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GENERATING FUNCTIONS AND
COMBINATORIAL IDENTITIES

Chu Wenchang, Dalian, China

Abstract. Computation of generating functions for renewal sequences is performed by means of the
multivariate Lagrange expansion formulae due to Good (1960), which yields the multifold analogue of
Carlitz’ mixed generating function. As applications, the natural transition is demonstrated from Euler’s
binomial theorem and the classical Vandermonde convolution formula to Abel identities and Hagen-
Rothe formulas, as well as their multifold analogues due to Mohanty & Handa (1969) and Carlitz (1977),
respectively.

For a complex parameter o and two complex functions A(x) and = B(x),
consider the sequence {C,()} defined by generating = function

A{x) B%*(x) = Z C,,(a

In combinatorial computations and special functions, it is often necessary to deter-
mine the mixed generating function of the sequence {C,(a+ bn)}. For this purpose,
Carlitz [2, 1977] found a very useful formula and pursued its application to spe-
cial functions. Recently, the author noticed that the famous Abel identities and the
Hagen-Rothe identities are equivalent, respectively, to Euler’s binomial theorem and
Vandermonde’s classical convolution formula when the mixed generating function of
Carlitz is assumed as precondition. This fact will be illustrated in the first section. As
natural generalization, the second and the third sections will deal with two kinds of
multifold analogues and their applications to combinatorial identities of multivariate
convolutions.

Denote by C and Ny, respectively, the sets of complex numbers and non-negative
integers, with the n-fold tensor products C* and N in which the linear ordering “<”
is induced from the usual one. For two vectors ¥ = (x1,x,-- ,x,) € C" and
m = (my,my,--- ,my,) € Nj, we formally define factorial product m‘ [Tee) !,
coordinate sum |%| = Y";_; x, multivariate-monomial ¥* = [],_ | X%, scalar prod-

n

uct (%) = Y y_, muxi, binomial product (}) = [];_, (;‘1’;), and multinomial
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coefficient (¥) = 2l (I x l)' These notation will be adopted, throughout the paper in
order to avoid unnecessary complicated expressions.

1. Generating Functions: Abel and Hagen-Rothe

The classical Lagrange inversion formula (cf.{7, 13]) is very useful for formal
power series calculus.

LEMMA 1.1. (The Lagrange inversion formula) Let @(x) be a formal power
series and @(0) # 0. If two indeterminates x and y are related by

y=x0(y) (1.12)

then f (y), a formal power series in y, can be expanded as a formal power series in

x as follows:
oo

fO)=r(0 Z Dy~ Hf ()9 () }y=o- (1.1b)

m=1

In particular, we have

'L = S ﬂ m c
T 0e0) ~ 2 mis Y 0 0heo (119

where D} = d™ /dy™ is the differential operator.

By means of this lemma, Carlitz (1977) estalished the following

THEOREM 1.2. (Carlitz [2]) Let A(x) and B(x) be formal power series satisfying
A(0) = B(0) = 1. For a complex parameter ¢, define the C-sequence by expansion

A(x) B*(x) = Z

m=0

Cn(at). (1.2a)

Then for two complex numbers a and b, we have the generating function for renewal
sequence {Cn(a + bm)},,:

_AOBD) N
[ byB)/BG) ~ 2 mi Cnlatbm): (120)

where x and y are two indeterminates related by
y=xB"(y). (1.2¢)

This formula plays the fundamental role in calculating the mixed generating
functions for renewal sequences. We take the Abel formulae and the Hagen-Rothe
identities as two examples to illustrate this fact.

PROPOSITION 1.3. (Binomial expansions {11, 13]) For two indeterminates x and
y related by

y=x(1+y)® (1.3a)
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there hold expansions

(L+y)™ o= (a+bm\
Ry _,,.2 ) (1.3b)
. e a a+bm\
(1+y) =Za+bm( - )z. (1.3c)
m=0

Proof. Put A(x) = 1 and B(x) = 1 + x in Theorem 1.2. Then the binomial
expansion

(14+x)% = g (Z) "

confirms Eq.(1.2a) and Eq.(1.2b) reduces to Eq.(1.3b) directly. Noticing that

1+y—by
1 a (] a” 77 %)
(1+y) (+y)l+y—by

(1+y)a+1 _bx(1+y)a+b
1+y-by 1+y-—by

in view of (1.3a), we may easily derive Eq.(1.3c) from Eq.(1.3b).

