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ON THE DIOPHANTINE EQUATION f(n) =u!+!

FLORIAN Luca

National Autonomous University of Mexico, Mexico

ABSTRACT. In this paper, we show under the abc conjecture that the
Diophantine equation f(z) = u!+wv! has only finitely many integer solutions
(z,u,v) whenever f(X) € Q[X] is a polynomial of degree at least three.

1. INTRODUCTION
Let f(z) € Q[z] be a polynomial of degree d > 1. The Diophantine
equation
f(n) = ul
in integers n and u > 0 was investigated in many papers (see, for example,
[2,7]). Here, we look at the equation
(1.1) f(n) = Au! + Bv!,

in integer unknowns n, v > 0, v > 0, where A, B are fixed nonzero integers.
Our result is conditional upon the abc conjecture which we now recall. For a

nonzero integer n put
N(n) = Hp.
pln

CONJECTURE 1.1 (The abe conjecture). For alle > 0, there exists C' = C.

such that whenever a, b, ¢ are nonzero integers with a+b = ¢ and ged(a, b, ¢) =
1, then

max{]al, o], |ef} < C.N (abe)' <.

Our result is the following.
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THEOREM 1.2. Assume that A, B are fized nonzero integers and f(x) €
Ql[z] is a polynomial of degree d > 3. Then, under the abe conjecture, equation
(1.1) has only finitely many integer solutions (n,u,v) with v > 0, v > 0,
except when A+ B = 0. In this last case, there are only finitely many solutions
(n,u,v) with u # v.

Particular cases of equation (1.1) have been studied before. For example,
in was shown in [3] unconditionally that equation (1.1) has only finitely many
solutions when (A4, B) = (1,1), (1,—1) and f(z) = 2¢ and d > 2. Further,
under the abe conjecture it was shown in [4] that equation (1.1) has only
finitely many solutions (n,u,v) when A = B =1 and

f(z) = coz? + 1297t 2 4 - F g € Z]
with ¢g # 0, and ¢; = ¢ = 0.

Throughout the paper, we use the Landau symbols O and o as well as
the Vinogradov symbols <, > and =< with their regular meanings. Recall
that F' = O(G), F < G and G > F are all equivalent and mean that the
inequality |F| < ¢G holds with some constant ¢, whereas F' < G means that
both inequalities F' < G and G < F hold. The constants implied by these
symbols depend on our data f(x), A, B and some fixed ¢ > 0. Further,
F = 0(G) means that F//G — 0. For a polynomial g(z) € Q[z], we write D,
for the minimal positive integer D such that Dg(x) € Z[z].

2. PRELIMINARY RESULTS

While the abc conjecture is an important ingredient in the proof of
Theorem 1.2, it is not the only one. We shall need a few more facts about
polynomials with rational coefficients and factorials which we collect in this
section. For a polynomial g(x) € Q[z] put

Ry={p:g(n) =0 (mod p) does not admit an integer solution n}.

The following result is [1, Lemma 3].

LEMMA 2.1. If g(z) € Q[z] is irreducible of degree d > 2, then Ry has a
positive (relative) density ry. Further, rq is a rational number in the interval

[(d—1)/d!,1—1/d).

For a real number y we write |y| and {y} for the integer and fractional
part of y, respectively. The next result is a particular case (J = 1) of [5,
Lemma 5.1].

LEMMA 2.2. Fiz e > 0. Then there exists a constant ¢ > 0 such that for
y < x there are

O_lﬂ_(y) +0 ((ylfc(logy)Q/logz + y3/2+5m71/2)(10gx)4)

primes p <y such that {z/p} < o01.



ON THE DIOPHANTINE EQUATION f(n) = u! + ! 33
LEMMA 2.3. Let

(2.1) ul = H pr (W),

p<u

(i) If g(x) € Q[z] is irreducible of degree d > 2, then for u > ug we have

d—1
H por(®) > y1f) where 6= .

!
ot 3d!
PERy
(ii) If e > 1 is an integer, then for u > ug we have
H por( > 10, where §== 1,
3e

p<u
ap(u)zZ0 (mod e)

PRrROOF. Observe that

ap(u) = {%J for all primes  p € (Vu,u).

