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The objects under consideration

Germs of analytic diffeomorphisms f : (C,0) — (C,0)

f(2) = Az +a12"T 4 a2 4 ... A, a; €C.

m |\| # 1 hyperbolic case, analytically linearizable, uninteresting

B )\ =e?™ o £ Q irrational rotation, very complicated

m )\ = 2™ o € Q rational rotation; suppose A = 1,

PARABOLIC CASE

* k+ 1... the multiplicity of fixed point O



Local discrete dynamics at the origin

* Leau-Fatou flower theorem (1987):

e 1 e -
- k attracting directions: (—a1)”%; k repelling directions: a,

Figure: | f(z) =z+2* +o(z%)

=



The problem considered

Of(20) = {f°"(20) : n € Ng} ...the orbit of f, initial point zg

Can we recognize a germ using fractal properties of only one orbit?

* formal class of a germ

* analytic class of a germ



Motivation for using box dimension: dynamical systems

Box dimension of spiral trajectory locally around singular point
reveals complexity in bifurcations of singular point!

m polynomial vector field, focus point at the origin

T =—y+plz,y),
y =z+q(z,y).




m The Poincaré map P(s) = s — s2*+1 4 o(s2¢*1) k€ Ny;
focus of order k

m cyclicity in generic bifurcations: k

m dimp(S(x0)) = 525

(Zu brini¢, Zupanovié¢, Fractal analysis of spiral trajectories of some
planar vector fields (2005))

...complex saddles...



Fractal properties of a set U C C (R?)

THE BOX DIMENSION OF A SET (fractal dimension)
m U C R? bounded
m ¢ >0, |U,| the area of the e-neighborhood

m For s € [0,2], we consider

lim € |0, 00
e—0 elN— [0, 00,
and draw:

|

|

|

t

dimgU)=N-s,

Figure: s+ lim._,qg Elgf‘ s €[0,2].



m the moment of jump sy = the box dimension, dimp(U) = so.

m the value at sy = Minkowski content, M(U).
mif |U| ~Ce?™* = dimg(U) =5, M(U)=C.
* More generally, the complete function
e U]

as fractal property of set U



Definition (The DIRECTED area of the e-neighborhood, R)

AS(U:) = |Ue| - 1(Ue) € C,

t(Ue) € C the center of mass of U..




Formal classification of parabolic diffeomorphisms

(Birkhoff, Ecalle, Kimura, ~ 1950)
* formal changes of variables:

1. ¢51(Z) = C1z,
2. ¢i(z) =z +¢2", ¢, €C, i=2,3,...

$(2) =...003" o by dez (formal series)

1 Zk:-i—l d
fo(z) =¢o food  (z2) = Exp <1+2)‘mzkdz> , AeC,

k+1 0 A ok
> Tt
* formal type: (k,\), ke N, A e C.

ﬁ)(z) —n 4 R4 (



Asymptotic expansion of the directed area of the
e-neighborhood of an orbit

2o € V4 (attracting petal);

Theorem (R, 2013)

AC(e, 20) = K1 TR + Koe VR 4 4 Kyl TR
+ Hf(zo)€2 + Km“ﬁ log e + R(zp,¢), (1)
R(zp,€) = O(EZJF%H loge), € = 0,
K;€C, i=1,...,k+ 1, independent of zy; Hf (z) € C.

Sketch of the proof...



Asymptotic expansion of the directed area of the
e-neighborhood of an orbit

Here,

g =kl s Tt mg) (2)”““*” -
F(% + 2k1+2) a1

Theorem (R, 2013)

Formal type (k,\) explicitely from (k; K1, K}) in finite expansion
of ANY orbit!



Formal and analytic conjugacy

f and g formally conjugated
Ipez+22C]), g=¢ lofod
f and g analytically conjugated

Elcp€z+22(C{z}, g:goflofogo.



Toward analytic classification

Proposition (R)

The mapping
fr— (e~ AC(e, z), € € (0,0))

is injective on the set of germs with zq in their attracting basin.

BUT
Proposition (R)

No asymptotic expansion of R(zp,¢), as € — 0, in power-log scale!

The reason. The critical index n. a jump function.



The simplest formal class

* model formal class (k = 1,A = 0); fo = Eap(z2L) = 2

1—2

* prenormalized (a1 = 1)

*x f(z) =2+ 22+ 22+ 0(2?)




Fatou coordinates and moduli of analytic classification

* Ecalle, Voronin: a sectorially analytic vector field s.t. f embeds
on sectors in its flow, as time-one map (in general, not global)

0

* Equation of the trivialisation of the flow (Abel equation):

U(f(2) —¥(z) = 1.

