM 3.1. For each i € {1,...,m}, let (X;, f;) be a dynamical sys-
tem, and let (z1,...,2m) € [[iny Xi. If (z1,...,2m) is a recurrent, quasi-
periodic or nonwandering point of HZL fi, then, for each i € {1,...,m}, z;
s a recurrent, quasi-periodic or nonwandering point of f;, respectively.

PROOF. Suppose that (21,...,2) is a recurrent point of ]\, f;. Let
ip € {1,...,m} and let U;, be an open subset of X;, such that z;, € U;,. For
each i € {1,...,m}\{io}, let U; = X;. Then U =[], U; is an open subset
of TT%, X; such that (z1,...,2,) € U. By hypothesis, there exists k € N
such that (TT/~, fi)*((z1,...,2m)) €U, that is (TT~, fF)(z1,...,2m)) € U.
Therefore, fllz (x;,) € U, and thus, z;, is a recurrent point of f;, .

The proof for quasi-periodic and nonwandering points is similar to that

given for recurrent points. 0

THEOREM 3.2. For each i € {1,...,m}, let (X, fi) be a dynamical sys-
tem, let (z1,...,2m) € [lin, Xi, let ig € {1,...,m}, and for each i €
{1,...,mN{io}, let x; € X; be a fizred point of f;. If x;, is a recurrent,
quasi-periodic or nonwandering point of fi,, then (x1,...,%y) is a recurrent,
quasi-periodic or nonwandering point of [[;~, fi, respectively.

PROOF. Suppose that z;, is a recurrent point of f;;. Let {2 be an open
subset of [T\", X; such that (z1,...,2y) € Q. Then, for every i € {1,...,m},
there exists an open subset U; of X; such that (z1,...,2,,) €U =[[i~, U; C
Q. By hypothesis, there exists k;, € N such that fiio (i) € Uiy On the
other hand, since, for all i € {1,...,m}\{io}, z; is a fixed point, we have that
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flkm (z;) € U;. Consequently, ([Ti~, ff”’)((xl, ..., Zm)) € U, that is to say,
(TT~, fo)ko (x4, .., @) € U C Q. Therefore, (z1,...,2.,) is a recurrent
point of [T\~, fi.

The proof for quasi-periodic and nonwandering points is similar to that
given for recurrent points. 0

DEFINITION 3.3. Let (X, f) and (Y,g) be dynamical systems. Then f
and g are said to be topologically conjugate if there exists a homeomorphism
h: X — Y such that ho f = go h. The homeomorphism h is called a
topological conjugacy between f and g.

REMARK 3.4. Let (X, f) and (Y, g) be dynamical systems, let h: X — Y
be a homeomorphism, and let £ € N. If f and g are topologically conjugate
via h then:

(1) g and f are topologically conjugate via h~1,
(2) fF=h"togFohand g* =ho fFoh™l.

The following result follows from [?, Proposition 2.3.29] and [?, Lemma
7).

THEOREM 3.5. Let X1,...,Xm, Y1,...,Ym be topological spaces, and for
each i € {1,...,m}, let f; : X; = Y; be a function. For each i € {1,...,m},
i is a homeomorphism if and only if [[;~, fi is a homeomorphism.

Our next result follows from Theorem ?77.

THEOREM 3.6. Let (X, f) and (Y, g) be dynamical systems, leth: X —Y
be a homeomorphism, and let k € N. Then f and g are topologically conjugate
via h if and only if £** and g% are topologically conjugate via h**.

There are many dynamical properties that are preserved under topological
conjugacy.

THEOREM 3.7. Let (X, f) and (Y, g) be dynamical systems, leth: X —Y
be a topological conjugacy between f and g, and let M be one of the follow-
ing classes of functions: AAN exact, fully exact, AAN strongly transitive,
very strongly transitive, exact transitive, strongly exact transitive or strongly
product transitive. Then f € M if and only if g € M.

PROOF. Suppose that f is AAN exact. Let U and V be nonempty open
subsets of Y. Then h=}(U) and h~1(V) are nonempty open subsets of X.
By hypothesis, there exists k¥ € N such that f*(h=1(U)) N f*(h=1(V)) # 0,
that is, h=1(g*(U)) N h=(g*(V)) = h=Y(g*(U) N g*(V)) # 0. Therefore,
g*(U)Ng*(V) # 0 and thus, g is AAN exact.

Suppose that f is fully exact. Let U and V be nonempty open subsets
of Y. Then h=*(U) and h=1(V) are nonempty open subsets of X. Since f is
fully exact, there exists k € N such that int(f*(h=1(U)) N f*(h=1(V))) # 0.
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Thus, int(h~}(g* () N b1 (g5 (V) = int(h~1(g*(U) N g*(V)) # 0. Let
x € int(h~Y(gF (U ) Ng*(V))). Hence, there exists an open subset W of X such
that z € W C h~1(g*(U) N ¢g*(V)). Finally, h(z) € h(W) C g*(U) N g*(V).
Therefore, h(z) € int(g*(U) N g*(V)) and thus, g is fully exact.

Suppose that f is AAN strongly transitive. Let U be a nonempty open
subset of Y. It follows that:

U ") = Jho fFor ()
k=1 k=1

= Jr(Fe ()

k=1

=h (U f’“(h_l(U))> -

k=1

Since f is AAN strongly transitive, (-, ¢¥(U) = h(X) =Y. Therefore,
g is AAN strongly transitive.

The proof for very strongly transitivity is similar to that given for AAN
strongly transitivity.

Suppose that f is exact transitive. Let U and V be nonempty open
subsets of Y. Then, h~1(U) and h=!(V) are nonempty open subsets of X.
By hypothesis, U, (f*(h=2(U)) N fF(h=1(V))) is dense in X. Since h is a
homeomorphism, we have that h((Jy—, (f*(h=1(U)) N f*(h=1(V)))) is dense
inY. Also:

(U (fF M U) N fE(h )))) = JnrFep @) n F et V)
b1 k=1

- Ut @) ngt(v)).

k=1

Therefore, g is exact transitive.

