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ABSTRACT. In this paper, we show that there are no three distinct
positive integers a, b, c¢ such that ab + 1, ac + 1, bc 4+ 1 are all three
Fibonacci numbers.

1. INTRODUCTION

A Diophantine m-tuple is a set of {a1,...,an} of positive rational num-
bers or integers such that a;a;+41is a square for all 1 <7 < j < m. Diophantus
found the rational quadruple {1/16,33/16,17/4,105/16}, while Fermat found
the integer quadruple {1,3,8,120}. Infinitely many Diophantine quadruples
of integers are known and it is conjectured that there is no Diophantine quin-
tuples. This was almost proved by Dujella [5], who showed that there can
be at most finitely many Diophantine quintuples and all of them are, at least
in theory, effectively computable. In the rational case, it is not known that
the size m of the Diophantine m-tuples must be bounded and a few examples
with m = 6 are known by the work of Gibbs [8]. We also note that some
generalization of this problem for squares replaced by higher powers (of fixed,
or variable exponents) were treated by many authors (see [1, 2, 9, 13] and
[10]).

In the paper [7], the following variant of this problem was treated. Let
r and s be nonzero integers such that A = 72 4+ 4s # 0. Let (Un)n>0 be a
binary recurrence sequence of integers satisfying the recurrence

Upt2 = TUpt1 + SUn for all n > 0.
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It is well-known that if we write o and (3 for the two roots of the characteristic
2

equation x* — rxz — s = 0, then there exist constants v, § € K = Q[a] such
that
(1.1) Up =ya" + 66" holds for all n > 0.

Assume further that the sequence (uy, ), >0 is nondegenerate, which means that
~vd # 0 and «/ is not root of unity. We shall also make the convention that
ol > 14,

A Diophantine triple with values in the set U = {u, : n > 0} is a set of
three distinct positive integers {a, b, c} such that ab+ 1, ac+ 1, bc+ 1 are
all in Y. Note that if u, = 2" + 1 for all n > 0, then there are infinitely
many such triples (namely, take a, b, ¢ to be any distinct powers of two).
The main result in [7] shows that the above example is representative for
the sequences (uy)n>0 with real roots for which there exist infinitely many
Diophantine triples with values in . The precise result proved there is the
following.

THEOREM 1.1. Assume that (un)n>0 is a nondegenerate binary recur-
rence sequence with A > 0 such that there exist infinitely many sextuples of
nonnegative integers (a,b,c;x,y, z) with 1 < a < b < ¢ such that

(1.2) ab+1 = uy, ac+ 1= uy, be+1=u,.

Then § € {x1}, 6 € {£1}, a, v € Z. Furthermore, for all but finitely many
of the sextuples (a,b, c;x,y, z) as above one has 03% = §3Y = 1 and one of the
following holds:

(i) 03 = 1. In this case, one of § or da is a perfect square;
(i1) 3% = —1. In this case, x € {0,1}.

No finiteness result was proved for the case when A < 0. The case
0% = 1 is not hard to handle. When §3% # 1, results from Diophantine
approximations relying on the Subspace Theorem, as well as on the finiteness
of the number of solutions of nondegenerate unit equations with variables in
a finitely generated multiplicative group and bounds for the greatest common
divisor of values of rational functions at units points in the number fields set-
ting, allow one to reduce the problem to elementary considerations concerning
polynomials.

The Fibonacci sequence (F,),>0 is the binary recurrent sequence given
by (r,s) = (1,1), Fp = 0 and F} = 1. It has a = (1 ++/5)/2 and 8 =
(1 —v/5)/2. According to Theorem 1.1, there should be only finitely many
triples of distinct positive integers {a, b, ¢} such that ab+1, ac+1, bc+ 1 are
all three Fibonacci numbers. Our main result here is that in fact there are no
such triples.

THEOREM 1.2. There do not exist positive integers a < b < ¢ such that
(1.3) ab+1=F,, ac+1=F,, bc+1=F,,
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where x < y < z are positive integers.

Let us remark that since the values n = 1, 2, 3 and 5 are the only positive
integers n such that F,, = k% + 1 holds with some suitable integer k (see [6]),
it follows from Theorem 1.2 that all the solutions of equation (2.1) under the
more relaxed condition 0 < a < b < ¢ are

(abc.zyz){ (1,1, F, — 1;3,t,t), t>3;

T (2,2,(Fy —1)/2;5,t,t), t>4,t#£0 (mod 3);

Note also that there are at least two rational solutions 0 < a < b < ¢, namely
(a,b,c;x,y,2) = (2/3,3,18;4,7,10), (9/2,22/3,12;9,10,11).