= unique (to a constant) formal solution ¥(z) € —1/z + 2C|[[z]],
m analytic solutions W (z) on Vai; asymptotic expansion U(z)
— Fatou coordinates, sectorial trivialisations



Ecalle-Voronin moduli of analytic classification

On V', View ;

Vi (f(2) =V (f(2)) = Vi (2) = V_(2)

= W, — U_ well-defined on space of (closed) orbits of VP, V'iow

— lifts to poles of spaces of orbits of V.
(spheres, t = 2™+ orbits <> points):

U (2) = U_(2) = goo(e?V+(2)) 2 e Vup,
U_(2) = Uy(z) =go(e2m¥+(2)) 5 ylow,

— a pair of analytic germs extended to 0,

t = (9oo(t), go(t)),
— property go(0) + g0 (0) = 0.






Ecalle-Voronin moduli of analytic classification

Ecalle-Vioronin modulus of f: (geo, go), up to identifications:

(91(1),92(t)) = (93(1),04(2)) &
(%) g3(t) = g1(t) + a, ga(t) = ga(t) —
g3(t) = g1(bt), ga(t) = g2(t/b), a € C, b C*.

Theorem (Ecalle-Voronin)

analytic classes of germs of the model formal type

0

all pairs of analytic germs att = 0,
(91(t), g2(¢)), 91(0) + g2(0) =0,
up to identifications (x).

* analytic class of fy trivial: (0,0)



Definition (R)

w2z Hf(2), z€V,,
the principal initial point dependent part for f,
w2z HI 7 (2), z€e V,
the principal initial point dependent part for f~!.

A%(e,2) = A%(e, f(2)) + 2 - €27, € small,
RIS | (2) = H (f(2)) + 27

x a cohomological equation similar to the Abel equation for f
x Stokes phenomenon: sectorially analytic solutions?



Cohomological equations

m A cohomological equation for f:

H(f(2)) — H(2) = g(2), 9(2) € C{z}, g 0.

Sectorial solutions of cohomological equations (Fatou, Loray)
g(2) = ap + a1z + O(z?)
® a unique formal solution H(z) € —20 4 ayLog(z) + 2C[[2]]
(without the constant term),

m unique sectorially analytic solutions Hy(z) on Vi, with
expansion H(z), z — 0

Proof constructive!l!l



Sectorial analyticity of principal parts

1-Abel equation for f: H(f(z)) — H(z) = —=z
— the sectorial solutions Hy, H_

Theorem (R)

m the principal parts H7 (2) infl(z) analytic on Vy
m explicitely related to solutions H(z) of 1-Abel equation:

TH, (2) — % vin2=HI(2), zeV,,

TH_(z) — % =z— Hf_l(z), zeV_.



"Global' principal parts

Existence of global analytic solution H of cohomological equation
< Hy — H_ =0 (2mi) on Vuplow

global analytic solution of Abel equation
& f=¢lofoop, pez+2C{z}.

Theorem (R)

The 1-Abel equation has a global analytic solution H(z)
& f(2) = ¢ (e ¢(2), p(2) € 2+ 22C{2}.




Germs with global solution to Abel and to 1-Abel equation

nS={f|f=v1ep(2), p €z+22C{z}}
mCo={f|f=¢tofoop, p€z+222C{z}}

fo(z) = & € G\ S,
Hy(2)—H_(2) = 2mifo(e 2™%), z € VP,
H_(2)—Hy(2) = —2mi + 2mifo(eX™3), z € Vo,
(explicitely computed by Borel-Laplace transform)

f(z) =ze* € S\ Co,
f(z) = —Log(2 — €*) € SN Cy.
The sets S and Cy in general position = the differences of sectorial

solutions on petal intersections insufficient for determining the
analytic class



Classifications of germs with respect to 1-Abel equation

H(f(2)) - H(z) = -2

= (Hy — H)(2) = (Hy — H)(f(2)), 2 € ViU View
= H, — H_ constant along orbits

H+ _H = goo(e%ri‘lq_(z))7 = VUP,
H_ — H, = —2mi+ go(e 2™¥+()), e yiow,

= (goo(t), 90(t)), goo(0) 4+ go(0) = 0 a pair of analytic germs

Definition (R)
m The 1-moment of f: the pair (go0, g0), up to identifications

m l-conjugacy class of f: [f];



1-conjugacy classes vs. analytic classes

Theorem (Realization of 1-moments. Transversality, (R))

(90, goo) @ pair of analytic germs s.t. go(0) + goo(0) = 0. Then:

m There exists a germ in the model formal class such that the
given pair is its 1-moment.

m Moreover, such germ exists inside ANY analytic class.
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Thank you for the attention!
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