Applying the exponential law

(L) = (1+y)*x(1+y)
1 atc 1+ c
(1+y) (14 ) x (1+y)
1+y—-by I1+y—-by

to the expansions in Proposition 1.3, we get the Hagen-Rothe convolution formulas.
COROLLARY 1.4. (Hagen-Rothe identities [10, 13]) Let {,(k)} and {27](k)}
are two sequences defined by

(k) = (“ Zbk> a—:"ﬁ (1.4a)
oL (k) = (“*};b") (1.4b)

We have convolution identities
m
Horc(m) = )  Ho(k) e(m —k) (L4c)
k=0

m

Ay (m) =Y (k) o (m— k). (1.4d)
k=0
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Instead, put A(x) = 1 and B(x) = ¢€* in Theorem 1.2. Then the exponential

expansion
(o o]

eax - Z o o
m!
m=0
corresponds to Eq.(1.2a). Similarly, we can estabilish, by means of Theorem 1.2,
the mixed generating functions and convolution identities for the Abel coefficients.
PROPOSITION 1.5. (Exponential expansions [11, 13]) For two indeterminates x
and y related by

y=xée” (1.5a)
there hold the expansions
' _§n (ot omy
= " (1.5b)
1-by = m!
. (o)
. a (a+bm"
eV = Z X", (1.5¢)
1
~a+t bm m!
Recalling the exponential law
e(a+c)y = % x eV
elately - i
1—by 1—by

we obtain the Abel identities via power series expansion.
COROLLARY 1.6. (Abel formulas [10, 13]) Let {%,(k)} and {B.(k)} are two
sequences defined by

(a+bk)* a
= 2T 1.6
Ba(k) K a+ bk (1.62)
k
B (k) = (“—2?’-‘)— (1.6b)
We have convolution identities

Barc(m) =Y Ba(k) Be(m — k) (1.6c)

k=0
By o(m) = Bu(k) B(m— k). (1.6d)

k=0

2. Tensor Product Form: Carlitz

Now we use the multivariate Lagrange expansion formula due to Good (1960)
to investigate the tensor product versions of the results displayed in last section.
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LEMMA 2.1. (The multivariate Lagrange inversion formula [9]) Fork = 1,2,--- ,n,
let = @u(X) = @(x1,x2,- -+ ,Xn) be formal power series with @ (0) # 0. If two sets
{xi}i; and {y;}%, of indeterminates are related by

w=x0F),k=12,--- ,n (2.1a)
then F(y), a formal power series in {y;}, can be expanded as a formal power series
in {x;} as follows:

N X" i) oy (e i %e)
F(y)—mezmm!”y {F(y)fp (y)gg}l[& o) By ]}:zé- (2.1b)

As the main theorem of this paper, the tensor-product version of Carlitz’ formula
may be stated as follows.

THEOREM 2.2.  Let A(X) and By(X) be multivariate formal power series sats-
fying A(0) = Bi(0) = 1, (k = 1,2,--- ,n). For complex vector @, consider the
expansion

N\ B/ X" -
AR B E) = —Cal@). (2.2a)
MENE
Then for any complexvectora = (ay, a2, - - ,ay) and complexmatrixb = [by)1<ij<n)

independent on %, the generating function for renewal sequence {Ci(a + mb)} 5 is
given by

S Z Caa+ i) = ’i}(y) B&@z . (2.2b)
! det [8; — 42 log [Ti., B*(5)|
where {x;} and {y;} are related by
Ye = Xi HBfkj(y)’ k= 1,2,"‘ s 1. (22C)

=1
Proof. From Eq.(2.2a), it is trivial to have

> Zaarmn) = ¥ Zoplagss)

! m!
mEN? meNg

5=0
which can be reformulated as Eq.(2.2b) by means of Lemma 2.1 under replacement
~ - bii - .
(pl(y) - HBj](y)i 1:1’27"')’1
j=1

_ A() B*(3)
F) - .
det [5[1' - %‘3 log [Tz BZ"‘ (i)]

This completes the proof of the theorem.
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Denote by

bim:
() = det |8 — ———0 1 | 2.3
ca(m) e[J aj+EZ=lmkbkj:| 23)

We can recover, through this theorem, the multivariate generating functions and the
multiple convolution formulas due to Carlitz [1]