Thus, if S C (v/u,u] is a set of primes, then

log Hpo"’(”) = Zap(u) logp = Z {%J log p

PES peES peES
u lo
(2.2) = Z (——1—0(1)) logp=u 8P L o Zlogp
peES p peES pES
lo
=u Z L O(u).
peES p

Assume now that € > 0 is arbitrarily small and that & C (y/u,u!"¢) has a
relative density n > 0 in (v/u,u!™9); that is, if we put

St)=#{p<t:peS}
then the estimate
S(t) = (n+o(1))n(t) holds for  t € (v, u' ™).

Then, by the Prime Number Theorem, the estimate

S(t) = _nt +o ( ¢ > holds for te (Vu,u'"?)

~ logt log u



34 F. LUCA

as u — oo0. By partial summation, we have

logp i logt
S td(S())

" (10g tt) o / logt — 1)8(t)dt
(2.3) =0(1) + /\/7;1_ (bg;i s (1(7)7; to (10214)) dt

1—e 1—¢
“ logt—1 o dt
vi  tlog Vi

t=u'"*

- 001 logt — loglogt
(1) 4+ n (log Ogog)tﬁ

+ o(log u)

= ((1/2—=¢e)n+o(1))logu as u — 00.

Taking € > 0 sufficiently small and then uw > ug sufficiently large, we deduce
from (2.2) and (2.3) that

log H pr(®) > (n/3)ulogu > log (u!"/?’) ,
pES

So)

T > /s,

peES
Now (i) follows with

S=R,N(u,u'"9)

and Lemma 2.1 according to which n exists and satisfies n > (d—1)/d!. Thus,
we can take § = 1/3 = (d — 1)/3d!. For (ii) we take

T={Vu<p<u:ay(u)=0 (mode)} and S={Vu<p<u'N\T,

and note that p € 7 if and only if e | |u/p|, which is equivalent to the
inequality {(u/e)/p} < 1/e. By Lemma 2.2, T has relative density 1/e in
(V/u,u' %) for any e > 0, therefore S has relative density = (e — 1)/e in
(vu, ut~%), which leads to (ii) with § =7/3 = (e — 1)/3e. O

3. UNCONDITIONAL RESULTS ON EQUATION (1.1)

In equation (1.1), we shall assume that n > 0. The case n < 0 follows by
replacing f(z) by f(—z). We shall also assume that the leading term of f(z)
is positive, otherwise we replace the triple (f(z), A, B) by (—f(x),—A,—B).
We also assume that v < v. If u = v, we then get

f(n)=(A+ B)u!
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If A+ B =0, then f(n) = 0. Hence, we get infinitely many solutions (n, u, v)
but they all have v = v and f(n) = 0. From now on, we do not consider such
solutions. If A+ B # 0, then we replace f(z) by g(z) = f(z)/(A+ B) € Q|x]
and equation (1.1) becomes

g(n) = vl
This equation has only finitely many solutions for d > 2 under the abc

conjecture by the main result from [7]. So, from now on, we assume that
u < v. We multiply both sides of equation (1.1) by D; and get

Dy f(z) = Arul + B!,

where (A1, B1) = (DsA, Dy, B). Hence, we may replace f(x) by Dy f(z), and
(A, B) by (A1, B1), and therefore assume that f(z) € Z[z].

Let K be any positive integer. If u < K, then we can give u the values
u=0,1,..., K, and replace f(z) € Q[z] by g(x) = (f(z) — Aul)/B € Qlz],
so equation (1.1) reduces to equation

g(n) =k,

which was already treated in [7]. Thus, only solutions (n,u,v) of equation
(1.1) with a large u are of interest. To study them, it turns out that the
factorization of f(z) € Z[x] plays an important role. So, let us write

f(x) = fi(@) - fs(2)® € Za],

where fi1(z),..., fs(x) are non associated irreducible polynomials of positive
leading terms and positive degrees di,...,ds, respectively, and e; > ey >
-+ > es > 1. We have the following unconditional result concerning solutions
of equation (1.1).

LEMMA 3.1. Assume that d > 2. In equation (1.1) with u < v, the number
u 1s bounded in any of the following instances:
(i) es > 1;
(i) s=1.