Suppose that f is strongly exact transitive. Let U and V' be nonempty
open subsets of Y. Hence, h~1(U) and h~!(V) are nonempty open subsets
of X. By hypothesis, Jp—, (f*(h=1(U)) N fE¥(h=1(V))) = X. It follows that
h(UpZy (FH 1)) N fE (V) = Y. Finally, U2, (6" (U)Ng* (V) =Y
Therefore, g is strongly exact transitive.

Suppose that f is strongly product transitive. Then, f** is AAN strongly
transitive for all k € Z,.. On the other hand, by Theorem ??, f** and g** are
topologically conjugate via h*%. Finally, by the third paragraph of the proof
of this theorem, g** is AAN strongly transitive for each k € Z,. Therefore,
g is strongly product transitive.

By Remark ??, part (1), we have the converse. ]
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We conclude this section establishing that the functions ([]/~, f;)** and
I, fiXk are topologically conjugate.

THEOREM 3.8. For each i € {1,...,m}, let (X;, f;) be a dynamical sys-
tem, let k € N, and let h : ([]", Xi)*F — T2, XF be a function given
by:

W@y, zg) o (@, 2n)) = (@, 7)) (s 7).

Then h is a homeomorphism.

PROOF. It is not difficult to prove that h is a bijective function. We shall
show that h is a continuos and open function. Let i/ be an open subset of
[T, X% and let X € h='(U). It follows that, for each i € {1,...,m} and

for all j € {1,...,k}, there exists a nonempty open subset U} of X; such
that A(X) € I ([15_, U7) C U, that is, ¥ € h~! (H;L (Hj’:1 Uf)) c

h=1(U). Even more, since h~! (szl (H§:1 UZJ)) = H;?:l (H:’;l Uij), we
have that h=1(U) is an open subset of ([];~, X;)*¥. Therefore, h is continu-
ous.

Now, let U be an open subset of ([[\~, X;)** and let X € h(U). Then,
for each j € {1,...,k} and for all i € {1,...,m}, there exists a nonempty

open subset U/ of X; such that h=!(X) e Hle (HZL Uj) C U. Even
more, since h(H?ﬂ(HTﬂ Ul)) = H;11(H?:1 U?7), we conclude that X ¢

H;.zl(]_[f:l Uf) C h(U). Therefore, h is open and thus, h is a homeomor-
phism. 0

As a consequence of Theorem 77, we have:

THEOREM 3.9. For each i € {1,...,m}, let (X;, f;) be a dynamical sys-
tem, let k € N, and let h = ([[I") X;)*% — [In, X% be the same as in
Theorem ??. Then ([[, fi)** is topologically conjugate to [[/~, f;** via the
homeomorphism h.

By Remark ??, part (1), and theorems ?? and 77, we immediately obtain
the following theorem.

THEOREM 3.10. For each i € {1,...,m}, let (X, fi) be a dynamical
system, let k € N, and let M be one of the following classes of functions:
AAN exact, fully exact, AAN strongly transitive, very strongly transitive, ex-
act transitive, strongly exact transitive or strongly product transitive. Then
(T1%, £k € M if and only if T, £7% € M.

4. DYNAMIC PROPERTIES OF PRODUCT FUNCTIONS

In this section, we study the relationships that exist between the functions
[T, fi and f;, for each i € {1,...,m}, when any of them is AAN exact,
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fully exact, AAN strongly transitive, very strongly transitive, exact transitive,
strongly exact transitive or strongly product transitive.

THEOREM 4.1. For each i € {1,...,m}, let (X, fi) be a dynamical sys-
tem. Then, for each i € {1,...,m}, f; is AAN exact if and only if [[;~, fi is
AAN ezxact.

PROOF. Suppose that [];", f; is AAN exact. Let ig € {1,...,m} and let
Ui, and V;, be nonempty open subsets of X;,. For each i € {1,...,m}\{io},
let U; = X; and V; = X;. Then U = [[[2,U; and V = [[;~, Vi are
nonempty open subsets of [[/~, X;. By hypothesis, there exists k € N
such that (TT7, fi)*@) N (TT7%, f)F(V) # 0, that is to say, ([[;~, fX(U;)) N
(IT~, fF(Vi)) # 0. Therefore, f{g(UiO) N Z-’f)(ViO) # 0 and thus, f;, is AAN
exact.

Now, suppose that for all i € {1,...,m}, f; is AAN exact. Let Q; and Qs
be nonempty open subsets of [[/~, X;. Then, for each i € {1,...,m}, there
exist nonempty open subsets U; and V; of X; such that U = HZZI U; C Qq and
V =TI, Vi C Qs. By hypothesis, for each i € {1,...,m}, there exists k; € N
such that f7 (U;)N fF (Vi) # 0. Let k = max{ky, ..., kmn}. It follows that, for
each i € {1,...,m}, there exists [, € NU {0} such that k = k; + [; and thus,
FEU)NFEWV) = FE () 0 fF (V) # 0. In consequence, ([T, £F(U;))N
(TT~, fF(V2)) # 0. Finally, (TT7%, f)k@) n (IT" f:)*(V) # 0. Therefore,
(TT, £)RQ) N (T £i)k(Q22) # 0 and thus, [, fi is AAN exact. 0

THEOREM 4.2. For each i € {1,...,m}, let (X, fi) be a dynamical sys-
tem, and let M be one of the following classes of functions: fully exact, AAN
strongly transitive, very strongly transitive, exact transitive, strongly ezract
transitive or strongly product transitive. If [[\~, fi € M, then, for each
ie{l,...,m}, fi e M.