PROPOSITION 2.3. (Carlitz [1]) For two sets {x;} and {y;} of indeterminates
related by

n

Vi =X H(l+y,-)”"f, i=1,2,---,n (2.4a)
=1

there hold expansions

ITie (1+y )"* B a+mb\ .
ﬁ(l +yi)%* = Z ea(m) (a J;f’b) . (2.4¢)
k=1 mENT

Proof. Put A(x) = 1 and B;(X) = 1 + x; in Theorem 2.2. Then Eq.(2.2a) reads
as the tensor product of the classical binomial expansions

n

H(1+xk)°‘k='§m ( ) b

k=1

Rl

and Eq.(2.2b) becomes Eq.(2.4b) directly.
For o C [n] = {1,2,--- ,n}, let 8(0) = (—1)P, where p is the cardinality of
©. The matrix expansion

det | 5; — "y : 8(c) det |2 (2.52)
oCln) iveo |14 Yi
Yx
= 6(o) det [b 2.5b
oCZ[n] )' 60 co 1+ yx ( )
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may be used to manipulate the formal power series

i PR n ag
H(l‘f‘)’k)ak = det {6,-,-— biy: ] X [leey (14 2)

1 i bijyi
917 der[g; - l—g]

T (1 + ) D . ¥

Il
QD
o.
Q

X
o) det [by) [ | =«

oCn} k€O det [ ij — f—i%]
= a+t i S
= Y (o) det t byl > ( ) II TS 7

oCln] meNg KEo

in view of Eq.(2.4a) and Eq.(2.4b). Interchanging the summation order in the last
equation and using matrix expansion

am) = Y 0(0) det [by) [ ——*——— (26)

co I + Zk:l mMybix

we arrive at Eq.(2.4c).
O

Applying the exponential law to the expansions in proposition 2.3 leads us to
the multiple Hagen-Rothe convolutions due to Carlitz (1977)

COROLLARY 2.4. (Carlitz [1]) Let {%;(k)} and {%,(k)} are two sequences
defined by

®) = (*5) «® (272)
&/(F) = (E‘ *Ii{"b) (2.7b)
We have convolution identities
Care(fn) = Z Ga(k) Ce(m — k) (2.7¢)
0gkgm
Grielm) = Y G(k) G(m—k). (2.7d)
0<kgm

The Abelian analogues may be fulfilled similarly.
PROPOSITION 2.5. (Carlitz [1]) For two sets {x;} and {y;} of indeterminates
related by

¥i =x,~ez,~=, bijy.i, i=1,2,---,n (2.8a)

there hold expansions
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e(&v)—’) (a + ﬁ’lb)ﬁ' _
S ~ ' ¥ 2.
det [6,1 - b,‘jy,'] ﬁx%" m! o ( 8b)
0
(a7_) — _{m (a—l—ﬁlb)m P
N =3 ealim) ———— 2" (2.8¢)

meNg

Proof. Put A(x) = 1 and By (X) = €* in Theorem 2.2. Then Eq.(2.2a) reads as
the tensor product of the exponential expansions

S
La% — Z 0_‘_' P
m.
meNg

and Eq.(2.2b) reduces Eq.(2.8b) directly.
Similar to the matrix expansion (2.5a-2.5b) in the proof of Proposition 2.3, we
have

det[8; —byy] = > 0(c dgg [byyi]
oCln]
= ) 6(0) det ] T ] ¥«
oCln] KEo

which is used now to manipulate the formal power series
ES)
det [5,_‘,' - bl.lyl]

n (@Y e brt)
[T €* ahad
Z 6(c) if/leeg B3] H M et [8; — byyil

e = det[5; — byyi] x

oChi

a + mb MMy -

9 O-) det ,] " xm
UCZ[n] ’ mg" !‘;[a ag + Zk:l mybrx

in view of Eq.(2.8a) and Eq.(2.8b). Interchanging the summation order in the last
equation and recalling matrix expansion (2.6), we arrive at Eq.(2.8c).
[

The application of the exponential law to both expansions in this proposition
leads us to the multifold Abel identities due to Carlitz (1977).
COROLLARY 2.6. (Carlitz [1]) Let {D:(k)} and {2}(k)} are two sequences
defined by
- a+kb)k .
@a(k) = '(—]-é'—) Ea(k) (298)

gtk k
DL(F) = (—*;d’i’i (2.9b)
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We have convolution identities

Dare(im) = > Da(k) De(in — k) (2.9c)
0gkgm

Dye(m) = D Dak) Di(im - k). (2.9d)
0<ksm

3. Multinomial Coefficients: Mohanty-Handa

Putting
n n
a=>a, bi=)» by i=12--,n
i=1 j=1

Bk(i)EB(x), k:l’z,...,n
in Theorem 2.2, we get its multinomial version.