PROOF. (i) Assume that u is sufficiently large such that u®/6 > 3|A|.
Take Z = (u®/%,3u®/%) and let p; < p2 < --- < p; be all primes in Z. Since
p? > for j =1,...,¢, it follows that

ap, (u) = \‘EJ for j=1,...,t
by

where ay, (u) is the exponent of p; in the factorization of u! (see formula

(2.1)). Further, observe that for j € {1,...,t — 1}, we have

v _ou u(pj+1 — pj) -0 (pj+1 pj> = o(1)

Pj Pit1 PPt u?/?
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as u — 0o, where we used the known fact that p;j 11 —p; = O(p} %) = O(u®?)
(see, for example, [6]). Thus, for large u, the numbers

o)
pi] T Lo
cover all the integers interval
(L /o/3) + 1, [w/] 1]

By Bertand’s postulate, the above interval contains a prime if u is sufficiently
large. Any such prime, call it ¢, satisfies ¢ > u1/6/3, so for large w, the
prime ¢ is coprime to e; ---es. Thus, if p; € T is such that a;, (u) = ¢, then
pj | A+ B(u+1)---v, and since p; > u°/%/3 > |Al, it follows that p; { A, so
pj{ B(uw+1)---v. This shows that

U—u<pj§3u5/6.

However, p||lu! for all p € (u/2,u), therefore, by a similar argument, we have
H pl|A+Bu+1)---v.
u/2<p<u

By the Prime Number Theorem, the number in the left—side above is of size
exp((1/2 4 o(1))u) as u — oo, and in particular it exceeds exp(u/3) for large
enough u. However, the number on the right—side above is nonzero and its
size is smaller than

2max{|A|,|B|}v*~* = exp(O(u*/® logu).
Putting together the above bounds we get
exp(u/3) < exp(O(u®/®logu)),

so u = O(1), which is what we wanted. This takes case of (i).

(ii) Follows from (i) if e; > 1. If e = 1, then dy = d > 1, and now (ii)
follows from Lemma 2.1 and the fact that r¢, > 0, which implies, in particular,
that there are infinitely many primes p in Ry, and obviously the smallest such
cannot divide f(n), therefore it exceeds u. O

4. THE PROOF OF THEOREM 1.2

Given any positive constant K, there are only finitely many pairs of
integers (u,v) with 0 < u < v < K, so only finitely many elements in the set

Fr ={Aul+Bv!l:0<u<v < K}.

Since for a fixed z the equation f(n) = z has at most d solutions, it follows
that there are only finitely many n such that f(n) € Fk. Discarding such
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“small” solutions, from now on, we may assume that v is as large as we wish.
In particular, we assume that v is sufficiently large such that

|Au! 4+ Bvl| > |B|o! — |A|(v — 1)! > vl/2.
The last inequality holds when v > 2|A|/(2|B| — 1). Thus,

(4.1) vl/2 < |Au! + Bv!| < (|A| + |B|)v!.
Write
f(x) = cox” + -+ cu,
where cg, ...,cq € Z and cg > 0. Assume that n is sufficiently large such that
the estimates
(4.2) (co/2)n® < |f(n)| < 2con?

hold. Comparing estimates (4.1) and (4.2), we get that
(co/2)n® < |f(n)| = |Au! + Bbv!| < (JA| + | B|)v!
v!/2 < |Au! + Bv!| = | f(n)| < 2con?,
so n? < v!. In particular, n is as large as we wish. Since also n > 0, it follows
that f(n) > 0, so Au! + Bv! > 0. Since v > u and v is large, the sign of
Au!+ Bv! is the same as the sign of B. Thus, we assume that B > 0. Finally,
recall that we also assume that u is as large as we wish.

To continue, we distinguish several cases. We let ¢y > 0 be some small
number depending on d to be determined later.

4.1. Solutions with small u.

LEMMA 4.1. Assume that d > 2. Under the abc conjecture, there are only
finitely many solutions (n,u,v) with n > 0 and u < v to equation (1.1) with
u! < nd—1-%,

PrOOF. We multiply both sides of equation (1.1) by d%ci~* obtaining

(deon)® + dey (deon)dY + - 4 cqd?ed™ = (d¥ed T A)u! + (d¥cd B)o!