It would be interesting to decide whether equation (1.3) has only finitely many
rational solutions (a, b, c;x,y,2) with 0 < a < b < ¢, and in the affirmative
case whether the above two are the only ones.

2. PROOF OF THEOREM 1.2

2.1. Preliminary results. In the sequel, we suppose that 1 < a < b < ¢ and
4 <z <y<z Wewrite (Ly)n>0 for the companion sequence of the Fibonacci
numbers given by Lo =2, Ly =1 and Ly49 = Lyy1 + Ly, for allm > 0. It
is well-known (see, for example, Ron Knott’s excellent web-site on Fibonacci
numbers [11], or Koshy’s monograph [12]), that the formulae

a” — ﬁn

a—p
hold for all n > 0, where a = (1 ++/5)/2 and 8 = (1 — /5)/2.
We shall need the following statements.

F, = and L,=a"+p3"

LEMMA 2.1. The following divisibilities hold:
(Z) ng(FU7 FU) = Fgcd(u,v);

.. Lacstosr 1 gty = geafiy = 1 (mod 2);
A(Ly. Ly) = ged(u,v)s ged(u,v) ged(u,v) ’

(”) gc¢ ( ’ ) { 1or2, otherwise;
I if —%— # —% < =1 (mod 2);
F L = ng(u71))7 ng(uvv) ng(u’v) ’

(iit) ged(Fu, Ly) { 1or2, otherwise.

PROOF. This is well-known (see, for instance [3, proof of Theorem VIL]).
O

LEMMA 2.2. The following formulae hold:

F%L%, ifuzl (I’IlOd 4),’
F%L%, zfuz3 (I’IlOd 4),’
FquzLuTw, if’LLE2 (mod 4),‘
Fuwz Luz, ifu=0 (mod 4).

F,—1=

PROOF. This too is well-known (see, for example [14, Lemma 2]). O
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LEMMA 2.3. Let ug be a positive integer. Put
u _1)i—1 u “o
Eizloga <1+(1)11 <@) O> ) 5i:10ga 1+( 1) ( a>
a V5

for i =1, 2, respectively. Here, log, is the logarithm in base . Then for all
integers u > ug, the two inequalities

(2.1) atter < L < qute
and
(2.2) QR < | < quth
hold.

PROOF. Let ¢ =1, or \/5, according to whether u,, = L,, or u, = F,,
respectively. Obviously,

u uo
wypgre o (11 1+ (1)
} < a + |4 < cou| N2/

L
Fy,

<

Co Co Co

which proves the upper bounds from the formulae (2.1) and (2.2), respectively.
Similarly,

u )
u 1_|m0) 1_(@)
Lu}>au_|ﬁ|uoza< YL st | 2
Fu Co Co Co

lead to the lower bounds from the formulae (2.1) and (2.2), respectively. O
LEMMA 2.4. Suppose that a > 0 and b > 0 are real numbers, and that ug
is a positive integer. Then for all integers u > ug, the inequality
acd® +b < Q¥tr
holds, where k = log,, (a + a—ﬁo)

PRrOOF. This is obvious. O

LEMMA 2.5. Assume that a, b, z are integers. Furthermore, suppose that
all the expressions appearing inside the gcd’s below are also integers. Then
the following hold:

(i) If a # b, then ged (252, 2£2) < |252|. Otherwise, ged (252, 2b) =

z+b .
4
(ii) IfSCJtr;é b, then ged (252, %) < ‘%‘ Otherwise, ged (252, %)
__ ZTa
=3 -
PRrROOF. This is an easy application of the Euclidean algorithm. O

LEMMA 2.6. Assume that z > 8 is an integer. Then the following hold:
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(i) If z is odd, then Ly <V2F;;
(i) If z is even, then Lszz <F,.

Proor. For (i), note that
L, =L.1+2(-1)""<L.1+2=F. 2 +F.+2,

2
and the right hand side above is easily seen to be smaller than 2F, when
z > 8. For (ii), we similarly have

L2, <L, 9+2=F, 3+F, 1 +2<F,
2

where the last inequality is equivalent to F,_3+2 < F,_5, or 2 < F,_4, which
is fulfilled for z > 8. O

LEMMA 2.7. All positive integer solutions of the system (1.3) satisfy z <
2y.

PROOF. The last two equations of system (1.3) imply that ¢ divides both
F, —1 and F, — 1. Consequently,

(2.3) c|ged(Fy —1,F, —1).