PROOF. Let ig € {1,...,m}, let U;, and V;, be nonempty open subsets
of X;,, and for each i € {1,...,m}\{io}, let U; = X; and V; = X,. It follows
that, Y = []", U; and V =[], V; are nonempty open subsets of [, X;.

Suppose that []:", f; is fully exact. This implies that, there exists n € N
such that int(([T/~, f:)* @) N (TT%, f)*(V)) # 0. Then

int ((ﬁ fﬁ‘(m)) N (ﬁ ff(%))) # 0.

In consequence, ([T, int (fF(U;))) N (ITi%; int (f£(Vi))) # 0 and thus, we
obtain that int(f (Us,) N i (Vi,)) # 0. Therefore, f;, is fully exact.
Suppose that []", f; is AAN strongly transitive. Then, we have that
Uney (TT2, f)kFW) =TT~ X;. Let z;, € X;,, and for alli € {1,...,m}\{io},
let z; € X;. If follows that, ¢ = (z1,...,2,,) € [[/~, X;. Consequently, there
exists ki, € N such that ¢ € ([[[~, fi)¥o (U), that is, ¢ € [[i~, fin(Ui).
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Therefore, x;, € fi”)(Uin) C Uiz, fE(U;,) and thus, f;, is AAN strongly
transitive.

The proof for very strongly transitivity is similar to that given for AAN
strongly transitivity.

Suppose that [~ fi is exact transitive. Then, (Jpo; (([Ti~, )" ) n
(I, £)F (V) is dense in [T~, X;. Let W;, be a nonempty open subset
of X;, and for each i € {1,...,m}\{io}, let W; = X,. It follows that,
W = [[;~, W; is a nonempty open subset of [/~ X;. Consequently, there
exists k;, € N such that ((T]~, £)Fo ) n (I, fi)Fo (V) N W # 0, that
is, (TT~, kaIO(UZ) NnIle, flklo(VZ)) NW # (). In consequence, (flk’o(Ul )N
filzio (Viy)) N Wi, # 0. Therefore, |Ji—, ( i(UiO) N iko(Vio)) is dense in X;, and
thus, f;, is exact transitive.

Suppose that []/", f; is strongly exact transitive. Then,

m

oo k m k m
U ( ﬂ-) <u>m<Hfi> VIESIRS
k=1 i=1 =1 =1

Let z;, € Xj,, and for each i € {1,...,m}\{io}, let x; € X;. Thus, there
exists k;, € N such that ¢ = (z1,...,2m) € ([[1~; fi)¥o U)N (T, fi)ko (V),
that is, p € ([[i~, fikio(Ui))ﬂ(H;il £ (V7). Consequently, z;, € filzio(UiO)ﬂ
fi’%(ViO). Therefore, [ Jpo; ( i(Uio)ﬁ Z?'f)(ViO)) = X, and thus, f;, is strongly
exact transitive.

Suppose that []/~, fi is strongly product transitive. Then, ([T, fi)**
is AAN strongly transitive, for all £k € Z,. By Theorem ??, we have that
17, £* is AAN strongly transitive. Finally, by the second paragraph of the
proof of this theorem, we have that fiﬁk is AAN strongly transitive for all
k € Zy. Therefore, f;, is strongly product transitive. 0

For each i € {1,...,m}, let (X;, f;) be a dynamical system where X is
+invariant over open subsets under f;. Rojas et al. [?, Theorem 4.10] prove
that: if for alli € {1,...,m}, f; is transitive, weakly mixing, totally transitive,
chaotic, orbit-transitive, strictly orbit-transitive, w-transitive, 774 1, Touhey,
scattering, an F-system or mild mixing, then [];", f; has the same property.
In theorems 7?7, ?? and 77, we present an alternative form of [?, Theorem 4.10]
when M is one of the following classes of functions: transitive, weakly mixing,
totally transitive, chaotic, 77T, Touhey or an F-system. Specifically, we
replace condition “for all 4 € {1,...,m}, X; is +invariant over open subsets
under f; and f; € M” by “for all i € {1,...,m}\{io}, f; is mixing, and f;,
is surjective, continuous and transitive (respectively, weakly mixing, totally
transitive or 7T +)” (Theorem ??), “for all i € {1,...,m}\{io}, fi is mixing
and Per(f;) is dense in X, and f;, is surjective, continuous and chaotic
(respectively, an F-system)” (Theorem ??) and “for all i € {1,...,m}\{io},
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fi is continuous and mixing, and Per(f;) is dense in X;, and f;, surjective,
continuous and Touhey” (Theorem ??). Furthermore, we explore the following
classes of functions: AAN exact, fully exact, AAN strongly transitive, very
strongly transitive, exact transitive, strongly exact transitive and strongly
product transitive and we obtain results that are analogous to those presented
in [?, Theorem 4.10].

REMARK 4.3. (Compare with [?, Remark 4.9]) Let (X, f) be a dynamical
system. Observe that, if X is +invariant over open subsets under f, then f
cannot be AAN strongly transitive, very strongly transitive, strongly exact
transitive or strongly product transitive unless X has the trivial topology.

THEOREM 4.4. For each i € {1,...,m}, let (X, fi) be a dynamical sys-
tem, let ig € {1,...,m}, for alli € {1,...,m}\{io}, let f; be exact, and let
fio be surjective. If fi, is AAN strongly transitive, strongly transitive, very
strongly transitive, strongly exact transitive or strongly product transitive, then
[T%, fi is AAN strongly transitive, strongly transitive, very strongly transi-
tive, strongly exact transitive or strongly product transitive, respectively.