Put m = degn + ¢1, A1 = cldcg_lA7 By = ddcg_lB. Then the above relation
can be rewritten as

(4.3) m? 4+ (g(m) — Aju!) = Byo!,

where g(z) € Z[z] has degree at most d — 2. Since n and c¢od are positive and
n is large, it follows that m > 0. Further,

lg(m)| < m3=2 < n?=2, =) lg(m) — Aju!] < n®™% 4 ul < nd=17e0,
We treat equation (4.3) as an abc equation, with
a=m?, b=g(m)— Ajul, and c = Byvl.

We first need to insure that none of the above amounts a, b or ¢ is 0. If
a = 0, then m = 0, which is not the case. If b = 0, then m? = Bjv!. Since
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the interval (v/2,v) contains a prime for v > 2, it follows that if v > 2By,
then Bjv! is divisible by a prime p € (v/2,v), but not by its square, so the
equation m¢ = Bjv! is not possible for such values of v because d > 2. Thus,
v = O(1), and there are only finitely many such solutions. Finally, ¢ # 0,
because dcgB # 0. Let A = ged(a,b,¢) and put a; = a/A, by = b/A, and
¢1 = c¢/A. Then

(44) a1 +b; =cy.

We apply the abe conjecture with some small € > 0 to equation (4.4) getting

d
mK = a1 § CEN ((11()101)1+E .
Clearly,
N(a1) < N(m) <m <
|b| ndflfeo
N(by) < |by| = — —_—
(b1) < fbu| =T < —x—
N(e1) = N(B1!) < [ p = exp((1 + o(1))v) = @0/ l08?) = O/ logv),
p<v
Thus,
nd—60+0(1/10g'u)
(4.5) N(arbrer) € —————

A
We thus get that

nd me ndfngrO(l/logv) lte
NSRS (T)

leading to
(46) nd—(d—€0+0(1/logv))(1+a) — 06(1).
Assume that k1 is the constant implied by the above O—-symbol. We first

choose a sufficiently large v such that x1/logv < e0/2 (that is, v > e?#1/%0),
and then we choose ¢ > 0 sufficiently small such that

(d—e0/2)(1+¢€) <d—eo/3.

Then the exponent of n in the left—hand side of inequality (4.6) exceeds €¢/3.
This in turn implies that n = O(1), so v = O(1). So, there are only finitely
solutions (n,u,v) with n > 0 and u < v in this case, and the lemma follows.

O
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4.2. Solutions with large u.

LEMMA 4.2. Assume that d > 2. Under the abc conjecture, there are only
finitely many solutions (n,u,v) with n > 0 and u < v of equation (4.3) with
u! > nd—1+eo,

PROOF. Here, we work with the abc equation
m® + g(m) = Ayu! + Bv!,

where the notations are from the proof of Lemma 4.1. In particular, we have
m = dcgn + ¢1. We take

a=m?, b=g(m), and c= Aju! 4+ Byl

We already saw that the case a = 0 is impossible. In fact, a > 0 in our case.
The case b = 0 leads to g(m) = 0. If g(z) is not the zero polynomial, then
m = 0(1),son = O(1) and again v = O(1). If g(z) = 0, then f(x) = fi(x)*,
with fi(xz) = dcox + ¢; being linear, so e; = d > 1. Lemma 3.1 (i) now
implies that v = O(1), which in turn leads to only finitely many solutions
(n,u,v) with n > 0 and v < v under the abc conjecture as in [7]. This deals
with the case b = 0. Finally, the case ¢ = 0 is not possible because we are
assuming that inequality (4.1) holds. So, we put, as in the proof of Lemma
4.1, A = ged(a,b,¢), a1 = a/A, by =b/A, and ¢; = ¢/A, and apply the abc
conjecture to the equation
a1 + b1 =C1
with some small € > 0, getting

d

m
K =a; <¢ N(a1b101)1+5.

We now have
N(a1) < N(m) < m < n;
lg(m)] _ m?% _ n%?