Obviously, F, = bc+ 1 < ¢2; hence, \/F, < c. From (2.3), we obtain /F, <
F,. Clearly,

af —1
V5

Since y > 5 entails a¥ + 1 < V5a¥, we get o — 1 < oY, which easily leads

(2.4)

o¥ +1
<AVF,<F, < ——.
Yy \/3

to the conclusion that 2y > z. O
2.2. The Proof of Theorem 1.2. By Lemma 2.7, we have

(2.5) VF, <ged(F, —1,F, —1).

Applying Lemma 2.2, we obtain

(2.6) ged(F, —1,F, — 1) = ged (F; Ly, Fus Ly;j) <

< ged (F% , Fy;]) ged (F% , Lm) ged (LZTH , Fu) ged (L% , Lm) ,
2 2 2 2
where i,j € {£1,4+2}. The values i and j depend on the residue classes of z
and y modulo 4, respectively. In what follows, we let dy, d2, d3 and d4 denote
suitable positive integers which will be defined shortly.
Lemma 2.1 yields
(27) mle (%’%)ZFZML

ged 2d;

The second factor mz on the right hand of (2.6) can be 1, 2, or
(2.8) ma :Lgcd(zfi7yT+j) =L:i.

R 2dy
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The third factor ms is again 1, 2, or

(29) ma = Lgcd(z;»i’y;j) = Lz+i.
Finally, if the fourth factor my is neither 1 nor 2, then

(210) myg = Lgcd(z+i y+j) = Lz+i.

2 02 2dy

We now distinguish two cases.

CAsE 1. z < 150.
In this case, we ran an exhaustive computer search to detect all positive
integer solutions of system (1.3). Observe that we have

F,—1)(F,—-1
a:\/(aF)(i’ ), 4<zx<y<z<150.

Going through all the eligible values for z, y and z, and checking if the above
number a is an integer, we found no solution to system (1.3).

CASE 2. z > 150. ,
In this case, Lemma 2.3 gives —2 < 6, for F,. Hence, a2z < F,. If

dr > 5 holds for all k =1, 2, 3, 4, then the subscripts ;di: of the Fibonacci

and Lucas numbers appearing in (2.7)-(2.10) are at most 2= each. Lemma
2.3 now gives that e < 0.5 and d2 < —1 hold for L%i and le;oi, respectively,

because 2! > 14. Now formulae (2.5)-(2.10) lead to

@1 o F < y/F < alF DR 0 (509151 405),

which implies that
z—2 2z

5 <€+0.5,

contradicting the fact that z > 150.

From now on, we analyze those cases when at least one of the numbers
di for k=1, 2, 3, 4, which we will denote by d, is less than five.

First assume that d = 4. Then either Z+8mi = y+2772j, or Z+8771i = y+g72j,
where 11, n2 € {£1}.

If the first equality holds, then Lemma 2.7 leads to z = 4y 4+ 4nsj — m1i <
2y. Thus, z < 2y < mi — 4nyj < 10, contradicting the fact that z > 150.

The second equality leads to y = M. In this case,

y+npj  3z+3mitty

2.12
(2.12) - ety
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where t = 4(n, — n2) € {£8,0} for ) € {£1}. Applying Lemma 2.5, we get

z24nt y+nh z4+ i 3z 4 3mi+tj
d = d
gC( 5 T 3 gc 5 3
3y —m)i—tj
(2.13) < ‘W‘ < 14,

for all (n},n%) # (n1,m2) € {£1}% For the last inequality above, we used
Lemma 2.5 together with the fact that 3(n] —n1) — tj # 0. Indeed, if 3(m —
1) —tj = 0, then 3 | ¢j, and since t € {£8,0}, j € {£1,+2}, we get that
t = 0, therefore 13 = n}. Since also 3(m —ny) = tj = 0, we get 1 = 7},
therefore (n},m5) = (11, 7m2), which is not allowed.

Continuing with the case d = 4, since Fi4 < L14 = 843 and ZTii > 18, we
get that e5 < 0.25 and Jo < 0.25, where these values correspond to Lsz:i and
Fsz:i, respectively. It now follows that

z—2 z

+i B 242
az <as T0B13 <8433 s 105,

Thus, z < 4 + 8log,, 843 < 116, which completes the analysis for this case.
Consider now the case d = 3. The only possibility is Z—*‘gl—i = y—+2772—] for
some 11,72 € {£1}. Together with Lemma 2.7, we get z = 3y + 312 — m1i <
2y. Consequently, £ <y < n1i — 3n2j < 8, which is impossible.
Assume next that d = 2. Then Z—*‘fl—i = y—+2772—] for some n1,m2 € {£1}.
We get that y = w Thus, y+277éj = Z+’7frtj with t = 2(nh —n2) €
{%£4,0}. By Lemma 2.5, we have

Z4+nii Y+ Z4+myi 2+ mi+tj
d = ged
gc( 2 ' 2 8¢ > ' 1
< f(m —m)i—tj] < 12.