PROOF. Suppose that f;, is AAN strongly transitive. Let 2 be a nonempty
open subset of [T"; X;. Then, for eachi € {1,...,m}, there exists a nonempty
open subset U; of X; such that U = HZL U, C Q. Since for each ¢ €
{1,...,m}\{io}, fi is exact, there exists N; € N such that f/(U;) = X,
for all I > N;. By hypothesis, Uy~ £ (Ui,) = X4y. Let N = max{N; :i €
{1,...,mN\{io}}. Then, U2, fA*(Us,) = Xi. Finally, if (21,...,2m) €

io
[T, X;, there exists k;, € N such that z;, € f-N+k""°(Uio), and for all ¢ €

0
{L...,mP\io}, @ € f 7VO(U:). Then, (w1,...,2m) € [[1y £ 0 (U),

that is, (z1,...,2m) € ([T, fi) N o U) C Upe, (IT/~, fi)¥(2). Therefore,
[T, fi is AAN strongly transitive.

The proof for very strongly transitivity and strongly transitivity is similar
to that given for AAN strongly transitivity.

Suppose that f;, is strongly exact transitive. Let ©; and €3 be nonempty
open subsets of []"; X;. For all i € {1,...,m}, there exist nonempty
open subsets U; and V; of X; such that U = H:’;l U, € Q1 and V =
[T2, Vi € Q. Since for each i € {1,....,m}\{io}, f; is exact, we have
that there exist N}, N2 € N such that ff(U;) = X; and f2(V;) = X; for
all ky > N} and ko > N?. By hypothesis, Up—, (fF (Us,) 0 fE (Vi) = Xiy.
Let N = max{N},N? : i € {1,...,m}\{io}}. Note that ;" (f *(U;,) N
fNYRWVi)) = Xip. Let (21,...,2,) € [[[%; Xi. Then, there exists k;, € N

20
such that z;, € fo' "0 (Us,) N £ 7" (V;,). On the other hand, for each i €

0 0
(1, mN\{io}, 2 € £V U)N N0 (V). In consequence, (21, ..., am) €
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| fiN—Hci“( U) NIz, fN+k”’( V;), that is to say,

m Nk, m Nk,
(1, 2m) € (Hﬂ) u)n (H fi> V).
=1 i=1

This implies that

(xlv"'7xm) S U (H.fz) 1)m (Hfz) (QQ

Therefore, [[~, f; is strongly exact transitive.

Suppose that f;, is strongly product transitive. Then, flik is AAN
strongly transitive for all k¥ € Z;. Also, by [?, Theorem 4.3], for each
ie{l,....,mN\{io}, fiXk is exact. By the first paragraph of the proof of
this theorem, we have that [[;~, f,iXk is AAN strongly transitive for every
k € Z. Finally, by Theorem ??, (T[;~, f;)** is AAN strongly transitive for
all k € Z,. Therefore, [/, fi is strongly product transitive. 0

THEOREM 4.5. For each i € {1,...,m}, let (X;, f;) be a dynamical sys-
tem, let igp € {1,...,m}, let fi, be continuous and exact transitive, and for
each i € {1,....,m}\{io} let f; be exact. Then [[;~, fi is ezact transitive.

PROOF. Let Q; and Qs be nonempty open subsets of [];~, X;. Then,
for each i € {1,...,m}, there exist nonempty open subsets U; and V; of X;
such that 4 = [[",U; € @ and V = [[I2, V; C Q. Since for every i €
{1,...,m}\{io}, fi is exact, there exist N}, N? € N such that f* (U;) = X;,
for each k; > N} and fF2(V;) = X;, for every kg > N?. On the other hand,
since f;, is exact transitive, Uy (fF (Ui, )N fE (Vi,)) is dense in X, Let N =

0"
max{N}, N? : i € {1,. m}\{zo}} Since f¥ is continuous, we have that
Use (f NH“( Ui,) N ff;”rk(Vio)) is dense in X; . Let Q3 be a nonempty open
subset of []", X;. Then, for each i € {1,...,m}, there exists a nonempty

open subset W; of X; such that W = [[;~, W; C Q3. In consequence, there
exist k;, € N and z;, € X, such that z;, € fN+k'°( Ui,) N fN+k'°( Vie) N
W;,. On the other hand, for all i € {1,...,m}\{io}, fiNHc'o (U;) = X; and
fN+ "o (V) = X;. Finally, for all i € {1 . mP\{io}, let z; € Wi. Notice
that (z1,...,2m) € ([T, £ 50 U;)) N (Hz LR (1), that s to say,

m o\ Nthig m N\ Ntkig
(21,...,2m) € (Hf) ©)n (H f,-) W) | nw
:n N+tkig _m N+tkig
- (H fi) Q)N (Hﬁ) (Q2) | N Q.
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Therefore, [y~ (ITZ, fi)* (1) N (ITZ, fi)*(Q2)) is dense in [T, X;
and thus, [, f; is exact transitive. O

THEOREM 4.6. For each i € {1,...,m}, let (X;, f;) be a dynamical sys-
tem, let ig € {1,...,m}, let f;, be surjective and continuous, and for each
i€ {1,....m}\{io}, let f; be mizing. If fi, is transitive, weakly mizing, to-
tally transitive or TT4y, then [[;~, fi is transitive, weakly mizing, totally
transitive or TTy 1, respectively.

PROOF. Suppose that f;, is transitive. Let €2; and {22 be nonempty open
subsets of [[/~, X;. For each i € {1,...,m}, there exist nonempty open sub-
sets U; and V; of X; such that o = [[",U; € Qy and V = [[]~, Vi C Q.
Since for all ¢ € {1,...,m}\{io}, f; is mixing, there exists N; € N such that
fEU)NV; #£0, for all k > N;. Let N = max{N; :i € {1,..., m}\{io}}. It is
clear that fzjg[ is surjective and continuous and thus, we have that fi;N(ViO) is
a nonempty open subset of X;,. By hypothesis, there exists [ € N such that

1 (Uig) 0 [N (Vi) # 0. Hence, f(f1,(Uig) N fi,™ (Vi) = fiy "' (Uip) N
Viy # 0. On the other hand, for each i € {1,...,m}\{io}, fN™'(U;) N
Vi # 0. Consequently, there exists (z1,...,2,) € ([[In, fATU))NY =
((TT%, )N U)) NV and thus, ((TT~, fi)V Q1)) N Qo # 0. Therefore,
[T, fi is transitive.