< < :
N(b) <] < A < A < A

N(c1) < N(u)(|Ar] + Bi(u+1)---0) (H p) (v!/ul)

p<v
<exp((1+ 0(1))1})77,1_50 = 101/ logv)p1—eo

— n1—50+0(1/ log'u),

where we used the fact that v! < n¢ and u! > n?17%0 to conclude that
v!/u! < nt=%0, Thus,
ndfeoJrO(l/ log v)

A Y
which is the same as inequality (4.5). Now the argument finishes as in the
proof of Lemma 4.1. O

N(a1b101) <
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From now on, we assume that logu!/logn € [d—1—¢g,d — 1+ ¢£¢]. Now
we look at the factorization of f(z). The case s = 1 leads to u = O(1) by
Lemma 3.1 (ii), so to only finitely many solutions (n,u,v) with n > 0 and
u < v of equation (1.1). From now on, we assume that s > 2.

4.3. The case s > 3.

LEMMA 4.3. Under the abc conjecture, there are only finitely many
solutions (n,u,v) withn >0 and u < v of equation (1.1) when s > 3.

PROOF. Assume that s > 3 and let
S
p@) = @), @) = K@=, and @) = [[H@°.
=3

Write
a(n) = ujvr, b(n) = ugva, and c(n) = ugvs,

where ujusug = u!. Write
p(x) = por? + pra?~!
q(z) = qoz° + 1@

r(z) = roz! +razf™

e—1

+

1

Choose integers U, V, W not all zero such that
dU + eV + fW =0;
(p1/Po)U + (41/490)V + (r1/10)W = 0.
Not all numbers U, V, W are positive. In fact, at least one is positive and
one is negative since d, e, f are all positive. Up to relabeling the variables

(U, V, W) and simultaneously changing the signs of (U, V, W), we may assume
that U >0, V < 0 and W < 0. Raise the relations

n + (p1/po)n®~" + -+ = wyvi /po;
n® + (q1/qo)n ™" + -+ = uzv2/qo;
nd 4+ (r1/ro)n? 7t + - = ugvs /7o

to powers U, —V and —W respectively, and note that
(urv1/po)? — (ugv2/q0) ™" (ugvs/ro) ™" = (n? + (p1/po)n®" + )Y
= (n° + (a1 /ao)n® ™+ ) 7V x (0f + (ryfro)n T )TV = s(n),

where s(z) € Q[z] has degree < dU — 2. We apply the abc conjecture to the
above equation with

a = Ay (urv1/po)Y, b=—A1(ugv2/q0) " (ugvs/ro) ", c= Ays(n),
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where Ay = pg q0 Vra W Next, we need to study the greatest common divisor
of a and b. Note that

a=qy "rg"pm)¥, b= —pJan)Vrn)"".

Since p(z), ¢(x), and r(x) are coprime any two as polynomials in Q[z], it
follows that ged(p(n),q(n)) = O(1) and ged(p(n),r(n)) = O(1). Hence, we
conclude that A = ged(a,b) = O(1). We now write a = Aay, b = Ab;, and
¢ = Acy, and apply the abc conjecture to the equation

a1 +b; =cy.

Since n is large and pg, qo, ro are positive, it follows that a > 0 and b < 0.
Observe that a1 = a/A > n%. We thus get

n < a; <. N(apbie) e <« N(abe)'*e.
Clearly,
N(ab) < N(u!(A+ B(u+1)---v)) < N(u)(v!/ul) < nO1/lev)pl+eo
whereas
N(e) < le] < [s(n)] < n®V~2.
Thus,
N(abc) < ndU—1+Eo+O(1/log'u).

Hence, we get
ndU <. n(delJrsoJrO(l/logv))(lJrs)7

and, as in the conclusion of the proofs of Lemma 4.1 and 4.2, we get that
n = O(1) provided that v is sufficiently large and € > 0 is sufficiently small,
which completes the proof of this lemma. 0

So, from now on we assume that s = 2.

4.4. The case s=2 and dy > 1, dy > 1.

LEMMA 4.4. Under the abc conjecture, equation (1.1) has only finitely
many solutions (n,u,v) with n > 0 and u < v in the case when s = 2 and
di >1,dy > 1.