The argument works assuming that the last number above is not zero for
(nh,mb) # (m,n2) € {££1}2. Assume that it is. Then (] — n1)i = tj. Clearly,
tj is always a multiple of 4. If it is zero, then ¢t = 0, so 75 = 12. Then also
(m —ny)i =tj =0, therefore n; = 1. Hence, (n7,n5) = (11, 72), which is not
allowed. Assume now that ¢t # 0. Then (1 — n})i # 0, so n; = —m. Also,
t # 0, therefore 1o = —n,. We get that 217 = —4nyj, therefore mi = —2n;.
Thus, ¢ = +1 and j = £2. In particular, z is odd and y is even. Now
(z + mi)/2 is divisible by a larger power of 2 than (y + 72j)/2. A quick
inspection of formulae (2.7)—(2.10) defining my, ma, mg and my together
with Lemma 2.1 (ii) and (iii), shows that the only interesting cases are when
k=1 or 2 (since mg | 2 and my | 2). Thus, (m1,72) = (—1,—1) or (—1,1).
Hence, (n1,m5) = (1,1) or (1,—1), and here we have that ms | 2 and my | 2
anyway. This takes care of the case when (n} —n1)i —tj = 0.
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Continuing with d = 2, since ZTii > 37, Lemma 2.3 yields 2,62 < 0.1.

We then get the estimate

—2 +i P B +2
az2 < ogz4l+0'1 Lfg S 322‘3aZT+0‘1,

leading to z < 6.4 4+ 12log,, 322 < 150.5, which is a contradiction.

Finally, we assume that d = 1. The equality ZTiZ = % leads to z =
y F i £ j. Obviously, here F¢ £ j must be positive, otherwise we would
get z < y. Note that in the application of Lemma 2.2, both z and y are
classified according to their congruence classes modulo 4. The following table
summarizes the critical cases of d = 1. Only 6 layouts in Table 1 below need

further investigations (the sign { abbreviates a contradiction).

(z,y) (4) (%, 4) possible equalities consequence
1 (1,1) (1,-1) =1 = vt z=y+271:z=y (mod 4)

(1,2) (1,-2) 251 = yT“ z=y+3 71 : d2 must be even
(-1,-2) =l =yt z=y+1f:2=y—1 (mod 4)

3 (1,3) (1,-1) =1 = vt z=1y+21: d mustbeeven
4 (1,0) (1,-2) =1 = ut2 z=y+3f:z=y+1 (mod4)
(-1,-2) = uf2 z=y+1is possible (ds = 1)

5 (3,1) (1,-1) ==l z =y + 2 is possible (d4 = 1)
6 (3,2) (—1,-2) == vtz z=y+11: d2 must be even
(1,-2) ZglzyT“ z=y+3f:z=y+1 (mod4)

7 (3,3) (1,-1) =1 = z=y+271:2z=y (mod 4)

8 (3,0) (-1,-2) =l — v z=y+1f:z=y—1 (mod4)
(1,-2) =1 = yT“ z =y + 3 is possible (ds = 1)

9 (2,1) (2,1) 252:%1 z=vy+17: di must be even
(2,-1) =2 =yl z=y+3f:z=y+1 (mod 4)

10 (2,2) (2,—2) =2 = U2 z=y+41: d2 must be even
11 (2,3) (2,—-1) =2 = vl z=y+31: di must be even
(2,1) =2 =l z=y+1f:z=y—1 (mod 4)
12 (2,0) (2,-2) 2 = 2 z=y+4t:z=y+2 (mod4)
13| (0,1) (2,1) =2 = 1 z=y+11:z=y—1 (mod 4)
(2,-1) =2 = vl z =1y + 3 is possible (ds = 1)
14| (0,2 (2,-2) 2= vz z=y+41: z=y+2 (mod 4)
15| (0,3) (2,—1) =2 =i z=y+31t:z=y+1 (mod 4)
(2,1) =2 = vl z=1y+ 1 is possible (ds = 1)

16 (0,0) (2,-2) 22 = 2 z =y +4 is possible (d3 = 1)

TABLE 1. The case d = 1.