Suppose that f;, is weakly mixing. Let 1,Q9,2; and Xy be nonempty
open subsets of [/, X;. Then, for all i € {1,...,m}, there exists nonempty
open subsets UZ-I,UZ-Q,VZ-1 and Vf of X; such that U; = H:’;l Ui1 C O, Uy =
[T, U2 C Qo Vi =L,V € 2 and Vo = [[[%, V2 C %y Since for
each i € {1,...,m}\{io}, f; is mixing, there exists N}, N? € N such that
FBUH NV # 0 and fP2(U2)NV2 # 0, for all k; > N} and ky > N?2.
Let N = max{N},N? : i € {1,...,m}\{io}}. Since f is surjective and
continuous, we have that f; "V (V;!) and f; " (V;?) are nonempty open subsets
of X;,. By hypothesis, there exists | € N such that f! (UL)Nf;, N (Vil) # 0 and

L(U2)nf N (V2) # 0. This implies that £ /(UL )NV;E # @ and £Y(U2)N
V2 # 0. On the other hand, for each i € {1,...,m}\{ip}, AU n
Vil # 0 and fNTHU?) N V2 # 0. Consequently, there exist (z1,...,%,,) €
(IT%, fONT W) N vy and (yi,- ..y ym) € (TT%, fi)N T (U2) N V2 and thus,
(Hznzl fi)NJrl(Ql)mEl 7é @and (H?il f,-)NH(QQ)ﬂEg 7é (Z) Therefore, H:il fz
is weakly mixing.

Suppose that f;, is totally transitive. Let s € N, and let {2; and Q9 be
nonempty open subsets of []", X;. Then, for each i € {1,...,m}, there
exist nonempty open subsets U; and V; of X; such that U = Hzn:l U; C
O and V = [, Vi € Q. Since for all i € {1,...,m}\{io}, f; is mix-
ing, there exists N; € N such that fF(U;) N'V; # 0, for each k > N;.
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Let N = max{N; : i € {1,...,m}\{io}}. It is clear that f5N is sur-
jective and continuous and thus, fiESN (Vi,) is a nonempty open subset of
Xi,- By hypothesis, since f; is transitive, there exists [ € N such that
(fij)l(UiO)ﬂfi;SN(Wo) # (). Consequently, ffONHl(UiO)ﬂV;O # (). On the other
hand, for all i € {1,...,m}\{io}, V! (U;)NV; # 0. This implies that, there
exists (21, ., wm) € ([T1y £V U)) N (T, Vi) = (T2, £ @0y
and thus, (([T/~, f)$)N T @U)NVY # 0. Finally, (([Ti~, fi)5)N¥ Q1) N2 # 0.
Therefore, ([T}, fi)” is transitive and thus, [}, f; is totally transitive.
Suppose that f;, is 7Ty 4. Let ©; and 23 be nonempty open subsets of
[T72, X;. Then, for all i € {1,...,m}, there exist nonempty open subsets U;
and V; of X; such that U = [\, U; C Qq and V =[]}~ Vi € Q5. Since for all
i€{l,...,m}\{io}, fi is mixing, there exists N; € N such that f*(U;) NV, #
(), for all k > N;. Let N = max{N; : i € {1,...,m\{io}}. Notice that f;,
is surjective and continuous and thus, fi;N (Vi,) is a nonempty open subset
of Xj,. Furthermore, since f;, is 77", we have that ny, (Us,, figN(ViO)) is
infinite. Let [ € nfio(UiO,fi;N(V;O)). Then, f (Ui,) N fi:N(Vio) # (). Conse-
quently, fi];’Jrl(Ui()) NV;, # 0. On the other hand, for all i € {1,...,m}\{io},
FNTNU) N Vi # 0. By the above, ([T, f)NTHU) NV # 0 and thus,
N +1 € nppr, £,(€1,92). Finally, since nfio(UiU,fi;N(Vi())) is infinite, we
have that nppe  r (1,9Q2) is infinite. Therefore, ;" fi is TTy . 0

As a consequence of [?, Theorem 3.15] and Theorem ??, we have:

THEOREM 4.7. For each i € {1,...,m}, let (X;, f;) be a dynamical sys-
tem, let ig € {1,...,m}, let f;, be surjective and continuous, and for each
i€ {1,...,mN\{io}, let f; be mizing and Per(f;) is dense in X;. If f; is
chaotic or an F-system, then [\, f; is chaotic or an F-system, respectively.

THEOREM 4.8. For each i € {1,...,m}, let (X;, f;) be a dynamical sys-
tem, let ig € {1,...,m}, let fi, be surjective, continuous and Touhey, and
foreach i € {1,... ,m}\{io}, let f; be continuous and mizing and Per(f;) is
dense in X;. Then [[\", f; is Touhey.

PRrROOF. Let ; and 5 be nonempty open subsets of H:il X;. Then,
for all i € {1,...,m}, there exist nonempty open subsets U; and V; of X;
such that U = [[2,U; € @ and V = [[;~, Vi € Q. Since for every i €
{1,...,m}\{io}, fi is mixing, there exists N; € N such that f¥(U;) NV, # 0,
for all k > N;. Let N = max{N; : i € {1,...,m}\{io}}. Notice that f2
is surjective and continuous and thus, fi;N (Vi,) is a nonempty open subset
of X;,. By hypothesis, there exist a periodic point z;, € U;, and k;, € Z4
such that f(z;) € fio¥(Vi,). It follows that, f, """ (z;,) € Viy. On the

0

other hand, for each i € {1,...,m}\{io}, fiNJrkio (U;) N V; # 0. Consequently,
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for each i € {1,...,m}\{io}, U; N f; (V;) is a nonempty open subset
of X;. Even more, since for all i € {1,...,m}\{io}, Per(f;) is dense in X;,
we have that there exists z; € U; N fi_(N+ki°)(I/i) such that z; € Per(f;).
Finally, (z1,...,2m) € Qu, ([TZ, fi) Vo ((z1,...,2m)) €V C Qo and by [?,
Theorem 3.3, part (4), (z1,...,xn) is a periodic point of [}, f;. Therefore,
[T, f; is Touhey. O

5. INDUCED FUNCTIONS TO n-FOLD SYMMETRIC PRODUCTS OF PRODUCT
SPACES

Hyperspace theory started about 1900, with the work of F. Hausdorff
[?] and L. Vietoris [?]. Nowadays hyperspaces are widely studied, mainly in
continuum theory [?, 7, ?].