PROOF. Assume that d; > 1 and dy > 1. Write
p(x) = fi()",  and  g(z) = foz)=.
Write also, as before,
p(n) = uyvy, and  q(n) = ugvz,

where
uy = ged(p(n),u!), and ug = ul/ug,
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and v1 = p(n)/uy, va = q(n)/usz. Since ged(p(n), ¢(n)) = O(1), it follows that
ged(vy,v2) = O(1). Since

vive < |Al+ Bu+1)-v < ol/ul <« nlteo,

it follows that there exists j € {1,2} such that v; < n1+0)/2_ To fix the
notation, say 7 = 1, and write

p(m) :p0$dlel +plxd1e171 N +pd161-
The equation p(n) = ujv; is then
pondlel +p1nd1€1—1 + .- +pd161 = uyv1.

Multiplying both sides of it by U = pglel_l(dlel)dlel and making the
substitution m = pgeidin + p1, we get

mhe 4 g(m) = Uuyvy,

where g(x) € Z[xz] is of degree at most die; —2. Since n is large, and pg, e1, dy
are positive, it follows that m > 0. We apply the abc conjecture to the above
equation with

d161
Y

a=m b= g(m), and ¢ =Uuqv;.

We first check that abc # 0. The case a = 0, leads to m = 0, which is not the
case we are considering. If b = 0, then either g(m) = 0 but g(z) is not the
constant zero polynomial, so m = O(1), therefore n = O(1), so only finitely
many solutions (n,u,v) with n > 0 and u < v, or g(z) is the constant zero
polynomial but in this last case p(x) = f1(z)® and fi(x) = poerdiz + p1
is linear, so d; = 1, which is not the case we are considering. Therefore
b # 0. The fact that ¢ # 0 is obvious. We let A = ged(a,b,c) and write
a = Aay, b= Aby, and ¢ = Ac;. We apply the abc conjecture to the equation

a1+b1161

with some € > 0 and get

dier diey

n

m
< =a1 <L¢ N(a1b101)1+6.

A A
Now

N(a1) < N(m) <m <

o] _ lg(m)] _ m®%®=—?  phda—2

N(b1)§|61|=K<< N < x < —x

N(e1) = N(Uuyvy) < H p | v1 = exp((1 + o(1))v)nt+e0)/2
p<v
_ ,U!O(l/logv)n(l—i-ag)/Q — n(1+60)/2+0(1/10gv)7
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as v — 0o. Thus,
nd1d271+(1+€0)/2+0(1/ log v)
A )

N(alblcl) <

which leads to

nd1d2 < n(d1d2—1+(1+60)/2+0(1/ log'u))(l—i-a)'

This implies that n = O(1) provided that eg < 1/2, v is sufficiently large, say
such that x1/logv < 1/10, and then € is chosen to be sufficiently small with
respect to die;. This completes the proof of the lemma. O

From now on, we assume that s = 2 and d; = 1. Discarding the condition
that e; > ey, we may assume that fl(x) = pox + p1 for some integers pg > 0
and p;. We multiply both sides of equation (1.1) by pgfl, replace (A, B) by
(A1,B;) = (pg_lA,pg_lB) and make the substitution y = pox + p1. Thus,

we may assume that fi(x) = x. With the notations from the preceding
subsection, we have
p(x) = 2, and q(x) = fa(x)2.

Thus, we write
(4.7) n = wuqvy, and q(n) = ugva,

where u; = ged(p(n), u!), us = u!/ug, and vive = |A+ B(u+1)---(v+1)|
The remaining of the argument is split into two cases according to whether
e1 > 1 or e; = 1, respectively.

4.5. The case when s =2,dy =1, and e; > 1.

LEMMA 4.5. Under the abc conjecture, equation (1.1) has only finitely
many solutions (n,u,v) withn > 0 and u < v in the case when s =2, d; =1,
and e; > 1.

PROOF. In this case, we may assume that es = 1, otherwise Lemma
3.1 (i) implies right away that w = O(1); hence only finitely many solutions
(n,u,v) with n > 0 and u < v.