In what follows, we consider separately the 6 exceptional cases. The
common treatment of all these cases is to go back to the system (1.3). In all
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exceptional cases we have z = y + s, where s € {1,2,3,4}. Hence,

ab+1 = F,,
(2.14) ac+1 = F,_,,
bc+1 = F,,

and, as previously, ¢ | ged(F,—s — 1, F, — 1).
TABLE 1, Row 4. z=1, y=0 (mod 4), z=y+ 1 and
Foy-1=FeuL:s, F,—1=F.1Lou.
2 2 2 2
Clearly,
ged (FLF;) —1, ged (L;LL) -1, ged (FZTH,LZH) -1, 2

2

while

L 2oz 2oy = L1 =1
ged(Las, Fan) =4 eed(55250) = <2
2 2 1or2

Therefore ¢ < 4, and we arrived at a contradiction because F, = bc+ 1 < 13
contradicts z > 150.

TABLE 1, Row 5. z=3, y=1 (mod 4), z =y + 2 and
Foog-1=F.slon, F,—1=F.uL-.
2 2 2 2
Since
ged (F%JF%) — 1,
we get ¢ | ged(Fo—o—1,F,—1) = Lszl. Consequently, by the proof of Lemma

2.7,
Lz2;1 =cic > c1\/ F.

By Lemma 2.6, we now have

L.
c1 < 2 < 2.

VF.

Hence, ¢; = 1, therefore ¢ = L%l. In view of equation (2.14), we get a =

F. 3, b= F:11, and so
2 2
(2.15) Fp=F.sFen +1=F%, +(-1)7 +1=F2,.
T 2 = =
By the work of Cohn [4], we get that (2.15) is not possible for z > 150.
TABLE 1, Row 8. 2 =3, y =0 (mod 4), z =y + 3 and
Fo3-1=F.uL.s5, F,—1=F.uL:a.
2 2 2 2
It follows easily, by Lemma 2.1, that
gcd (F;Fi> -1, ged (L;L;) —1, ged (F;L;> -1, 2,
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and

lor2

Thus, ¢ | ged(F,—3 — 1, F, — 1) < 8. However, the inequalities a < b < ¢ < 8
contradict the fact that z > 150.

L, (241 2=3y < L3 =4
ng<LzTS’FZT+1){ ng(%7T)— 3 }§4

TABLE 1, Row 13. 2=0, y =1 (mod 4), z =y + 3 and
(2.16) Fog-1=F.ul.», F,—1=F.12l-5.
2 2 2 2

Since
gcd(#,%ﬁ) < k=2,
we have ¢ | ged(F,—o—1,F,—1) = L, ore | ged(Fo—o—1,F,—1) = 2L

In the first case, we get

LZT_z = coc > ca/ F,
and applying Lemma 2.6 we arrive at

Lz
Cco < < ].,

VF.

ged (FiFﬁ) —F
2 2

which is a contradiction.
In the second case, put

2L%2 =c3c > c3\/ F.

Again by Lemma 2.6, we obtain
2L 21
2
VE.
Thus, ¢3 = 1, therefore ¢ = 2L :_1. System (2.14) and relations (2.16) lead to
2a = F:-4a, 2b = F:12, and
2 2

< 2.

c3 <

1
Fpo=—-F.aF.2 +1.
4 2 2

On the one hand, since z > 150, by Lemma 2.3, we get

z—1-3.36—2.89

r—1.67 > o ,

1 z-a_ zt2
a >Fx>1a 5 1'68a =—1.68

therefore > z — 5.48. On the other hand, by combining Lemma 2.3 and
Lemma 2.4 with k < 0.01, we get

_ 1 z-a 242 _ —1-3.34—
a1 o B Lo L6752 -1.67 4 | _ 2—1-3.34-2.88+0.01

)

leading to « < z — 5.53. But the interval (z — 5.48, z — 5.53) does not contain
any integer, which takes care of this case.
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TABLE 1, Row 15. 2=0, y =3 (mod 4), z =y + 1 and
Foy-1=F:L.2, F,—1=F.sL..
2 5 2 Pl
Since
ged(Fy, Fapz) =1,
we get ¢ | ged(Fo—1—1,F,—1) = LZT_z. Consequently, by the proof of Lemma
2.7, it follows that
Lz2;2 = cyc > c4\/ F.
Now Lemma 2.6 leads to the contradiction

L: >
cy < 2 < 1.

VF.
TABLE 1, Row 16. 2=0, y =0 (mod 4), z =y + 4 and

F.y—1=F.2L.6, F,—1=F.Ll...
2 2 2 2

Obviously,
ng(F#,FzTM):L ng(L%e,Lszz)Zl, ng(Fszz,Lszz)Zl, 2,

while

L, 26 12y <Ly=7
— ged( =5, -
ng(LZzG’Fz;z)_{ 101r(22 ) }ST
Thus, ¢ < 14, which leads to a contradiction with z > 150.

The proof of the Theorem 1.2 is now complete.
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