Given a topological space (X,7) and a positive integer n, we define the
n-fold symmetric product of X by:

Fo(X)={ACX : A#0 and A has at most n elements}.

This hyperspace is considered with the Vietoris topology [?]. Next we describe
this topology.

Let (X, 7) be a topological space. Given a finite collection of nonempty
subsets Uy, ..., Uy of X, we denote by (Ux,...,Uy) the subset of F,, (X):

k
{AG]:”(X) : AgUUi and ANU; #0, for each ie{l,...,k}}.
i=1
The family:
B={{U,...,Uy) | U, €T, foreach i€ {l,...,k}and k € N}

forms a basis for a topology on F,,(X) which is denoted by 7 and called the
Vietoris topology.

Let n be a positive integer and let X be a topological space. If f : X — X
is a function, we consider the function F,,(f) : Fp,(X) — F,(X) defined by
Fu(f)(A) = f(A), for all A € F,(X); it is called the induced map of f on the
n-fold symmetric product of X.

In addition, if n is an integer greater than or equal to two, we define the
n-fold symmetric product suspension of X, SF,(X), as the quotient space
Fn(X),/F1(X), and the induced map SF,(f) : SFp(X) = SF(X).

In this section we study relationships between the functions F,, ([T}~ fi),
Fo(fi) and f;, for all i« € {1,...,m}, when any of them is AAN exact,
fully exact, AAN strongly transitive, very strongly transitive, exact transi-
tive, strongly exact transitive or strongly product transitive.

Let X be a continuum (nonempty compact connected metric space), let f :
X — X be a continuous function, and let M be one of the following classes of
functions: fully exact, AAN strongly transitive, very strongly transitive, exact
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transitive, strongly exact transitive or strongly product transitive. Barragan
et al. [?] analyzed the relationships between the following statements: (1)
feMand (2) F,(f) € M, via the function SF,(f).

THEOREM 5.1. Let (X, f) be a dynamical system, let n € N, and let M be
one of the following classes of functions: fully exact, AAN strongly transitive,
very strongly transitive, exact transitive, strongly exvact transitive or strongly

product transitive. If F,(f) € M, then f € M.

PROOF. Suppose that F,(f) is fully exact, and let U and V' be nonempty
open subsets of X. Then, (U) and (V) are nonempty open subsets of F,, (X).
By hypothesis, there exists & € N such that:

nt((Fu () (U) N (Fal))(V))) # 0.

Hence, there exists a nonempty open subset U of F,(X) such that U C
(Ful AU N (Ful£)*((V)). By [?, Theorem 3.2], JU is a nonempty
open subset of X. Let € |JU. Then, there exists B € U such that
x € B. This implies that, there exist C; € (U) and Cy € (V) such that
(Fn(f)E(C1) = B and (F.(f))*(C2) = B. Consequently, = € f*(U)N f*(V),
that is, U C f*(U) N fE(V). Therefore, int(f*(U) N f*(V)) # 0 and thus,
f is fully exact.

Suppose that F,,(f) is AAN strongly transitive, and let U be a nonempty
open subset of X. Then, (U) is a nonempty open subset of F,(X). By
hypothesis, Up—; (Fn(f))*((U)) = Fn(X). Let x € X. Hence, there exists
k1 € N such that {z} € (F,(f))**((U)). This implies that = € f*1 (U).
Therefore, z € (Jp—; f¥(U) and thus, f is AAN strongly transitive.

The proof for very strongly transitivity is similar to that given for AAN
strongly transitivity.

Suppose that F,(f) is exact transitive, and let U and V' be nonempty
open subsets of X. Then (U) and (V') are nonempty open subsets of F,,(X).
By hypothesis, Ur—; (F. () (U)) N (Fa(f))¥((V))) is dense in F,(X). Let
W be a nonempty open subset of X. Since (W) is a nonempty open subset of
Fn(X), we have that A = (UpZ, (Fu ()" (U) N (Fa ()" (V) N (W) # 0.
Let A € A. Then, there exist k1 € N, C; € (U) and Cy € (V) such that
(Fulf))*1(C1) = A and (F,,(f))*(Cq) = A, that is to say, f*1(Cy) = A and
fF1(Cy) = A. Finally, for all a € A, we have that a € (f*(U)N fA(V))NnW.
This implies that (Up—, (f*(U) N f¥(V)))NW # 0. Therefore, Jy—, (f*(U)N
fE(V)) is dense in X and thus, f is exact transitive.

Suppose that F,(f) is strongly exact transitive, and let U and V be
nonempty open subsets of X. Then (U) and (V) are nonempty open subsets
of F(X). By hypothesis, ;2 (Fu(f)*((U)) N (Fa(f)*((V))) = Fu(X).
Let z € X. Since {z} € F,(X), there exists k; € N such that {z} €
(Fu (B (UY) N (Fn(f))* ((V)). This implies that there exist C; € (U) and
Cy € (V) such that (F,(f))*(C1) = {z} and (F.(f))*(C2) = {z}. Hence,
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¥ (C1) = {z} and f*¥1(Cy) = {z}. In consequence, = € f¥(U) N fF (V).
Finally, z € Up—,(f*(U) N f*(V)). Therefore, r—, (f*(U) N f*(V)) = X
and thus, f is strongly exact transitive.