Assume next that do > 1. Let k be a large integer, put £ = ke; + 1 and
consider primes p € (u/¢ +1,u/¢) in Ry,. Since Ry, has positive density by
Lemma 2.1, it follows that p exists if u > ug. Assume further that u > (¢+1)2.
Then p > \/u, therefore ay,(u) = |u/p| = ¢ = key + 1. Since

ne fo(n) = Aul + Bul = u!l(A+ B(u+1)---v),

the exponent of p in w! is not a multiple of e; and p 1 fao(n), it follows that
p|A+Bu+1)---v. If u> |A|f, then p > |A|, so p 1 A, therefore p {
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B(u+1)---v. Hence, v — u < u/f. In particular, v < 2u. However, since
vl < n? and nd=17% <« y! <« nd=1*e0 it follows that

u(l—eg)

(2u)°™" > v > ol jul > nl 70 > Wl TG > (%) T
If eg < 1/(d + 1), then the exponent on the right above exceeds u/d. Thus,
v—u u\ /4
s> (5"
which for u > ug implies that v —u > u/(d+ 1). However, this last inequality
contradicts v — u < u/¢ with £ = ke; + 1, provided that k is sufficiently large
(say, k > d/ey). This argument shows that if da > 1, then u = O(1), so we
have only finitely many solutions (n,u,v) with n > 0 and u < v.
Assume now that da = e = 1. Then dy = d — 1 and ¢(z) = qox + ¢1.
Since n and g are positive and n is large, it follows that g(n) > 0. Lemma
2.3 (ii) shows that if u > ug, then

d—1 d—2
19 > pfld=1=c0) h §=—"= :
Ug > ul” >n s where 3d; 3(d—1)

Put 6y = (d —1)6 = (d — 2)/3. Thus,
(48) Vg = q(n)/u2 < nl—01+de0 < pl—01+deo

If 61 > 1, then since v > 1, we get that n = O(1), and the lemma is proved.
So, assume that 6; < 1. In particular, d € {3,4}, although we shall not need
this information. Next write

v = vy, where  v] = H P and v =wv1/v].
p°7||vs
p<u
From the equation
nd=! = wyvy = (ugvy)oy,

and the fact that all prime factors of v}’ exceed u, we get ged(uivy,v)) =1,
therefore v} = w{~* for some integer w;. Observe that

1 da-1 eg — -1
wy = (f )71 <o T = (ﬁ) < n%% T
V2
Further, n = v/w;, where (u’)?~! = ujv}, so v is a positive integer all whose
prime factors are at most u. We now apply the abc conjecture to the equation
q(n) = ugve written under the form
gon + g1 = U202,
where
!/
a = qon = qou'wy, b=q, and C = UgUs.
Clearly, a # 0, and b # 0, since if b = 0, then fo(x) = gox = qofi(x), so
s = 1, which is impossible, and clearly ¢ # 0. Put A = ged(a,b) and note
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that A | g1, so A = O(1). Write a = Aay, b = Aby, and ¢ = Ac¢y and apply
the abc conjecture to the equation

a1+b =0

with some small € > 0 to get that
(4.9) n < a; <c N(arbier)' '™ < N(abe)' .
Observe that

N(a) < N(gou'wy) < N(vhw, < U!O(ﬁ)wl < nlj%lhro(@)v;ﬁ;

N() = 0(1);

N(c) = N(ugve) < N(v)ve < no(@)vg.
Thus,

N(abc) < nl%lm'o(lo;gv)vgliﬁ).
Using inequality (4.8), we get that
N(abe) < pa=t+(1=014deo) (1= 727 )+0(ris)

The exponent of n above is smaller than

1 1
1-01 (1-—=)+d :
(7)o ()

Thus, assuming that g9 < §1/(3d) = (d —2)/(9d), and then that v is large,
the above expression is smaller than 1 — §;/2. Thus, for such large values of
v, we have

n <. n(=01/2)0+e),

which for a sufficiently small ¢ > 0 implies that n = O(1), which is what we
wanted. O

4.6. The case when s =2, dy =1, and ey = 1.

LEMMA 4.6. Under the abc conjecture, equation (1.1) has only finitely
many solutions (n,u,v) with n > 0 and u < v in the case when s = 2,
di=e; =1, and d> 3.