_ THEOREM3.1. LetA(X) and B(X) be multivariate formal power series satsfying
A(0) = B(0) = 1. For complex number o., consider expansion

-\ pass X"
A®B(F) =) — Cala). (3.1a)
meNg
Then for any parameter vector b = (by, by, -+ ,by,) independent on X, we have the
generating function for renewal sequence {Cz(a + (b, m))}i
" - A(F) B (5
3" ZCala+ (b)) = 0)B°0) (3.1b)
. m! det . biyi 33()')
Ny i BG) oy

where {x;} and {y;} are related by
w=xB%@F), k=12 ,n (3.1c)

The formula displayed above may be used to revisit the following multivariate
generating functions and convolution identities due to Mohanty-Handa (1969).

PROPOSITION 3.2. (Mohanty-Handa [12]) For two sets {x;} and {y;} of inde-
terminates related by

yk:xk(1+ly_l)bka k= 1a27"' ,n (32&)
there hold expansions
Sia+1 .=
% = (a + (bm) ) " (3.2b)
+DI- G " S\ m
_ a a+ {b,m)\ _,
1 a_ S " .
(L+13) i) < o > b4 (3.2¢)
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Proot Dut Al%) — 1 and (%) — 1 | |%| in Theorem 3.1. It ic an sacy £rnoroiso
to check
b v: BB(V)} biy; (b,7)
get |0 — - | =der |Gy — | = g - 2D
[" B() 9y, [o 1+Iy|] 1+ 3]

Then Ca.(3.1a) rcads ao the multinomial theorem
- o -
arie=3 (5)#
m
meNg

and Eq.(3.1b) reducco to Eq.(3.2b) directly. From Eq.(B.Qa) and Fq ('Z ’7h), we can
make expansion

y 1+ (3] — (B, y) (1+19he
e )X THpI- 6.9
a-+ l)'_D”_H - ZZ=1 b_x;ck(l | |§[)a+bi
1+ vl — (b,
h n
mENG " = et (b, m)
Tur the inucr suin, we have a closed form
_(b.my Nk
atom T L atom (29)

and bq.(3.2C} 1s conrlrmed accordliigly. -
Applying the exponenual law 10 the expansions in Proposition 3.2, we get the
multinomial forms of the Hagen-Rothe convolution formulas due to Mohanty &
Handa (1969).
COROLLARY 3.3. (Mohanty-Handa [12]) Let {&,(k)} and {&](k)} are two se-
quences defined by

Eu(R) = (“ + <: K ) ZI?W (3.42)
& (k) = (“ + (: k) ) (3.4b)
We have convolution identities
bureli) = S &(R) & —F) (3.4¢)
0gkgm
S )= 3 &(F) (). (3.4d)
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The same approach may derive the Abelian analogues of the results on multi-
nomial coefficients either.

PROPOSITION 3.4. (Mohanty-Handa [12]) For two sets {x;} and {y;} of indeter-
minates related by

e=xee k=12-...n (3.5a)
there hold expansions
HIY] (a + |ml i
o =) b2 (3.5b)
y m€N"
b m))iml
alsl _ a (a+ (b,m)) o
€ %; a+ (b, ) ! ' (3:5)
0

Proof. Put A(x) = 1 and B(%) = ¥l in Theorem 3.1. It is not hard to see
det [ i — g’(%agg)] =det[8; — biy:] =1—(b,3).
Then Eq.(3.1a) reads as a multiple exponential expansion
el = 3 am
m!
meNg

and (3.1b) reduces to (3.5b) directly. From Eq.(3.5a) and Eq.(3.5b), we can perform
formal power series calculus
oalsl

= (=8I x sy
ealil _ ZZZI f)kae(a-H’k)m
1— (b, i)

- ¥ (‘H‘(b m) { Zn:a+bL:km) }

mENy k=1

which leads us to Eq.(3.5¢) in view of Eq.(3.3).
O

The application of the exponential law to the expansions in this proposition
result in the multinomial Abel identities due to Mohanty & Handa (1969)

COROLLARY 3.5. (Mohanty-Handa [12]) Let {&#,(k)} and {Z.(k)} are two
sequences defined by

(3.6a)

(3.6b)
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We have convolution identities

Fare(B) = Y Fulk) Folin— ) (3.6¢)
Okgm
ate(m) = Falk) Fi(m— k). (3.6d)
Ok
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