Suppose that F,(f) is strongly product transitive, and let k € Z... Let Q
be a nonempty open subset of X **. Then, there exist nonempty open subsets
Ui,...,U; of X such that U = Hle U; € Q. Note that (Uy) x --- x (Ug)
is a nonempty open subset of (F,,(X))**. Since (F,(f))** is AAN strongly
transitive, we have that (J22, ((F,(f))**)*((Ur) x -+ x (Ux)) = (Fn(X))*E.
Let (z1,...,2,) € XXk Tt follows that there exists s; € N such that
({z1}, ... {xr}) € (Fu(f)*F)*1 ((UL) x -+ x {(Uy)). Consequently, there ex-
ists (A1,...,Ag) € (U1) x --- x (Ug) such that ((F,.(f))*F)* (Ay,..., A) =
({z1}, ..., {xr}), that is, (F(f)*)**(AL,..., Ax) = {21},...,{zx}). In
consequence, for each i € {1,...,k}, f*1(4;) = {z;}, and thus, there ex-
ists a; € A; such that f%'(a;) = z;. Even more, since (a1,...,a;) € U, we
have that (x1,...,2) € (f)kU) = (f**¥)1U). Then, (z1,...,71) €
U2, (f*F)*@) and thus, o, (f**)*(U) = X**. Finally, f** is AAN
strongly transitive. Therefore, f is strongly product transitive. 0

Also, in [?, Theorem 4.6], Barragdn et al. proved that: f is AAN exact
if and only if F,(f) is AAN exact, for continuums and continuous function.
Actually, this result continue to hold true for topological spaces and not nec-
essarily continuous functions. The proof of Theorem ?7? is similar to that
given in [?, Theorem 4.6].

THEOREM 5.2. Let (X, f) be a dynamical system, and let n € N. Then
Fu(f) is AAN exact if and only if f is AAN exact.

Now, let us consider the function F,, ([T, fi)-

REMARK 5.3. Foreachi € {1,...,m}, let (X;, f;) be a dynamical system,
and let k£ € N. It is not difficult to prove that the kth iteration of the induced
function F,, (T}~ f;) is equal to the induced function of the product function
[T fF. That is, [Fu(TT72 f0))* = Fa(TT2, )

THEOREM 5.4. For each i € {1,...,m}, let (X;, f;) be a dynamical sys-
tem, and let n € N. Then the following hold:

1. Fo(IT:%, fi) is AAN ezact if and only if, for each i € {1,...,m},

Fnl(fi) is AAN ezact.
2. Fo(IT%, fi) is AAN exact if and only if, for eachi € {1,...,m}, f; is
AAN ezact.

PROOF. Suppose that F,([];~, fi) is AAN exact. Let ip € {1,...,m},
and let U and V be nonempty open subsets of F,,(X;,). By [?, Lemma 4.2],
there exist nonempty open subsets U ..., U, V;,..., V" of X;, such that
(UL,...,U) CU and (Vi,...,V") C V. Forallie {1,...,m}\{io} and

every j € {1,...,n}, let U} X; and Vij = X;. Notice that for each
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jed{l...,n}, Uj = [, U7 and Vi =1Ii%, V7 are nonempty open sub-

sets of [[i", X;. Then, (U{,...,U.) and (V{,..., V) are nonempty open

subsets of F,([]/~; X;). By hypothesis, there exists k& € N such that W =

(Fo (T2 £i))* (UL, - U O (Fu (T2 £i))* (V- Vi) # 0. Let X =

{(z},...,2L): 1€ {1,...,p}withp < n} € W. Thus, there exist
A={(a}',...;a}):r1 € {1,...,p1} withp; <n} e (Uj,...,U,)

and

B={(b}2,...,012) :rg € {1,...,p2} withps < n} € (V{,..., V)

r'n

such that (F, (TTi~, fl)) (A) =X and (F, ([T~ fi))k (B) = X, that is,

{(ff(ar)s o fr(am)) s € {1, opi} withpy <} = X
and

{(FPOP), - fm(B12) s 72 € {1, po} withpy < n} = X.
Then, {ff(al),..., fE(a 1)}*{:1:110,..., ol Vand {fF(bL),. ... fE(OP?)} =
{x}o,..., Z0} that is to say, (Fn(fi,))" ({am,...,afo1 ) = {xlo,..., Z0} and
(Fa(fi)F({bh, . 002} = {=f ..., 10} On the other hand, by [?, Lemma
5.2], for each i € {1,...,m}, {a},...,a*} € (U},...,U") and {b},...,bl*} €
(V... vn). Finally7 we have that:

{2} € (Falfi))* (Ui UL 0 (Falfi)) (Vigs -5 Vil))-

Therefore, (F,,(fi,))*(U)N(Fn(fig))E(V ) # () and thus, F,,(f;,) is AAN exact.
Suppose that for each i € {1,...,m}, F,(f;) is AAN exact. Then, by
Theorem ?7?, for alli € {1,...,m}, f; is AAN exact and thus, by Theorem ?7?,
[T, fi is AAN exact. Finally, by Theorem ??, we obtain that F,([]\~, f;)
is AAN exact.
The other implications follows from theorems 77 and 77. 0

LEMMA 5.5. For each i € {1,...,m}, let (X, fi) be a dynamical system,
let I,n,k € N such that | < n, for each i € {1,...,m}, let U}_,...,Ui” be
nonempty open subsets of X;, and for each j € {1,...,1}, let (x],...,21) €

Hz";1 Xi- ]f

{(x{,...,xgn);j6{1,...,1}}e(fn<f[1f,->> (<ﬁlU . “U">)

then, for eachi € {1,...,m}, {z},... 2t} € (F.(fi)* (U} um).
Proor. Let F = (F, ([[i%, fl))k (IT~, U}, .. ‘7H211 Ui”>). Suppose
that X = {(x],...,2,) :j € {1...,1}} € F. Then, there exists

A={(aj,...,a}):s€{l,...,p}withp <n} € <HU},...,HUZ<">
i=1

i=1
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such that (F, (IT\~, FNF(A) = X Tt follows that {(fF(a3),..., fr(a2))
s € {l,...,p}withp < n} = X. In consequence, for each i € {1,...,m},

{fE@al), ..., fF@?)} = {z},... 2!} and thus,
(Falf)*(ai, ... af}) = {=i,...,al}.