PROOF. In this case, do > 1, for if dy = 1, then since d; = e; = 1 and
d > 3, it follows that es = d — 1 > 1 = e, and this is a case treated already
(just reverse the roles of f1(z) and f2(z) in Lemma 4.5). In this case, the
equations (4.7) are

n=ujv; and q(n) = ugva.

We distinguish two cases.
Case 1. uy < n?/3.
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In this case, v; > n'/3, therefore vy < n'te0 /v, <« n?/3+%0 . Write the
equation ¢(n) = ugvs as

qon® g+ a1 = ugva.

Multiply both sides of the above equation by U = qg%(d — 1)1 and put
m = qo(d — 1)n + ¢;. Since n is large, it follows that m > 0. Then the above
equation can be rewritten as

m1 4+ g(m) = Uuava,

where g(z) € Q[z] is of degree at most d — 3. We apply the abc conjecture to
the above relation with
a=mi1 b= g(m), and ¢ = Uugvs.
Since m > 0, it follows that @ > 0. Note that g(z) # 0, for if not, then
q(r) = fo(2)?1, where fo(2) = go(d — 1)z + q1, which is not the case we are
considering. Thus, g(x) # 0, therefore if b = 0, then g(m) = 0, so m = O(1),
and we get only finitely many solutions (n,u,v) of equation (1.1) with n >0
and v < v. This deals with the case b = 0. Finally, it is clear that ¢ # 0. Put
A = ged(a,b) and write a = Aay, b= Aby, and ¢ = Ac;. We apply the abe
conjecture to the equation
a;+b=c1

with some small € > 0 to get that

d—1 d—1
nA < mA =a <. N(a1b161)1+8.
Clearly,
N(a1) < N(m) <m <n;
bl _ lg(m)| _ n?™?
N < =— — 0 L
(b) Sfbuf =1 <=1~ <17
N(e1) = N(ugvz) < HP vy = O/ 18 V) (/3 +0)
p<v
Thus,
nd—4/3+60+0(1/10g'u)
(4.10) N(aibic1) < A
We thus get that
d—1 (d—4/34e0+0(1/ logv))(1+¢)
(4.11) n <L n .

If eg < 1/6 and v is sufficiently large, then
d—4/3+¢eo+0(1/logv) <d—1.15,

so if additionally € > 0 is sufficiently small, then the exponent of n on the
right-hand side of inequality (4.11) above is < d — 1.1. In turn, the above
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inequality (4.11) then implies that n = O(1), so only finitely many solutions
(n,u,v) with n > 0 and u < v.
Case 2. uy > n?/3.

In this case, v; < nt/3

. Further, equation (1.1) is
q(n)n = Au! 4+ Bv!,
therefore
gon® vy + (qlnd_Qvl + -+ qa—1 — Aug) = Bul/uy.
We apply the abe conjecture to the above equation with
a = gon? oy, b=qn® v + -+ qa_1 — Aua, and ¢ = Bvl/u.

It is clear that @ > 0 and that ¢ # 0. If b = 0, we then get gon?~! = Bov!/uy,
so gon? = Bv!, and we get n = O(1) by invoking the Bertrand postulate
concerning the existence of primes in the interval (n/2,7n). Thus, we may
assume that b # 0. Put A = ged(a, b), write a = Aaq, b = Aby, and ¢ = Acy,
and apply the abc conjecture to the equation

ar+bi=¢c

with some small € > 0 to get that
d—1 d—1

nA < z AU1 < a1 < N(ajbyey)tte.
Clearly,
N(a1) < N(ujv1) < N(u)v; < nt/3+001/legv),
b max{m? vy, ul/us}
N(b) < |b] =
(b1) < fbu] = % X
max{nd=5/3, nd=5/3+e0}  pd=5/3+e
) << ;
A A
N(c1) < N(Bv!) = nO(1/logv)
Thus,
nd—4/3+60+0(1/10g'u)
(4.12) N(aihiar) < A
We thus get that
(4.13) nd1 «, nd=4/3+e0+0(1/logv))(1+e)

which is the same as estimate (4.11). The proof now ends as the proof in Case
1. Thus, the proof of this lemma and indeed of Theorem 1.2 is complete. [
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