Even more, by [?, Lemma 5.2], for each i € {1,...,m}, {a},...,al} €
(UL, ...,U"). Therefore, {x},...,2t} € (F.(fi)*(U},...,UM)), for every
ie{l,...,m}. 0

THEOREM 5.6. For each i € {1,...,m}, let (X;, f;) be a dynamical sys-
tem, let n € N, and let M be one of the following classes of functions: AAN
strongly transitive, very strongly transitive, exact transitive or strongly eract
transitive. If Fo([12, fi) € M, then for each i € {1,...,m}, F,(fi) € M.

PROOF. Let ig € {1,...,m}, and let & and V be nonempty open sub-
sets of F,(X;,). By [?, Lemma 4.2] there exist nonempty open subsets

UL, U Vik .. Vit of X, such that Ty = (UL,...,U") CU and T3 =
(Vi VY C V. Now, for each i € {1,...,m}\{io} and all j € {1,...,n},

w00+ Vig .
let U} = X, and Vf = X;. Finally, for each j € {1,...,n}, let Uj = [[;Z, U/
and Vj = [[[2, V. Note that 71 = (Uj,...,Uy) and Fa = (V/,...,V}) are
nonempty open subsets of F, ([T, X;).

Suppose that F, ([];~, f;) is AAN strongly transitive. Then, we have that

Une (B (T, fi))k (F1) = Fu (IT7%1 Xi) - Let {z},..., 2L } € Fu(X,), for

all i € {1,...,m\{io} and every j € {1,...,1}, let z/ € X;, and for each
Jefl,... 0}, let @ = (2,...,2),). Note that {z},..., 27} € Fu([T\Z; Xi).
Then, there exists k1 € N such that {zf,...,z}} € (F, (I], fi))k1 (F1). By
Lemma ?7?, {z},...,2! } € (F.(fi,))" (T1). Hence:

Fa(Xig) = (Falfi )" W) € | (Falfi)) 1)
k=1

Therefore, F,,(X;,) = Upey (Fn(fio))*(U) and thus, F,(f;,) is AAN strongly
transitive.

The proof for very strongly transitivity is similar to that given for AAN
strongly transitivity.

Suppose that F,,([]~, fi) is exact transitive. Thus:

0 () o - )

is dense in F,, ([T}~ X;). Let W be a nonempty open subset of F,,(X;,). By [?,
Lemma 4.2], there exist nonempty open subsets Wl ..., W/ of X;, such that

107 "
(WL, ...,W) CW. Now, foralli € {1,...,m}\{io} and each j € {1,...,n},
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let W7 = X;. Notice that for each j € {1,...,n}, wi =TI, W/ is a

nonempty open subset of [T ; X; and thus, 3 = (W{,...,W}) is a nonempty

open subset of F,(I]/~; X;). Then, there exists k&; € N such that A =
m k1 m k

(o (TT2 £)™ (F2) 0 (F (T )" (F2)) N o # 0. Let (a4, 2h)

le{l,...,p}withp <n} € A By Lemma ?? and [?, Lemma 5.2], we have

that:

{zlys -0 28} € (Fulfio)™ (T) O (Fulfi)) (T2) 0 (Wi, W),
Finally, ((Fn(fio))* @) N (Falfin))* (V)) "W # 0 and thus,

(U (Falfi )" @) (‘Fn(fio))k(v))> NwW #0.
k=1
Therefore, Uy~ (Fn(fio))*U) N (Fu(fis))*(V)) is dense in F, (X;,) and thus,
Fn(fio) 1s exact transitive.

Suppose that F,,([];~, fi) is strongly exact transitive. Then,

O (7 ({12)) 20 (1) ) - ().

Let {x},...,al} € Fn(Xi,), for each i € {1,...,m}\{io} and all j €

»“¥ig
{1,...,n}, let 2/ € X,. It follows that {(«,...,22) : p € {1,...,l}} €

Fo(IT2, X;) and thus, there exists k; € N such that {(zf,...,22) : p €
{L.... 00} € (Fu(ITZy fi)™ (F) N (Fu(ITi2, £i))* (F2). Finally, by Lemma
27,

{zh, . 2l } € (Falfio))™ (T1) 0 (Falfio) (T2)

C U Fn(fi ) @) N (Falfio)) (V).
k=1
Therefore, U, (Fa(fi))FU) O (Falfia) *(V)) = Fu(Xy,) and thus,
Fn(fiy) is strongly exact transitive. 0

By theorems ?7 and 7?7, we have the following result.

THEOREM 5.7. For each i € {1,...,m}, let (X, fi) be a dynamical sys-
tem, letn € N, and let M be one of the following classes of functions: fully ez-
act, AAN strongly transitive, very strongly transitive, exact transitive, strongly
ezact transitive or strongly product transitive. If Fp([1i~, fi) € M, then, for
every i € {1,...,m}, fi € M.

We end this paper with the following questions.

PROBLEM 5.1. For each i € {1,...,m}, let (X, f;) be a dynamical sys-
tem, and let n € N.
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1. Let Fo([Ti%, fi) be fully exact. Is F,(f;) fully ezact for every i €
{1,...,m}?

2. Let Fo([Ti%, fi) be strongly product transitive. Is F,(f;) strongly prod-
uct transitive for every i € {1,...,m}?
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